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Abstract. Let k be any algebraically closed field in any characteristic, let R 
be any regular local ring such that R contains k as a subring, the residue field 
of R is isomorphic to k as fc-algebras and dimi? > 1, let P be any parameter 
system of R and let z £ P. We consider any cf> £ R with <j> ^ 0. 

In our main theorem we assume several conditions depending on P, z and 
Newton polyhedrons. By our assumptions the normal fan S of the Newton 
polyhedron r_|_ (P, tj>) of <p over P has simple structure and we can make a 
special regular subdivision S* of S called an upward subdivision, starting from 
a regular cone with dimension equal to dim R and repeating star subdivisions 
with center in a regular cone of dimension two. Let X and a : X —> Spec(H) 
denote the toric variety over Spec(iJ) and the toric morphism associated with 
S*. A" is irreducible and smooth and a is a composition of finite blowing-ups 
with center in a closed irreducible smooth subscheme of codimension two. We 
consider any closed point a £ X such that <r(a) is the unique closed point of 
Spec(iJ), the local ring Ox, a of A at a and the morphism a* : R — > Ox, a 
of local fc-algebras induced by a. We show that our numerical invariant of 
o"* (0) £ Ox, a measuring the badness of the singularity is strictly less than the 
same invariant of (f> £ R and the singularity <j> is strictly improved by o. 

We notice that this result opens a way toward the theory of resolution of 
singularities in arbitrary characteristic. We add several submain theorems to 
make bridges toward it and to show that our assumptions of the main theorem 
are not strong. 

By these results we can show that in a mathematical game with two players 
A and B related to the resolution of singularities of <j>, the player A can always 
win the game after finite steps. It follows "the local uniformization theorem 
in arbitrary characteristic and in arbitrary dimension" . 



1. Introduction 

For any local ring S we denote the unique maximal ideal of S by M(S) and the 
set of invertible elements of S by S x . We have S = M(S) U S X ,M(S) n S x = 0, 
M(S) € Spec(5') and M(S) is the unique closed point of the affine scheme Spec(5). 
For any noetherian local ring S 1 , we denote the completion of S by S c . S c is a 
noetherian local ring containing S as a local subring. Let Zo and Z + denote the 
set of non-negative integers and the set of positive integers respectively. 
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Let k be any algebraically closed field in any characteristic, and let P be any 
regular local ring such that it contains k as a subring, the residue field R/M(R) 
of R is isomorphic to k as fc-algebras, R is a localization of a finitely generated 
fc-algebra and dim R > 1. 

For any ip € P c with -0 7^ and any parameter system Q of R c by r + (Q, we 
denote the Newton polyhedron of ip over Q. 

Let P be any parameter system of R and let z G P be any element. P is also a 
parameter system of R c . By P' we denote the localization of the fc-subalgebra of 
P generated by P — {z} by its maximal ideal generated by P — {z}. The ring P' 
is a local /c-subalgebra of P, it is a regular local ring of dimension dimP — 1, and 
P — {z} is a parameter system of P'. 

Consider any G P with 7^ 0. 

If the Newton polyhedron F+(P, 0) is non-degenerate, then we can construct 
explicitly an embedded resolution of the singularity corresponding to any regular 
subdivision of the normal fan of r + (P, 0) using the toric theory (Khovanskii [20] , 
Oka [23], Cox [7], Fulton [8], Kempf et al. [19].). We can give resolution of the sin- 
gularity explicitly even if the characteristic of k is positive under the assumption 
of non-degeneracy. 

In this article we consider the case where the Newton polyhedron T + (P, 0) is 
not necessarily non-degenerate using the toric theory and r + (P, 0). 

Since P is a UFD, we have an invertible element u G P x , a finite set ft of 
irreducible elements of P and a mapping a : fl — > Z + satisfying — u Il^en a -' a ^' ) • 
We take any u, f2 and a satisfying these conditions. Let 

S = {wC n\dLu/dw G M(R C ), and any x € P — {z} does not divide u}. 

We say that an element ip € R is a mam factor of the triplet (P, z,0), or a 
z-main factor over P of 0, if "0 = t> II^g- o; a ^^ for some v G P x . Since P is a 
UFD, the condition that ip G P is a main factor of (P, z, 0) does not depend of the 
choice of u, Q and a we used for the definition. 

If both ip G P and ip' £ R are main factors of (P, z, 0), then ip = for some 
u G P x and r+(p,v) = r+(P,0')- 

Any element 10 G P c satisfying cj = z' 1 + ^Zi^n 1 ^'{ijz 1 for some /i G Zo and some 
mapping lj 1 : {0, 1, . . . , h — 1} — > M(R' C ) is called a z- Weierstrass polynomial over 
P, and the non-negative integer is called the degree of 0. 

Below, we defne and use concepts of z- Weierstrass type, z-simple and z-removable 
face for T + (P, 0) and numerical invariants inv(P, z,0) and inv2(P, z,0). (In Sec- 
tion [5] we define them again in more general situation.) 

By definition, r + (P, 0) is of z- Weierstrass type, if and only if, we can write 
uniquely = u Yl xeP _^ z y x a ^Lo for some u G P cx , some mapping a : P — {z} — > Z 
and some z- Weierstrass polynomial wcff over P. 

We consider the case where T + (P, 0) is of z- Weierstrass type. Note that if the z- 
Weierstrass polynomial us just above has degree h, then T + (P, 0) has a typical vertex 
corresponding to the monomial (Ila:eP-{z} x a ^)z h , which we call the z-top vertex 
of T + (P, 0). We say that T + (P, 0) is z-simple, if T + (P, 0) is of z- Weierstrass type 
and moreover, any compact face of T + (P, 0) has dimension 1 or 0. If dimP < 2, 
then r + (P, 0) is necessarily z-simple. 

Let ip G P be a main factor of (P, z, 0). It is easy to see that T + (P, 0>) is also of 
z- Weierstrass type and the z-top vertex of r + (P, ip) corresponds to the monomial 



NEW IDEAS FOR RESOLUTION OF SINGULARITIES 



3 



z k for some k £ Zo with k < h. We define inv(P, z, <fi) — k, since k £ Zo does 
not depend on the choice of a main factor tp of (P, z, 4>). The non- negative integer 
inv(P, z, 4>) is the main numerical invariant measuring the badness of the singularity 
<fi in our theory. inv(P, z, <fi) ^ 1. inv(P, z, <p) = 0, if and only if, is a product of an 
invertible element of R, elements in P — {z} admitting non-negative multiplicities, 
and some elements u> of M(R) of order one with dut/dz £ R x admitting positive 
multiplicities. 

Consider the case where T+(P, <j>) is of z-Weierstrass type and any x £ P — {z} 
does not divide <f>. In this case the z-top vertex V z of r + (P, 4>) corresponds to the 
monomial z h for some h £ Zq- Consider any face F of T + (P, <fr) . We say that F 
is z -removable, if F contains the z-top vertex V z , F contains a vertex of T+(P, </>) 
corresponding to a monomial in a form Y[ x ep~{z} zk with k < h and after 
some coordinate change sending a; to a: itself for any x £ P — {z} and sending z 
to z + x f° r some \ € M(R' C ), F becomes containing no vertex corresponding to a 
monomial in a form IlzeP-fz} x b ^ z k with k < h. 

Instead of non-degeneracy, we assume that r+(P, 4>) is z-simple, and the Newton 
polyhedron over P of the main factor of <j> has no z-removable faces. (Our assump- 
tions depend on the element z of P. We can gradually understand that they are 
necessary and not strong.) Since r+(P, <j)) is z-simple, the normal fan E of r+(P, 4>) 
has simple structure. Note that the support |E| of E is a regular cone with dimen- 
sion equal to dim P. Starting from the fan P(|E|) consisting of |E| and its faces 
and repeating star subdivisions with center in a regular cone of dimension two, we 
construct most effectively a special regular subdivision E* of E with |E*| = |E|, 
which we call an upward subdivision of E. Let X and a : X — > Spec(P) denote the 
toric variety over Spec(P) and the toric morphism associated with E*. Note that 
the scheme X is separated, irreducible, smooth and of finite type over Spec(P), 
and the morphism a is a composition of finite blowing-ups with center in a closed 
irreducible smooth subscheme of codimension two. 

In our main theorem, Theorem 14. II we show that the singularity 4> is improved by 
the morphism a. Theorem 14. II has two conclusions. The first conclusion treats the 
case of inv(P, z, 4>) > 0. It claims that at any closed point a £ X with a(a) = M(R) 
there exists a parameter system P of Ox, a of the local ring of X at a and an element 
z £ P such that if we consider the injective homomorphism of local fc-algebras 
o* \ R — y Ox.a from R to Ox.a induced by a, then a*{x) has normal crossings over 
P for any x £ P, the Newton polyhedron T + (P, a* ((f))) is of z-Weierstrass type, 
and inv(P, z, ct* (</>)) < inv(P, z, </>). 

Since inv(P, z, <t* (</>)) < inv(P, z,<f>), we can claim that any hypersurface singu- 
larity can be improved by a composition of finite blowing-ups which we can describe 
explicitly associated with the Newton polyhedron of 0, if we assume several condi- 
tions related to Newton polyhedrons. 

We will explain the second conclusion treating the case inv(P, z, <f>) = later. 

Now, notice that this result opens a way toward the theory of resolution of sin- 
gularities in arbitrary characteristic, since it holds even if the characteristic of the 
ground field k is positive, inv(P, z, </>) is a very explicit invariant measuring the 
badness of a singularity 0, and it strictly decreases under a composition of finite 
blowing-ups. Contrary, the key concept in Hironaka's resolution theory in charac- 
teristic zero is the maximal contact and it is not effective in positive characteristic 
cases. (Hironaka [15], [14], [12] (II, Chapter III, sections 7-10), Giraud [10], [9], 
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Hauser Besides, it is known that there exist metastatic singularities (Hiron- 

aka's terminology in Hironaka |18j ) or wild singularities (Hauser's terminology in 
Hauser [TT]) in the case of positive characteristic. For these singularities in positive 
characteristic case, under some blowing-ups, there appears a point in the inverse 
image of the singular point under consideration such that the invariant measuring 
the badness of a singularity increases, when we try to follow the analogy of Hiron- 
aka's resolution theory in characteristic zero. To overcome this phenomenon some 
programs for resolution of singularities in characteristic positive may become very 
complicated. 

Contrary to that the composition of blowing-ups is explicitely given associated 
with the Newton polyhedron of the singularity in our theory, it is very hard to give 
it explicitely in Hironaka's theory. 

We add several submain theorems in order to make bridges to the resolution 
theory in arbitrary characteristic and to show that our assumptions of the main 
theorem are not strong. 

We continue to consider the above situation concerning a £ X, R, a* (</>), P and 
z. r + (P,a*(4>)) is of z-Weierstrass type, and inv(P, z, &*((/))) < inv(P, z, <fi). If the 
Newton polyhedron over P of the main factor of (P, z, a* (</>)) has no z-removable 
faces, the Newton polyhedron T + (P, <J*(<f>)) is ^-simple, and inv(P, z, a* (</>)) > 0, 
then we can apply the first conclusion of our main theorem again after replacing 
the quadruplet (P, P, z, 4>) by (Ox. a, P> z, er*(0)) and we can make inv(P, z, a* (</>)) 
further smaller. However, these assumptions are not necessarily satisfied. Our 
submain theorem Theorem 14.41 claims that we can make these assumptions satisfied 
after some blowing-ups. However, for Theorem 14.41 another induction assumption 
on dim R is necessary. 

Note here that R 1 is a local fc-subalgebra of R and dim R 1 = dim R — 1 < dim R, 
and any <p' £ R' with <j>' =^ has normal crossings over P — {z} if dimP < 2. 
Therefore, we decide that we use induction on dimP, and we can assume the 
following claim (*): 

(*) For any cj)' £ R' with cf>' ^ 0, there exists a composition a' : X' — > Spec(P') 
of finite blowing-ups with center in a closed irreducible smooth subscheme 
such that the divisor on X' defined by the pull-back er'* (</>') £ Ox>{X') of 
4>' by a' has normal crossings. 

Claim (*) is true, if dimP < 2. 

Let a' : X' — > Spec(P') be any composition of finite blowing-ups with centers in 
closed irreducible smooth subschemes. The scheme X' is smooth. We consider a 
morphism Spec(P) — > Spec(P') induced by the inclusion ring homomorphism R' — > 
P, the product scheme X = X' x^^/) Spec(P), the projection a : X — > Spec(P), 
and the projection 7r : X — > X' . We know the following fLemma 13.51 ): 

(1) The morphism a is a composition of finite blowing-ups with center in a 
closed irreducible smooth subscheme. The scheme X is smooth. 

(2) Let Spec(P/zP) denote the prime divisor on Spec(P) defined by z £ P. 
The pull-back a* Spec (R/zR) of Spec(P/zP) by a is a smooth prime divisor 
of X, and cr*Spec(P/zP) D ^{NltR)). 

(3) The projection it : X — > X' induces an isomorphism cr*Spec(P/zP) — > X' . 

(4) For any closed point a £ X and any parameter system Q' of the local ring 
Ox',7T(a) of X' at 7r(o), a (a) = M(R) and {a*(z)} U n*(Q') is a parameter 
system of the local ring Ox,a of X at a, where a* : R — > Ox.a denotes the 
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homomorphism of local fc-algebras induced by a and 7r* : Ox' ,-n(a) Ox, a 
denotes the homomorphism of local fc-algebras induced by 7r. 

We explain the conclusions of Theorem 14.41 We have three conclusions. 

In the first conclusion, we assume the above (*) and that T + (P,<fi) is of z- 
Weierstrass type, and inv(P, z, <fi) > 0. 

Then, there exists a composition a' : X' — > Spec(P') of finite blowing-ups with 
center in a closed irreducible smooth subschemes with the following properties: 
We consider the product scheme X = X' Xg pcc (^<) Spec(P), the projection a : 
X — > Spec(P) and the projection ir : X — > X' . At any closed point a £ X with 
er(a) = M(R), there exists a parameter system Q of Ox',-n(a) with the following 
properties. Let P = {a*{z)} U tt*(Q): 

(1) <j'*(x) has normal crossings over Q for any igP- {z}. 

(2) One of the following two conditions holds: 

(a) inv(P, a* (z) , a* ((f))) = inv(P, z, (j>) and there exists an element 

z £ M(O x<a ) such that dz/da*{z) € X a , P- z = {z} U n*(Q) is 
a parameter system of Ox, a, r + (Pz, c* (</>)) is of z-Weierstrass type, 
r + (P 2 ,f/;) has no z-removable faces where %j) £ Ox, a denotes a main 
factor of (Pg,z,a* ((/>)), and inv(P 2 , 1, <J*(<^)) = inv(P, z, (/>). 

(b) inv(P,o-*(2),a*(0)) < inv(P,z,0), and r+(P, tr* (</»)) is of 
£r*(z)-Weierstrass type. 

By the above first conclusion we can make our assumptions stronger. 

In the second conclusion, we assume the above (*) and that T+(P,4>) is of z- 
Weierstrass type, T + (P,ip) has no z-removable faces where ip £ R denotes a main 
factor of (P, z, </>), and inv(P, z, 4>) > 0. 

Then, there exists a composition a' : X' — > Spec(P') of finite blowing-ups with 
center in a closed irreducible smooth subschemes with the following properties: 
We consider the product scheme X = X' x Spcc ( H ,) Spec(P), the projection a : 
X — > Spec(P) and the projection 7r : X — > X' . At any closed point a £ X with 
a(a) — M(R), there exists a parameter system Q of Oy,i( 4 ) with the following 
properties. Let P = {a*{z)} U tt*{Q): 

(1) <j'*(x) has normal crossings over Q for any x £ P — {z}. 

(2) L+(P,cr* (</>)) is cr*(z)-simple. 

(3) One of the following two conditions holds: 

(a) inv(P, a*(z),a*((j))) = inv(P, z, 4>), andr + (P,-0) has no CT*(z)-removable 
faces where ip £ Ox, a denotes a main factor of (P , a* (z) , a* (</))) . 

(b) inv(P, a* (z) , a* (0)) < inv(P, z, cb) 

By the above second conclusion we can apply the first conclusion of our main 
theorem Theorem 14 . 1 1 again . 

We can apply above three claims repeatedly and replace the ring P, the param- 
eter system P, the element z £ P and the non-zero element <f> £ R repeatedly. We 
know that after finite sequences of compositions of blowing-ups and replacements 
of the quadruplet (P, P, z, <j>) by (Ox, a, P, z, a* (</>)), any non-zero 4> £ R such that 
r + (P, (f>) is of z-Weierstrass type is reduced to a non-zero cf> £ R satisfying the same 
condition and inv(P, z, <p) = 0. 

Consider any element <fi £ R such that <j> ^ 0, T + (P. <fi) is of z-Weierstrass type 
and inv(P, z, 0) = 0. 



6 



TOHSUKE URABE 



By definition <p is a product of an invertible element of P, elements in P — {z} 
admitting non-negative multiplicities, and some elements w of M(R) of order one 
with duj/dz G R x admitting positive multiplicities. Since R is a UFD, there exist 
u G P x , a mapping a : P — {z} —> Zo, a hnite subset SI of M(R) and a mapping 
& : S7 — > Z + satisfying the following three conditions: 

(2) For any oj G fi, a; is of order one and dui/dz G P x . 

(3) If = ua/ for some w G f2, some a/ G and some v £ R x , then t> = 1 and 
w = w'. 

The number of elements ft SI G Z in SI does not depend on the choice of u, a, SI, & 
satisfying the above conditions. We define inv2(P, z, 0) = (JO €E Z . 
If inv2(P, z, </>) < 1, then tfi has normal crossings. 

We consider the case where cf> does not have normal crossings. inv2(P, z, </>) > 2. 

It is easy to see that there exists z G M{R) such that dz/dz G R x and z divides 
4>. If we take any element z G M(R) satisfying these conditions and we replace the 
pair (P, z) by ({z} U (P — {z}), z), then our element <p under consideration satisfies 
the same assumptions as above and furthermore, z divides (f>. 

We apply the third conclusion of our submain theorem Theorem 14.41 

In the third conclusion, we assume the above (*) and that T + (P,<p) is of z- 
Weierstrass type, z divides (f>, mv(P, z, 4>) = 0, and inv2(P, z, (f) > 2. 

Then, there exists a composition a' : X' — > Spec(P') of finite blowing-ups with 
center in a closed irreducible smooth subschemes with the following properties: 
We consider the product scheme X = X 1 ~X-spcc(R') Spec(P), the projection a : 
X Spec(P) and the projection ir : X —> X' . At any closed point a G X with 
er(a) = M(R), there exists a parameter system Q of Oy^^ with the following 
properties. Let P = {(r*(z)} U tt*(Q): 

(1) cr'*{x) has normal crossings over Q for any x G P — {z}. 

(2) r+(P,cr* (</>)) is cr*(z)-simple. 

(3) ct*(z) divides a*{4>). 

(4) iBv(P >ff *(2),<r*(0)) = O. 

(5) inv2(P,CT*(z),cj*(0)) = inv2(P,z,0) >2 

By the above third conclusion of our submain theorem Theorem l4.4l we can make 
our assumptions on further stronger. We can assume that T + (P,(f>) is z-simple 
and z divides <j). 

We apply the second conclusion of our main theorem Theorem 14.11 

In the second conclusion, we assume that T + (P, 0) is z-simple, z divides <fi, 
inv(P, z, 4>) = 0, and inv2(P, z, 4>) > 2. 

We consider the normal fan E of r + (P, </>) and an upward subdivision of E* of 
E. Let X and a : X — > Spec(P) denote the toric variety over Spec(P) and the toric 
morphism associated with E*. 

Then, at any closed point a G X with a(a) — M(R) there exist a parameter 
system P and an element z G P such that cr*{x) has normal crossings over P, 
F + (P, cr* ((/>)) is of z-Weiestrass type, inv(P, z, a*(<f>)) = and inv2(P, z, cr* (</>)) < 
inv2(P,z,0). 

Since inv2(P, z, (T*(0)) < inv2(P, z, 0), singularity <fi is improved by the mor- 
phism a. 
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By the above claims, after finite sequences of compositions of blowing-ups and 
replacements of a quadruplet, any non-zero <p G R such that r+(P, <j)) is of z- 
Weierstrass type is reduced to a non-zero <f> G P with normal crossings. 

The assumption of z-Weierstrass type for r+(P, <t>) may be strong. Lemma 14.51 
shows that for any 4> € R with <fr =^ there exists a parameter system P of R and 
an element z G P such that T + (P, </>) is of z-Weierstrass type. 

By the above claims, after finite sequences of compositions of blowing-ups and 
replacements of a quadruplet, any non-zero <p G R is reduced to a non-zero <j) G R 
with normal crossings. 

Consider a mathematical game with two players A and B. At the start of the 
game a pair (P, (f>) of any regular local ring R with dimP > 1 such that R contains 
A; as a subring, the residue field R/M(R) is isomorphic to k as fc-algebras and R 
is a localization of a finitely generated fc-algebra, and any non-zero element <f> G R 
is given. We play our game repeating the following step. Before the first step we 
put (S,i/j) — (R,4>): At the start of each step, player A chooses a composition 
a : X — > Spec(S') of finite blowing-ups with center in a closed irreducible smooth 
subscheme. Then, player B chooses a closed point a G X with <j(a) = M(S). We 
have a morphism a* : S — > Ox. a of local fc-akgebras induced by a. If the element 
G Ox, a has normal crossings, then the palyer A wins. Otherwise we proceed 
to the next step after replacing the pair (S,if)) by the pair (Ox,a,cr*(ip)). 

Note that the pair (S, ip) satisfies the same assumptions as (R, </>) throughout 
the game. A similar game can be found in Spivakovsky |24j . 

By our results outlined above we can conclude that player A can always win 
the game after finite steps for any R and any non-zero element G P even if the 
characteristic of the ground field k is positive. (Corollary 14.61 ) It follows from 
the valuation theory, "the local uniformization theorem in arbitrary characteristic 
and in arbitrary dimension". (Corollary 14. 7\ Zariski [26], Abhyankar pQ, Zariski et 
al. [27].) 

The idea of watching the height of the z-top vertex of a Newton polyhedron of z- 
Weierstrass type can be found in Hironaka |13] in low dimensional cases. However, 
he did not manipulate higher dimensional cases, because he did not apply the toric 
theory See also Cossart et al. [6]. 

Some ideas in this article are inspired by the appendix of Abhyankar [2] and 
Bogomolov [4]. 

We do not claim that the centers of blowing-ups are contained in the singular 
locus of the subscheme to be resolved. It may be possible to improve our theorems 
and to add stataments claiming that any smooth point of the hypersurface to be 
resolved is not modified in our process of resolution. 

The author expresses thanks to Herwig Hauser for valuable discussions with him 
through e-mail. 

We give proofs only to difficult parts of our claims. Most of our claims follow 
from definitions. 

Table of contents 
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[6] Convex cones and convex polyhedral cones 
[7] Simplicial cones and regular cones 
1 Fans 

[9] Convex pseudo polytopes 

[TOl Star subdivisions 

[TT1 Iterated star subdivisions 

1121 Simpleness and semisimpleness 

IT51 Basic subdivisions 

1141 Upper boundaries and lower boundaries 

1151 Height, characteristic functions and compatible mappings 

[TBI The height inequalities 

1171 Upward subdivisions and the hard height inequalities 
[TBI Schemes associated with fans 
mil Proof of the main theorem 
[20l Proof of the submain theorems 

The most important is "the hard height inequality" in Section [17] It depends 
heavily on "the height inequality" in Section [TH In Sections I51IT51 we develop exact 
theory of convex sets. 

2. Notations and basic concepts 

We arrange notations and basic concepts related to Newton polyhedrons and 
commutative rings. 

By Z, Q, K and C we denote the ring of integers, the field of rational numbers, 
the field of real numbers and the field of complex numbers respectively. 
The following six notations are useful: 

z = {t e z\t > 0}, z+ = {t e l\t > o}, 
Qo = {t G Q\t > 0}, Q+ = {ieQ|t>0}, 

M.Q = {t G m\t > 0}, R+ = {t G R\t > 0}. 

The set of all subset of a set Z is denoted by 2 Z . The identity mapping of a set 
Z is denoted by id^ : Z — > Z. The number of elements of a finite set Z is denoted 
by $Z. 

The set of all mappings from a set X to a set Y is denoted by 

mapper). 

Let X be any set and let R be any ring. If Y is an abelian group (respectively, an 
abelian semigroup, an i?-modulc, a ring) , then the set map(X, Y) has a natural 
structure of an abelian group (respectively, an abelian semigroup, an i?-module, a 
ring). Let Z be a set and let Y be a subset of Z. Note that the inclusion mapping 
Y — > Z induces a injective mapping map(JT, Y) —¥ map(X, Z). Using this injective 
mapping we regard map(X, Y) as a subset of map(X, Z). HZ is an abelian group 
(respectively, an abelian semigroup, an i?-module, a ring) and Y is a subgroup of 
Z (respectively, a subsemigroup, an i?-submodule, a subring), then map(X, Y) is a 
subgroup (respectively, a subsemigroup, an i?-submodule, a subring) of map(X, Z). 
Consider any abelian group Z. 
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Let J be any finite set and let A : J — > 2 Z be any mapping. We define 

X(j) ={z£ Z\z = x(j) for some mapping x : J — > Z satisfying 
jeJ je.J 

G A(j) for any j E J} E 2 Z . 

Note that J2 je J X U) is a subsct of Z > E je j x ti) = {0} $J = Q, and £\ 6J X(j) - 
0, if and only if, </ ^ and A(j) = for some j e J. 

We call ^2j e j X(j) the sum or the Minkowski sum of subsets X(j),j E J. 

For any r E Z + and for any mapping X : {1, 2, . . . r} — > 2 Z we also write 

X(l) + X(2) + .-.+X(r)= ^ X(j). 

je{l,2,...r} 

We denote —A" = {z E Z\z = —x for some x E X} for any subset X of Z. 
Let X be any set, and let Y be any subsct of Z with E Y. For any a E 
map(A, Y) we denote 

supp(a) = {x E X\a(x) ^ 0}, 

and we call supp(a) the support of a. It is a subset of X. We denote 

map' (A, y) = {a E map(X, F)|supp(a) is a finite set.}. 

map'(X, Y) C map(X, Y). If X is a finite set, we have map'(X, Y) = map(X, Y). 

Let V be any vector space of finite dimension over R, and let X be any subset 
of V. 

The subset X is called convex, if X ^ and for any two different points x,y of 
X, the segment {a E V\a = (1 — t)x + ty for some ( e M with < t < 1} joining 
x and y is contained in X. It is called an affine space, if X ^ and for any two 
different points of X, the Zme {a E V\a = (1 — t)x + ty E R for some t e R} 
joining a; and y is contained in X. It is called a cone, if E X and for any x E X 
and any t G R , we have tx E X. It is called a convex cone, if E X and for any 
x,y E X and any <,ti£ R , we have tx + uy E X . It is called a vector space over 
R, or simply a vector space, if G X and for any x,y E X and any f , -u € R, we 
have tx + uy E X. It is called a vector space over Q, if € A" and for any x,y E X 
and any t,u E Q, we have tx + uy E X. It is called closed, if it is a closed subset 
with respect to the natural Hausdorff topology of V. 

In case X ^ the minimum convex subset (respectively, minimum affine space) 
containing X with respect to the inclusion relation is denoted by conv(X) (respec- 
tively, affi(X)). We define conv(0) = affi(0) = 0. The minimum cone (respectively, 
minimum convex cone, minimum vector space over R, minimum vector space over 
Q, minimum closed subset) containing X with respect to the inclusion relation is 
denoted by cone(X) (respectively, convcone(X), vect(X), Q-vect(X), clos(X)). 

The subset X is called a convex polytope, (respectively, convex polyhedral cone), if 
there exists a finite subset Y of V satisfying X — conv(F) and Y ^ (respectively, 
X = convcone(y)). The subset X is called a convex pseudo polytope, if there exist 
finite subsets Y, Z of V satisfying X — conv(F) + convcone(Z) and Y ^ 0. The 
subset X is called a simplicial cone, if X — convcone(C) for some R-basis B of V 
and a subset C of B. The subset X is called a lattice, if there exists a R-basis B 
of V such that X = {a E V\a = J2beB ^{b)b for some A E map(£>, Z)}. Any lattice 
N of V is a free Z-submodulc of V with rankA = dim V. 
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For any iglwe write 

tX = {a G V\a = tx for some x G X}. 

We know (-1)X = -X, and OX = {0} if X £ 0. We write 

stab(A) = {se V|-X" + {a} C X}, 

and call it the stabilizer of X in V. The stabilizer of X in V is a subsemigroup of 
V containing 0. 

Let N be any lattice in V. The subset X is called a regular cone over N, if 
X = convcone(C) for some Z-basis B of N and a subset C of B. 

Any regular cone is a simplicial cone. Any simplicial cone is a convex polyhedral 
cone. Any convex polyhedral cone is a convex pseudo polytope. Any convex poly- 
tope is a convex pseudo polytope. Affine spaces, vector spaces, convex polytopes, 
convex polyhedral cones, and convex pseudo polytopes are non-empty closed con- 
vex subsets of V. If X is convex (respectively, a cone, a convex cone), then clos(A) 
is again convex (respectively, a cone, a convex cone). 

For any subset T of R and for any a £ V we denote 

Ta = {be V\b = ta for some t G T}, 

and it is a subset of V. 

The dual vector space V* = HomR(V,R) is a vector space over R with dimF* = 
dim V. The canonical bilinear form 

( , ) : V* x V -> R, 

is defined by putting (u),a) — co(a) G R for any w G Hornby, R) = V* and any 
a G V. The dual vector space V** of is identified with V by the natural 
isomorphism ^ ^ V" of vector spaces over R. 

We consider any vector space W of finite dimension over R and any homomor- 
phism 7r : V — > W of vector spaces over R. Putting 

7r*(a) = a7r G Hom R (y,R) = V* , 

for any a G Hom R (M / , R) = W* , we define a mapping ir* : W* -> V*, and we call 7r* 
the (iwaZ homomorphism of 7r. The dual homomorphism 7r* is a homomorphism of 
vector spaces over R. For any to G W* and for any aeV the equality (tt*(uj), a) — 
(w,Tr(a)) holds. The dual homomorphism ir** of ir* is equal to tt. 
Let N be any lattice in V. We denote 

N* = {lu G K*|(w,o) G Z for any a G A}, 

and call N* the rfuaZ lattice of A. Indeed, A* is a lattice in V* . The dual lattice 
A** of A* is equal to N. 

Let S be any convex cone in V. We denote 

S V |V = {oj e V*|<w,o> >0for any AGS'}, 

and call S' v |y the duoZ cone of 5 over V. Indeed, S V \V is a closed convex cone in 
V*. The dual cone S V |V V |V* of S V \V is equal to the closure clos(5) of S in V. 
S V \V V \V* — S, if and only if, S is closed in V. When we need not refer to V, we 
also write simply S' v , instead of S lV |I / . 

Let P be any finite set. Note that map(P, R) is a vector space of finite dimension 
over R with dimmap(P, R) = |P, map(P, Z) is a lattice in map(P, R), map(P, R ) 
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is a regular cone over map(P, Z) in map(P, R) with vect(map(P, Ro)) = map(P, R), 
and map(P,Z ) = map(P,Z) n map(P,R )- Let x £ P. Let y e P. Putting 



we define an element f£ e map(P, Z ). Note that the subset {f^\ x € P} 01 
map(P, Zo) is an R-basis of map(P, R), it is a Z-basis of map(P, Z), and map(P, Ro) 
= convcone({/,f \x e P}). The dual basis of {f£\x € P} is denoted by {/,f v |x € 
P}. For any x, y € P 



Indeed, {/J 3 v |x € P} is a R-basis of the dual vector space map(P, R)* of map(P, R), 
it is a Z-basis of the dual lattice map(P, Z)* of map(P, Z), and map(P, R ) v = 
convcone({/ ; f v |x G P}). 

A commutative ring with the identity element is called simply a ring. The 
identity element and the zero element of a ring are denoted 1 and respectively. 
We assume that any ring homomorphism A preserves the identity elements, in other 
words, the equality A(l) = 1 holds. 

Let P be any ring. Let X be any subset of P and let S be any subring of R. The 
minimum ideal of R containing X with respect the inclusion relation is denoted 
by XR or RX . The minimum subring of R containing S and X with respect 
to the inclusion relation is denoted by S[X]. In the case where X contains only 
one element x, we also write simply xP, Px, S[x], instead of {x}P, P{x}, ^[{x}] 
respectively. The set of all invertible elements in R is denoted by P x . P x C R and 
P x is an abelian group with respect the multiplication. Any ring with a unique 
maximal ideal is called a local ring. A ring R is local, if and only if, R — P x is 
an ideal of R. The unique maximal ideal of a local ring R is denoted by M(R). 
We have R = P x U M(P),P X n M(R) = and 1 ^ for any local ring P. A 
subset R 1 of a local ring P is called a local subring, if P' is a subring of P, R' 
is a local ring and M(P') = M(R) n R'. The completion of a noetherian local 
ring P is denoted by R c . R c is a noetherian local ring containing R as a local 
subring. M(R C ) — M(R)R C . The inclusion ring homomorphism R — > R c induces 
an isomorphism R/M(R) — > R C /M{R C ) of residue fields. dimP c = dim P. The 
smallest Henselian local subring of R c containing P as a local subring is called 
the Henselization of P. We denote it by R h . R h is a noetherian local subring 
of R c containing P as a local subring. M(R h ) = M(R)R h . The inclusion ring 
homomorphism R — > R h induces an isomorphism R/M(R) — > R h / M (R h ) of residue 
fields. dimR h = dim P. 

Let P and R' be local rings and A : P — > R' be a ring homomorphism. Always we 
have A(P X ) C P' x . We say that A is a local homomorphism, if A(M(P)) C M(R'). 
A is a local homomorphism, if and only if, A _1 (M(P')) = M(R) , if and only if, 
\- 1 (R?*) = R x . 

A noetherian local ring R is called complete, if R = R c . A local ring R is called 
regular, if R is noetherian and there exists a finite subset P of M(R) such that 
jJP = dimP and PR = M(R). 

A subset P of a regular local ring R is called a parameter system of R, if P is 
finite with jJP = dimP and PR = M(R). If P is a parameter system of a regular 





12 



TOHSUKE URABE 



local ring R, then the completion R c of R and the Henselization R h are also regular 
local rings and P is a parameter system of R c and Br. 

Let R be any regular local ring, let G B be any element and let P be any param- 
eter system of R. We say that has normal crossings over P, if = uY\ xGP x A ( x ' 
for some A G map(P, Zo) and some invertible element u £ R x . We say that has 
normal crossings, if has normal crossings over Q for some parameter system Q of 
R. 

Let fc be any field. Let R be any regular local ring such that dimP > 1, R 
contains k as a subring, and the residue field R/M(R) is isomorphic to k as algebras 
over k. Let P be any parameter system of R. P is algebraically independent over 
k. Let Q be any subset of P. Let R' be the localization of k[Q] by the maximal 
ideal k[Q] D M(R) — Qk[Q]. R' is a regular local subring of R containing k as a 
subring. The residue field B'/M(B') of P' is isomorphic to k as algebras over k. Q 
is a parameter system of R 1 . dimi?' = jJQ. P' c is a local subring of R c , and P'^ is 
a local subring of R . (Matsumura [21], Milne |22j.) 

Let k be any field. Let A be any complete regular local ring such that dim A > 1, 
A contains k as a subring, and the residue field A/M(A) is isomorphic to k as 
algebras over k. Let P be any parameter system of A. 

Let be any element of A. Then, there exists a unique clement 
c G map(map(P, Zo), fc) with 

e C (A)n- A(K) - 

Aemap(P,Z ) iGP 

The infinite sum in the right-hand side is the limit with respect to the M(A)-adic 
topology on A. We take the unique element c G map(map(P, Zo), £;) satisfying the 
above equality. The element c depends on and P. Consider any A G map(P, Zo). 
We call A the index, Y\ xeP x^ x ' 6 i a monomial over P, c(A) G /c a coefficient 
of 0, c(A) JIksp G A a term of 0, and Eigp^t 1 ) the degree of the 

index A, of the monomial YlxeP x ^ X ^' or °^ ^ e term c(A)Y[ xeP x A ^ x \ Note that 
G map(P, Zo). We denote c(0) by 0(0) and we call <fi(0) £ k, the constant term of 
(f>. cf> - 0(0) G M (A). 0(0) = O G M (A). We denote 

supp(P, 0) = supp(c) = {A G map(P,Z )|c(A) ^ 0}, 

and we call supp(P, 0) the support of over P. It is a subset of map(P, Zo). Note 
that = O^c = O<^ supp(P, 0) = 0. 

Let F be any subset of map(P, R). We denote 

. f E A esup P (P»nF c(A) n. eP ^ A(a:) if supp(P, 0) n F ± 0, 
1 if supp(P, 0) n F = 0, 



ps(P,P, 



and we call ps(P, P, 0) G ^4 the partial sum of over P with respect to P. 
Below, we consider the case ^ for a while. 
We define 

L+(P, 0) = conv(supp(P, 0)) + map(P, R ), 
and call r+(P, 0) the Newton polyhedron of over P. By definition we have 
r+(P, 0) C map(P, K-o) C map(P, R). We can show that there exists a non-empty 
finite subset Y of supp(P, 0) with L + (P, 0) = conv(F) + map(P, Mo), and L + (P, 0) 
is a convex pseudo polytope in map(P, R) with stab(L+(P, 0)) — map(P,Ro). 
(Lemma EIU Lemma f97T2l ) 
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Let u> G map(P, Ro) v be any element. We know that {{ui,a)\a G supp(P, </>)} 
C Ko, and the minimum element min{(w, a) \ a G supp(P,0)} of {(uj,a)\a G supp(P,0)} 
exists. We define 

ord(P, ui, <p) = min{(w,a)|a G supp(P, (/))} € Ro, 
supp(P, uj, 4>) supp(P, 4>)\{uj, a) = ord(P, ui, (p)} C supp(P, (j)), 

m(p, w , 0) = 5i c ( a ) n xMx) e A 

Aesupp(p,cj,0) xeP 

We consider the case (p — 0. We introduce a symbol oo satisfying the following 
conditions: for any t G R, we have oo > t, oo > i, oo ^ t, t < oo,t < oo,t ^ 
oo,oo + t = f + oo = oo, and moreover 00 + 00 = 00. Let uj G map(P, Mo) v be any 
element. We define 

ord(P, uj, 0) = 00, 
in(P,w,0) = G A. 

Let uj G map(P, Mo) v be any element. In the general case including the case 
of <p = 0, we have defined ord(P, u>,4>) G Mo U {00} and in(P, u),<p) G A. We call 
ord(P, u>,4>) e Ko U {00} the order of <p over P with respect to u>. By definition 
ord(P, u>,4>) =00 if and only if <p = 0. We call in(P, uj, <p) G A the initial sum of <p 
over P with respect to uj. By definition in(P, uj, (f>) = if and only if </> = 0. 

We can show that the following holds for any ui G map(P, Ro) v , any <fr & A, any 
ip G A and any a G k with a^O: 

(1) ovd(P,u),-<p) = ord(P,u;,0). in(P,w, -0) = -in(P, w, 0). 
ord(P, uj, a<p) = ord(P, (p). in(P, w, a0) = cdn(P, uj, (p). 

(2) ord(P, ui, (p + ip) > min{ord(P,w,0),ord(P,cj, ip)}. 

(3) ord(P, u>, 4> + ip) = min{ord(P, ui, (j)), ord(P, w, 0)}, if and only if, 
ord(P, uj, 4>) 7^ ord(P, ui, ip) or in(P, u>, (p) + in(P, u>, ip) ^ 0. 

(4) ord(P,uj,(pip) = ord(P,w,0) + oid(P, u> , ip) . 
in(P, u>,(pip) — in(P, uj , (p)in(P, uj , ip) . 

Let P be any regular local ring. We have r\ m& z M(R) m = {0}. 
We define a mapping 

ord : R ->• Z U {00} 

by putting 

ord(0) = 



if m G Z and G M (P) m - M(R) m+1 , 
if = 0, 



for any <p E R. For any (p e R with 7^ and any to G Z , we say that </> is 0/ 
order m, if ord(0) = to. 

Assume moreover, that R contains A: as a subring, the residue field R/M(R) is 
isomorphic to k as fc-algebras and dimP = dim A. Under these assumptions the 
completion R c of R is a ring containing P as a local subring and R c and A are 
isomorphic as fc-algebras. We take any isomorphism A : R c — > A of fc-algebras. We 
know that ord(</>) = ord(P, X^eP /aT V ' f° r any </> G P. Consider any element 

a; G P with A(x) G P, any G P and any to G Z . ord(P, /j^, A(0)) > to, if and 
only if, <p — x m ip for some ip G P. 

Consider any <p E A with <p 0. 

A subset P of map(P, R) is a /ace of T + (P, 0), if and only if, there exists ui G 
map(P,R ) v such that P = {a G T + (P, a) = ord(P, w, 0)}. Any face of 
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r+(P, 0) is a non-empty closed subset of r+(P, 0), and is a convex pseudo polytope. 
For any face P of r+(P, 0), we put dimP = dimaffi(P) £ Zo and we call dimP 
the dimension of P. Any face of T + (P, 0) with dimension zero is called a vertex of 
r+(P,0). (See Definition E2) 

By V(r + (P, 0)) we denote the union of all vertices of T + (P, 0). By definition we 
have 

V(r+(P, 0)) = {a G r+(P, 0)| There exists w G map(P, JR ) V such that for any 
6 G r+(P, 0) with (lo, b) = (lj, a), we have b = a}. 

We call V(r+(P, 0)) the skeleton of r+(P, 0). The set V(T+(P, 0)) is a non-empty 
finite subset of supp(P,0), and r + (P,0) = conv(V(r+(P, 0))) +map(P,M )- We 
denote c(r + (P, 0)) = )JV(r+(P, 0)) G Z+, and we call c(r+(P, 0)) the characteristic 
number of T + (P, 0). 

We know that T + (P, 0) has only one vertexO- c(r+(P, 0)) = 1 has formal 
normal crossings over P (Lemma 19.121 6.). and that these equivalent conditions 
always hold, if dim A = 1. 

For any 4> e A with 0^0 and any V> € A with ip ^ 0, T + (P, 00) = T + (P, 0) + 
r+(P, 0). (Lemma[9T2l8.) For any G A with ^ and any aei x , r + (P, 0) = 

r+(p U 0). 

Consider any (f> £ A with 7^ and any z E P. 

Note that for any a € V(r+(P,0)), we have (/ Pv ,a) eZ . We define 
height(z,r + (P,0)) 
= max{(/f v , a )|ae V(r + (P,0))}-min{(/ 2 pv , a )|ae V(r+(P,0))} G Z , 

and we call height(z, r+(P, 0)) the height of T + (P, 0) with respect to z, or simply z- 
height of T + (P, 0). It is a non-negative integer. By definition, height(z, T + (P, 0)) = 
if and only if the value (/ Pv , a) does not depend on a G V(r+(P, 0)). height(z, 
r+(P,0)) = 0, if dim A = 1. 

Let a G V(r+(P, 0)). We say that {a} is a z-top vertex of T + (P, 0), if (/f v , a) = 
max{(/f v , b)\b G V(r + (P, 0))}. We say that {a} is a z-bottom vertex of T + (P, 0), 
if (/f v ,a)=min{(/f v ,&)|6eV(r + (P,0))}. 

Let A' denote the completion of the subring k[P — {z}] of A by the maximal 
ideal k[P — {z}] C\M(A) = (P - {z})k[P - {z}]. The ring A' is a complete regular 
local subring of A and M(A') = M (A) D A' = (P - {z})A'. The set P - {z} is 
a parameter system of A'. The completion of the subring A'[z] of A by the prime 
ideal zA'[z] coincides with A. 

Any element in A such that = z h + Yli=o 0'(*) z * f° r some ft, G Zo and some 
mapping 0' : {0, 1, . . . , h — 1} — > M(A') is called a z- Weierstrass polynomial over 
P, and the integer /i is called degree of 0. For any z- Weierstrass polynomial over 
P, we denote its degree by 

deg(P,z,0) G Zo. 

Note that deg(P, z, 0) = <3> = 1. 

We say that T + (P, 0) is of z- Weierstrass type, if there exists a G T + (P, 0) satis- 
fying the equality (/ Pv , a) = ord(P, / Pv , 0) for any a; e P — {z}. 

The following two conditions are equivalent (Lemma 19.121 10.): 

(1) The Newton polyhedron T + (P, 0) is of z- Weierstrass type. 
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(2) There exist uniquely an invertible element u G A x , a mapping a : P— {z} — > 
Zo, and a z-Weierstrass polynomial ip G A over P satisfying 

<j) = u Yl xa[x) ^ 

xeP-{z} 

Assume that T + (P, <j>) is of z-Weierstrass type, we know the following 
(Lemma E32j9.(a)): 

(1) If ip G A, w G A and <f> = ipu, then both T + (P,ijj) and T + (P,u) are of 
z-Weierstrass type. 

(2) height^, r + (P,0)) = T + (P,(f>) has only one vertex <^> c(T + (P,<f>)) = 
1 4=> (p nas normal crossings over P. 

(3) The Newton polyhedron r+(P, 0) has a unique z-top vertex. 

Below, by {a\] we denote the unique z-top vertex of L + (P, <p). Let b = ord(P, 
/f v , 4>) G Z and let ft = height(z, L+(P, 0)) G Z . 

(4) Consider any a G r+(P,0). The equality (/f v ,a) = ord(P, /f v , </>) holds 
for any x G P — {z} Oa-ai e RojT • 

(5) (/f v ,ax) =6 + ft. 

(6) There exist uniquely an invertible element u G A x and a mapping <p' : 
{0,1,..., ft - 1} -> M(A') satisfying = u(IlxeP-{ z } a:<'- v -° 1 >)« 6 (a ft + 
E^o and <£'(0) 7^ if ft > 

The concept of z- removable faces is important. 

Assume that r+(P, (p) is of z-Weierstrass type and any x G P — {z} does not 
divide <j>. Under this assumption we can give the definition of z-removable faces. 

By assumption there exists uniquely ft G Zo such that {hf^} is the unique z-top 
vertex of L + (P, <p). We take the unique ft G Zo satisfying this condition. 

Let F be any face of r + (P, </>). We say that F is z-removable, if hf^ G P, 
P {hfz} + map(P, Rq) and there exist an invertible element u G A y and an 
element x G M(j4') satisfying 

ps(P,F,$ =u(z + x) h - 

The face P is z-removable, if and only if, hf^ G P, P {ft/j 3 } + map(P, Mo) 
and after some coordinate change sending i to i itself for any x G P — {z} and 
sending z to z + \ for some x G M(A'), F becomes a part of {hf^} + map(P, Rq). 
If 4> G A x , then any face P of r + (P, <p) is not z-removable, since ft = and 
P C map(P,R ) = {ft/f } + map(P,R ). If dim A = 1, then any face P of r + (P,</>) 
is not z-removable, since P C r+(P, </>) = {hf^} + map(P, Rq). 

We would like to explain the relation betwen the concept of z-removable faces and 
Hironaka's maximal contact here. We assume that the field k has characteristic zero, 
and consider any z-Weierstrass polynomial tp G A over P of positive degree. We take 
the unique pair of a positive integer ft and a mapping ip' : {0, 1, . . . , ft— 1} — > M(A') 
satisfying the equality ip = z h + Y!l=o ^ '(i) z ' '■ Let z = z + (ip'(h - l)/ft) G M(A) 
and let P = {z} U (P — {z}). We know that ord(V') < ft, P is a parameter system 
of A and the Newton polyhedron T + (P,ip) is of z-Weierstrass type and has no 
z-removable faces. Now, we assume moreover that ord(V>) = ft- This condition is 
equivalent to that ord(ip'(i)) > ft — i for any i G {0, 1, . . . , ft — 1}. Then, the smooth 
subscheme Spec(A/ zA) of Spec(A) is Hironaka's maximal contact of the subscheme 
Spec(A/ipA). (Giraud 
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Note that we cannot define the element z = z + (tp'(h — l)/h) E A, if the 
characteristic of the ground field k is positive and the characteristic divides h. 
The concept of z-simple is also important. 

We say that T + (P,(ft) is z-simple, if r+(P, (ft) is of z-Weierstrass type and any 
compact face F of r+(P, (ft) satisfies dimP < 1. 

If diniv4 < 2, then always r+(P, (ft) is z-simple. If r + (P, (ft) is z-simple, then 
r+(P, (ft) is of z-Weierstrass type. If T + (P, 0) is z-simple, ip E A, uj E A and 
(ft — iftu, then both T + (P,tjj) and T + (P,u) are z-simple. fLemma 19.121 14.) 

Let R be any regular local ring containing the field A; as a subring and the residue 
field R/M(R) is isomorphic to k as fc-algebras. 

The completion R c is a complete regular local ring containing R as a local subring 
and the residue field R C /M(R C ) is isomorphic to k as fc-algebras. Consider any 
parameter system P of R c and any (ft E R with (ft ^ 0. We have the Newton 
polyhedron T + (P, (ft) of (ft over P, if we regard the element (ft of P as an element of 
P c . 

Lemma 2.1. Consider any parameter system P of R, any element z € P , and 
any to € M(P C ) with dw/dz E P cx . We denote P w = {w} U (P - {z}). Let 
P' &e t/ie localization of k[P — {z}] by the maximal ideal k[P — {z}] D M(R) = 
(P-{z})k[P-{z}]. 

(1) P is aZso a parameter system of R c , and for any (ft E R with <f> ^ 0, 
c(F + (P, 0)) = 1 (f) has normal crossings over P. 

(2) P w is a parameter system of R c with w E P w and P w — {w} = P — {z} C P. 
If w E M(R ), then P w is a parameter system of R h with w E P w . If 
w E M{R), then P w is a parameter system of R with w E P w . 

(3) There exist uniquely u E R cx and \ E M(R' C ) with w = uz + \- If 
w E M (R h ), then u E R h/ and x € M(R' h ). 

(4) There exist uniquely v E R cx and lo E M(R' c ) with w — v{z + uj). If 
w E M (R h ), then v E R hx and lu E M(R' h ). 

(5) Assume that u E R c/ , \ € M(R' C ), v E R cx , lo E M(R' c ) and w 

uz ■ \ v(z + lu). We take the unique pair vq E R' c and v\ E R c with 

V = V + ZVl . 

Then, vq E R' cx . \ = Vquj, u = vi(z + to) + vq and T + (P — {z}, x) = 

r+(p-{z}, w ). 

The bijection P w — > P sending w E P w to z E P and sending any x E Pw — {w} = 
P — {z} to x E P — {z} itself induces an isomorphism map(P, M) — > map(P u) , R) of 
vector spaces owerR. By this isomorphism we identify map(P, R) and map(Pi„,M). 
/f E map(P, R) and f£ w E map(P w ,R) are identified. For any x E P — {z}, 
fx E map(P, R) and f Pw E map(P u) ,R) are identified. 

(6) If w' E M(R C ) and w — uw' for some u E R cx , then dw'/dz E R cx and 
r + (P u) , tfi) — T + (P W >, <fi) for any <p E R c with (ft ^ 0. 

(7) Consider any w' E M(R C ) with dw'/dz E R cx and any (ft E R c with (ft ^ 
0. T + (P w ,(ft) is of w-Weiestrass type, if and only if, T + (P w r , (ft) is of w' - 
Weiestrass type. If these equivalent conditions are satisfied, then the unique 
w-top vertex of T + (P w ,<ft>) and the unique w' -top vertex ofT + (P w i,(ft) are 
equal. 

(8) For any (ft E R h with (ft ^ 0, there exists ift E R satisfying ((ftR h ) (1 P — iftR 
and ip 7^ 0. 
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(9) Assume moreover, that R is a localization of a finitely generated k-algebra. 
Let Q be any subset of P. Let S be the localization of k[Q] by the maximal 
ideal k[Q] n M(R) = Qk[Q}. 

(a) IfQ = P, then S c = R c and S h = R h . 

(b) S h = S c f)R h . 

(c) Let 7T : map(P, Zo) —¥ map(Q,Zo) denote the surjective mapping in- 
duced by the inclusion mapping Q — > P. For any € R h and any 
A e map(Q,Z ), ps^Tr-^A)^) G R h . 

(d) For any uj G map(P,Ro) v and any G R h , m.(P,u,4i) G R h . 
For any uj G (map(P, R ) v )° and any G R c , in(P,w, 0) G k[P}. 

Remark . In claim 9.(d), (map(P, Ro) v )° denotes the interior of the regular cone 
map(P,R ) v . (Definition^) (map(P, R ) v )° = ExeP R +fx V C map(P,R)*. 

Proof. Claim 4 follows from Henselian Weierstrass Theorem in Hironaka [17] . □ 

Consider any parameter system P of P, any element z G P, any w G M(R C ) 
with dw/dz G R cx , and any G P with 0^0. We denote P w = {w} U (P - {z}). 

Since P is a UFD, we have an invertible element u G P x , a finite set of 
irreducible elements of R and a mapping a : 51 — > satisfying — ullujen' 4 ' • 
We take any u, f2 and a satisfying these conditions. Let 

E = {oj G f2|9o;/9t/; G M(R C ), and any a; G P w — {w} does not divide uj}. 

We say that an element -0 G P is a mam factor of the triplet (P w ,w,<f>), or a 
w-main factor over P w of 0, if = v Y[uie~ ^ f° r some v G P x . Since P is a 
UFD, the condition that if) G P is a main factor of (P w ,w,</)) does not depend of 
the choice of it, il and a we used for the definition. 

If '0 G P is a main factor of (P w ,w, 0) and if)' G P is a main factor of (P^,, io, 0), 
then by definition, if) = «0' for some v G P x , r + (P, -0) = T + (P,ip'), and any 
x G P w — {w} does not divide ip. 

We consider the case where T+(P w ,<f>) is of w- Weierstrass type. Let if) G P be 
any main factor of (P w ,w, 0). The Newton polyhedron F + (P lu , 0) does not depend 
on the choice of the main factor and it is of w- Weierstrass type. Furthermore, 
there exists uniquely a non-negative integer h such that {hf£ w } is the unique ii)-top 
vertex of T±(P W) if)). We take h € Zo satisfying this condition and we define 

inv(P ltJ ,u;, 0) = h £ Z . 

The non-negative integer inv(P tt) , io, 0) is our main invariant measuring the bad- 
ness of the singularity 0. 

Lemma 2.2. Consider any parameter system P of R, any element z G P , any 
w G M(R C ) with dw/dz G P cx , and any G P wii/i 0^0. We denote P w = 
{w} U (P - {«}). 

XTie bijection P w — > P sending w G P w to z G P and sending any x G P«j — {if} = 
P — {z} to x (z P — {z} iise// induces an isomorphism map(P, M) — > map(Pu,, R) o/ 
vector spaces over R. By this isomorphism we identify map(P, R) and map(P tu ,R). 

(1) For any if) G R, if) is a main factor of (P w , w, 0), if and only if the following 
three conditions are satisfied: 

(a) = u(l\ x< - Pa ^ {w} x a( - x '>)(l\ ujen u J b ^)il) and du)/dw G P cx for any 
u) G O, /or some it G P x , some mapping a : P w — {w} — > Zo, some 
finite subset Q of M{R) and some mapping b : Q — > Z+. 
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(b) Any element of P w — {w} does not divide tp. 

(c) Any uj G M(R) with du/dw G R cx does not divide tp. 

(2) // both tp G R and tp' G R are main factors of (P w ,w, <p), then tp — utp' for 
someueR* andT+{P,tp) = T + (P,ip'). 

(3) For any tp £ R and any w' G M{R C ) with dw'/dz G R cx , ip is a main 
factor of (P w , w,(p) 4$ tp is a main factor of (P w > ,w' ,<p). 

(4) Let tp G R be any main factor of {P w ,w,(p). ip £ xR c for any x G P w — {w} . 
If we M(R), then ip <£ wR c . tp <£ zR c . 

(5) The following three conditions are equivalent: 

(a) Any main factor of (P w ,w, <p) is an invertible element of R. 

(b) Some main factor of {P w ,w,(p) is an invertible element of R. 

(c) <P = u([\ xePw _ {w} x a ^)(n we o and d ^/ dw e R cx for any oj G 
fl, for some u G R x , some mapping a : P w — {w} — > Zo, some finite 
subset ft of M(R) and some mapping b : Q — > Z + . 

If T + (P w ,(p) is of w-Weierstrass type, then the condition below is also 
equivalent to the above three conditions. 

(d) mv(P w ,w,<p) = 0. 

Below, we assume that F + (P w ,(p) is of w-Weierstrass type. 

(6) mv(P w ,w,(p) ^ 1. 

(7) Let ip G R be any main factor of (P w ,w, (p). 

(a) T + (P w ,tp) is of w-Weierstrass type and {mv(P w ,w,(p)f is the unique 
w-top vertex ofT + (P w ,tp). 

(b) Let w' G M(R C ) be any element with dw'/dz G R cx . mv(P w ,w,(p) = 
mv(P w ,,w' ,4>). 

(c) There exist uniquely u G R cx and tp' G R c such that tp' is a w- 
Weierstrass polynomial over P w and tp = utp' . 

We take u G R cx and tp' G R c satisfying the above conditions. 

(d) r + (p w ,Tp) = r + (p w ,i>'). 

(e) mv{P w ,w,4>) = height(w, T + (P W , tp))+ord(P w , f^ v ,tp) = deg(P w ,w, 
tp') > ord(» = ord(V>'). 

If we M(R), then ord(P, f^ y , tp) = and inv(P w ,w, <p) = height(w, 

r+(P w ,tp)). 

(8) Assume both tp G R and tp' G R are main factors of (P w , w, <ft). We take u G 
R cx and tp" G R c such that tp" is a w-Weierstrass polynomial over P w and 
tp = utp". Consider any face F ofT + (P w ,tp) = T + (P w ,tp') = T + (P w ,tp"). 

F is a w-removable face ofT + (P Wl tp), if and only if, F is a w-removable 
face ofT + (P Wl tp') , if and only if, F is a w-removable face ofT + (P w ,tp"). 

(9) Assume mv(P w ,w,(p) = 0. 

There exist u G R x , a mapping a : P w — {w} — > Zo, a finite subset fl of 
M(R) and a mapping 6:0^ Z + satisfying the following three conditions: 

(b) duj/dw G R cx for any lu eVt. 

(c) Ifuj = vuj' for some some w'efl and some v G R x , then v = 1 
and uj — uj' . 

Let w' G M(R C ) be any element with dw'/dz G R cx . There exist u' G 
R x , a mapping a' : P — {z} — > Zo, a finite subset tt' of R and a mapping 
i)':f!4 Z + satisfying the following three conditions: 

(a) <t> = u'n x ep w ,- {w < } z a ' {x) n u en'" b ' {uj) - 
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(b) dui/dw' e R cx for any uo e ft'. 

(c) If tu = vuj' for some uj G Of, some u)' G Q' and some v G R x , then 
v = 1 and u> = lj' . 

If u, a, f2, b, vf , a', f2' and 6' satisfy the above conditions, then |Jf2 = )Jf2'. 

For any w E M(R C ) with dw/dz <E R cx and any (ft E R such that (ft ^ 0, 
T + (P W , (ft) is of w-Weierstrass type, and iuv(P w ,w, (ft) = where P TO = {u>} U (P — 
{z}), we take u, a, f2, 6 satisfying the conditions in the above Lemma 12.21 9 and we 
define 

iay2(P w ,w,<j>) = (tn G Z . 

Lemma 2.3. Consider any parameter system P of R, any element z G P , any 
u; G M(P C ) wf/i dw/dz G P cx . We denote P w = {w} U (P - {z}). 

Consider any element (f> G R such that 0^0, T + (P W ,4>) is of w-Weierstrass 
type, and inv(P tu , w,(f>) =0. 

(f) J/ inv2(P M , w, (ft) < 1, then (ft has normal crossings. 

(2) If inv2(P t0 , w, (ft) > 1, then there exists z G M(R) such that dz/dz G P x 
anrf z divides (ft. 

(3) Let u/ G Af(P c ) &e any element with dw'/dz G P cx . inv(P„- , w', 0) = 
and inv2(P UI ' , w', 0) = inv2(P t0 , w, 0). 

3. Basic scheme theory 
We develop the basic scheme theory. 

Let X be any scheme, and let I be any ideal sheaf in the structure sheaf Ox of 
X, in other words, any sheaf of Ox -modules which is a subsheaf of Ox- The ideal 
sheaf I is called locally principal, if for any a £ X there exists (ft G Ox, a such that 
(ft is not a zero-divisor of Ox.a and I a = <ftOx, a , where X a denotes the stalk of I at 
a. Note that for any scheme Y and for any morphism 7 : Y — > X of schemes, the 
pull-back 7*1 of I as an ideal sheaf is defined, and 7*! is a sheaf of Oy -modules 
which is a subsheaf of Oy ■ 

Grothcndicck has shown that there exists a scheme X 1 and a morphism a : X 1 — > 
X satisfying the following universal mapping property: 

(1) The ideal sheaf a* I is locally principal. 

(2) If Y is a scheme, 7 : Y — > X is a morphism, and the ideal sheaf 7*1 is 
locally principal, then there exists uniquely a morphism r : Y — > X' with 

0~T = 7. 

By the universal mapping property we know that the pair (X' , a) satisfying the 
above conditions is unique up to isomorphism of schemes over X . The pair (X' , a) 
satisfying the above conditions is called the blowing-up with center in an ideal sheaf 
X, or the blowing-up with center in Z, where Z denotes the closed subscheme of X 
defined by the ideal sheaf X. Note that any closed subscheme of X has a unique 
ideal sheaf in Ox defining it. If X is locally principal, then a is an isomorphism. 
When a closed subset Z of X is given, we take the unique ideal sheaf X in Ox 
defining the reduced scheme structure on Z and we call the blowing-up with center 
in X the blowing-up with center in Z . 

Let (X',a) be the blowing-up with center in X. By Z we denote the closed 
subscheme of X defined by the ideal sheaf X. We call the inverse image a^ 1 {Z) 
the exceptional divisor of a. For any closed irreducible subset W of X with W (t 
Z re d, the closure in X 1 of a^ 1 (W — Z) is called the strict transform of W by o. 
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If X is separated, noetherian, irreducible and smooth, and Z is irreducible and 
smooth, then X' is also separated, noetherian, irreducible and smooth, and a^ 1 (Z) 
is irreducible and smooth. 

For any ring R and an ideal I of R, we regard the affine scheme Spec(R/I) as 
the closed subcheme of the affine scheme Spec(i?) by using the closed embedding 
Spec(i?/7) — > Spec(i?) induced by the canonical surjective ring homomorphism 
R — > R/I to the residue ring. 

Let X be any separated noethrian irreducible smooth scheme with dim X > 1, 
let D be any effective divisor of X, and let a <G X be any point. We consider the 
natural morphism 5 : Spec(Ox, a ) — > -X"- It is dominant, and the pull-back S*D of 
D by this morphism S is defined. We say that D has normal crossings at a e X, if 
there exist a parameter system P of the local ring Ox,a of X at a, and an element 
A e map(P, Zo) such that 

5*D = SpCc(Ox.a/ 1] ^^'^a). 

xeP 

We say that D has normal crossings or Z? is a normal crossing divisor, if it has 
normal crossings at any point of X. It follows from definition that any component 
of D is smooth and the intersection of any finite number of components of D is 
smooth (however, the intersection of two or more components of D may be empty 
or reducible), if D has normal crossings. 

Here we give the definition of the concept of normal crossing schemes over an 
algebraically closed field and introduce some notations associated with it. Let k 
denote any algebraically closed field below in this section. 

A pair 

(X,D), 

satisfying the following five conditions is called a normal crossing scheme over k. 

(1) The first item AT is a separated noetherian irreducible smooth scheme over 
k with dimX > 1 such that any closed point a e X is a k- valued point. 

(2) The second item D is a non-zero effective normal crossing divisor of X. 

We use the following notations: The set of components of D is denoted by 
comp(D). For any point a & X we denote 

comp(D)(a) ={Ce comp(L>)|a e C}, 

and 

(D) = {ae X|ttcomp(£))(a) = dim AT}. 
For any a G (-D)o we write 

U(X,D,a)=X-( |J C). 

C€compfZ)) — compfD) (a) 

We write simply f/(a), instead of U(X,D,a), when we need not refer to the pair 
(X,D). 

(3) For any subset Q of comp(D), C\ceQ ^ lii i rre ducible. 

(4) For any subset Q of comp(Z?) with C\ceQ there exists a € (D) such 
that Q C comp(D)(a). 

(5) For any a <E {D) , U(a) is an affine open subset of A. 
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Let (X, D) be a normal crossing scheme over k. For any a € (D)o, we consider 
a mapping 

£ a :comp(D)(a) -+ O x (U(a)). 

Consider any point a <G (-D)o- If £a satisfies the following two conditions, then we 
call £ a a coordinate system of (A, D) at a: 

(f) For any C € comp(D)(a) we have 

C n (7(a) = Spcc(O x (U(a))/UC)O x (U(a))). 

(2) For any fc-valued point 6 in [/(a), the set {£ a (C)-£ a (C)(6)|C G comp(D)(a)} 
is a parameter system of the local ring Ox, 6 of X at 6. Here £ a (C)(6) € fe 
denotes the value of £ a (C) € at 6. 

If £ a is a coordinate system of (X,D) at a for any a e (-D)oi then we call the 
collection £ = {£ a |« € (-D)o} a coordinate system of (X, D). For a coordinate 
system £ of (X, D) we denote the element of £ corresponding to a € (P)o by £ a . 

A triplet (X,D,£) such that the pair (X,D) is a normal crossing scheme over 
k and £ is a coordinate system of (X, D) is called a coordinated normal crossing 
scheme over fc. 

Example 3.1. Let R be any regular local ring such that R contains k as a subring, 
the residue field R/M(R) is isomorphic to k as fc-algebras, and dimP > 1; let P 
be any parameter system of P; and let A e map(P, Z + ). 

Note that M(P) € Spec(P) and M(R) is the unique closed point of Spec(P). Let 
D = Spec(R/l\ xeP x Hx) R)- The pair (Spec (R), D) is a normal crossing scheme 
overfc. Wehave(Z?) = {M(R)}, comp(P) = comp(£>) (M(P)) = {Spec(P/xP)|x e 
P}, and J7(Spec(P), £>, M (P)) = Spec(P). For any x e P, we put £ M(JJ) (Spec(P/xP 
)) = x. We obtain a mapping £ M (R) ■ comp(P) (M(R)) -> C S poc(fl) (J7(Spec(P), £), 
M(R))). The mapping £m(k) is a coordinate system of (Spec(P), I?) at M(R), and 
the triplet (Spec(P), D, {£m(r)}) 1S a coordinated normal crossing scheme over k. 

We consider the subring k[P] of R. We denote M = k[P]r\M(R) = Pk[P}. M e 
Spec(fc[P]) and M is a closed point of Spec(fc[P]). Let D = Spec(fc[P]/ H xeP x A W 
k[P]). The pair (Spec(fc[P]), D) is a normal crossing scheme over k. We have (D)q = 
{M}_, comp(P) = comp(P)(M) = {Spec(k[P]/xk[P])\x e P}, and £/(Spec(fc[P]), 
D, M) = Spec(fe[P]). For any x € P, we put ^(Spec(k[P]/xk[P}J) = x. We obtain 
a mapping ^ : comp(D)(M) S pec(fc[P])(^'(Spec(fc[P]), D, M)). The mapping 
£m is a coordinate system of (Spec(fc[P]), D) at M, and the triplet (Spec(fc[P]), D, 
{Cm}) is a coordinated normal crossing scheme over k. 

The four lemmas below easily follow from definitions. 

Lemma 3.2. Let (X, D) be a normal crossing scheme over k. 

(1) The set comp(D) is non-empty and finite. 

(2) Consider any non-empty subset Q o/comp(D) with HceQ ^ C\ceQ ^ 
is a closed irreducible smooth subset of X , and dimPl^g C = dim A — jjQ. 
If we give the reduced scheme structure to any C € Q, then the intersection 
scheme PlceQ ^ * s re duced and smooth. 

(3) The set (P)o is a non-empty finite set of k -valued points of X . 

(4) For any a € (-D)o an d any 6 € (-D)oj comp(D)(a) = comp(P)(6), if and 
only if, a = b. 
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(5) 

X= (J (7(a). 

a£(I3)o 

Let Q be any subset of comp(D) with §Q > 2 and flceQ ^ ^' ^ e denote 
Z = HceQ arlc ' ^ e blowing-up with center in Z by a : X' — > X . Furthermore, by 
E' we denote the exceptional divisor of a, and by C we denote the strict transform 
of C G comp(_D) fey g for any C G comp(D). 

(6) T7ie pair (X', a*D) is a normal crossing scheme over k. 

(7) E' G comp(cr*L>). comp(cr*L>)-{£;'} = {C"|C G comp(L>)}. )}comp(cr*.D) = 
jJcomp(D) + 1. 

(8) For any C G comp(D) — Q, we have a*C = C . For any C G Q, we have 
a*C = C' + E'. 

(9) a((a*D) Q ) = (D) . 

(10) For any a G (D) a ^ Z 7 we /mue (Jcr 1 (a) n (ct*£>) = 1, and t/ie 
unique element a' in a^ 1 (a) n (cr*D)o satisfies {a'} = ricecomp(£))(o) 
comp((j*D)(fl') = {C"|C G comp(L>)(a)} 7 and C/(X', ct*£>, a') = ^([/(X, £>, 

a)). 

If moreover, a mapping £ a : comp(_D)(a) — > Ox(U(X, D, a)) is a coor- 
dinate system of (X, D) at a, then there exists a unique coordinate system 
Z' a , : comp(CT*L>)(a') -> X '(U(X',a*D,a')) of(X',a*D) at a' satisfying 
CT*(Ca(C)j \=£' a , (C')foranyC € comp(£>)(a), w/iere cr* : O x ({/(I,D,a)) -> 
Ox'(U(X',o~*D,a')) denotes the ring homomorphism induced by a. 

(11) For any a G (-D)o with a E Z , we have tJcr _1 (a) H (ct*D)q = jJQ > 2 7 
and i/iere exists a unique one-to-one mapping a' : Q — > cr _1 (a) n (a*D)o 
such that for any B e Q we have {a'(B)} = E' f] r\cecom P (D)(a)-{B} C ' > 
comp(a*D)(a'(Bj) = {E'} U {C'\C G comp(L>)(a) - {B}}, and 
U(X',a*D,a'(B)) = a~ 1 (U(X, D, a)) - B'. 

If moreover, a mapping £ a : comp(D)(a) — > Ox(U(X, D, a)) is a coor- 
dinate system of (X, D) at a, then for any B € Q, there exists a unique 
coordinate system £' a , (B) : couip(a*D)(a'(B)) ->• X '(U(X',a*D,a'(B))) 
of (X',a*D) ata'(B) satisfying 

rO ( B)(£') tf<7 = B, 

**(&(C)) - ^ C ( B)(^)C(B)(^) »/^Q-{B}, 

lC(B)(^') */Cecomp( J D)(a)-g, 

for any C G comp(D)(a), w/iere cr* : Ox([/(l, D,a)) -> 
Ox'(U(X',a*D,a'(B))) denotes the ring homomorphism induced by a. 

Let (X, D) be a normal crossing scheme over fc. 

We call a non-empty closed subscheme Z of X such that there exists a non- 
empty subset Q of comp(Z?) satisfying Z = Hceo ^ a c l° se d stratum of D. We call 
a blowing-up whose center is a closed stratum of D an admissible blowing-up over 
D. 

Let Q be any subset of comp(Z)) with jJQ > 2 and HceQ C Let cr : X' — > X 
denote the admissible blowing-up with center in Hcgq ^- We cau tne norma l 
crossing scheme (X', a*D) over k the pull-back of (X, _D) by cr. Let a' G (a*D) be 
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any point, and let £o-(a') : comp(-D) (cr(a')) — > Ox(U(X,D,a(a'))) be a coordinate 
system of (X,D) at er(a'). We have the coordinate system : comp(D)(a') — > 
X '(U(X', a*D, a')) of (X 1 , a*D) at a' described in LemmaUlO or Lemma|32Jll. 
The coordinate system £' a , is called the pull-back of £ CT (a') & t oJ by a. Let £ = {£ a |a G 
(D)o} be a coordinate system of (X, D). We denote 

and call cr*£ the pull-back of £ by ct. Note that triplets (X, D, £) and (X', er*£>, er*£) 
are coordinated normal crossing scheme over k. We call the coordinated normal 
crossing scheme (X', a*D, cr*£) over k the pull-back of (X, D, £) by <r. 

Let X' be a scheme, and let a : X' — > X be a morphism. We call a an admissible 
composition of blowing-ups over D, if there exist a non- negative integer to, (m+1) of 
normal crossing schemes (X(i), D(i)) over fc, i G {0, 1, . . . , m}, and m of morphisms 
cr{i) : X(i) — > X(i — 1), i G {1,2,..., to} satisfying the following two conditions: 

(1) X(0) = X, D(0) = D, X(m) = X' and a = cr(l)cr(2) • • • a(m). 

(2) For any i G {1, 2, . . . to}, <j(i) is an admissible blowing-up over D(i — 1) 
and D{i) = a{i)*D{i - 1). 

If moreover, the center of o~(i) has codimension two for any i £ {1, 2, . . . to}, then 
we call er an admissible composition of blowing-ups with center of codimension two 
over D. 

Lemma 3.3. 1. Let (X, D) be a normal crossing scheme over k, let X' be a scheme, 
and let a : X' — » X be an admissible composition of blowing-ups over D. Then, the 
pair (X',a*D) is a normal crossing scheme over k. 

2. Let (X,D,t;) be a coordinated normal crossing scheme over k, let X' be a 
scheme, and let a : X' — > X be an admissible composition of blowing-ups over 
D. Assume that m G Zo, (to + 1) of normal crossing schemes (X(i), D(i)) over k, 
i G {0, 1, . . . , to}, and m of morphisms a(i) : X(i) — > X(i — 1), i G {1,2,..., to} 
satisfy the above two conditions. We write cr*t; = a(rn)*a(m— 1)* • • ■ cr(l)*£. Then, 
the triplet (X',o~*D,a*t;) is a coordinated normal crossing scheme over k, and the 
coordinate system cr*£ of (X',a*D) does not depend on the choice of to £ Zo, 
(to + 1) of normal crossing schemes (X(i), D(i)) over k, i £ {0, 1, . . . , m}, and to 
of morphisms o~(i) : X(i) — > X(i— 1), i € {1,2,..., to} satisfying the two conditions. 

Let (X, D) be a normal crossing scheme over k, let X' be a scheme, and let 
a : X' —> X be an admissible composition of blowing-ups over D. We call the 
normal crossing scheme (X',cr*D) over k the pull-back of (X, D) by a. 

Let (X, D, £) be a coordinated normal crossing scheme over k, let X' be a scheme, 
and let a : X' — > X be an admissible composition of blowing-ups over D. Choosing 
to G Zo, (to + 1) of normal crossing schemes (X(i), D{i)) over k, i G {0, 1, . . . , to}, 
and to of morphisms a(i) : X(i) — > X(i — 1), i G {1, 2, . . . , to} satisfying the above 
two conditions, we define the coordinate system cr*£ of (X', a*D) by putting er*£ = 
a(m)*a(m — 1)* • • • cr(l)*£. The coordinate system u*^ does not depend on the 
choice of to G Zo, (m+1) of normal crossing schemes (X(i), D(i)), i £ {0, 1, . . . , to}, 
and to of morphisms a(i) : X(i) — > X(i — 1), i G {1, 2, . . . , to} satisfying the above 
two conditions. We call cr*£ the pull-back of £ by <r. For any a' G (er*D)o, we 
call (cr*£) a ' the pull-back of £ CT ( a ') by cr. We call the coordinated normal crossing 
scheme (X' , a*D, er*£) over fc the pull-back of (X, D, £) by a. 



24 



TOHSUKE URABE 



Lemma 3.4. Consider any scheme X over k and any divisors D and D' of X such 
that both (X,D) and (X,D') are normal crossing schemes over k and supp(-D) = 
supp(-D'). 

(1) comp(D) = comp(D'), comp(D)(a) = comp(£>')(a) for any a £ X , (D) = 
(D') , and U(X, D', a) = U(X, D, a) for any a G {D) . 

(2) If £ — {£ a \a € (-D)o} * s a coordinate system of(X,D), then £ is a coordinate 
system of (X, D'). 

Lemma 3.5. Recall that k denotes any algebraically closed field. Let R be any 
regular local ring such that R contains k as a subring, the residue field R/M(R) is 
isomorphic to k as algebras over k, and dim R > 2, let P be any parameter system 
of R, and let z G P be any element. 

Let R' denote the localization of k[P — {z}] by the maximal ideal k[P — {z}] (~1 
M{A) = (P — {z})k[P — {z}]. The ring R' is a regular local subring of R. The set 
P — {z} is a parameter system of R' . 

Let a' : X' — > Spec(i?') be any composition of finite blowing-ups with center in 
a closed irreducible smooth subscheme. The scheme X' is smooth. We consider a 
morphism Spec(i?) — > Spec(i?') induced by the inclusion ring homomorphism R' — > 
R, the product scheme X = X' Xg pec (fl/) Spec(i?) ; the projection a : X — > Spec(i?) ; 
and the projection n : X — > X' . We know the following: 

(1) The morphism a is a composition of finite blowing-ups with center in a 
closed irreducible smooth subscheme. The scheme X is smooth. 

(2) The pull-back a* Spec(R/ zR) of the prime divisor Spec(i?/ zR) on Spec (R) 
by a is a smooth prime divisor on X, and a*Spec(R/zR) D a~ 1 (M(R)). 

(3) The projection ir : X — >• X' induces an isomorphism cr*Spec(i?/zi?) — > X' . 

(4) For any closed point a € X , any w € M(R h ) with dw/dz G R hx and any 
parameter system Q' of the local ring Ox',n(a) of X' at n(a), a (a) — M(R) 
and {a*(w)} U tt*(Q') is a parameter system of the Henselization 0\ a of 
the local ring Ox, a of X at a with n*{Q') C Ox,a, where a* : R — > 
0\ a denotes the homomorphism of local k-algebras induced by a on the 
Henselizations of local rings and ir* : Ox',n(a) ~^ Ox,a C 0\ a denotes the 
homomorphism of local k-algebras induced by n. 

If w £ M{R), then {o~*(w)} U ~k*{Q') is a parameter system of the local 
ring Ox.a of X at a 

(5) For any closed point a' G X' , cr'(a') = M(R') and the fiber 7r _1 (a') of ir 
over a' is isomorphic to Spec(i?/(P — {z})R) as k-schemes. 

(6) For any affine open subset U' of X' , the inverse image 7r -1 (£/') of U' by ir 
is an affine open subset of X . 

Let D = Spcc(R/U xeP xR), and let D' = Spec(i?'/ U xe p-{z} xR ')- 

(7) If a' is an admissible composition of blowing-ups over D' , then a is an 
admissible composition of blowing-ups over D. 

(8) If a' is an admissible composition of blowing-ups with center of codimension 
two over D' , then a is an admissible composition of blowing-ups with center 
of codimension two over D. 

4. Main results 

We state our main results. Their proofs will be given in Section[19land Sectionl20l 
We fix notations we use throughout this section. 
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Let k be any algebraically closed field, let P be any regular local ring such that P 
contains k as a subring, the residue field R/M(R) is isomorphic to k as fc-algebras, 
R is a localization of a finitely generated fc-algebra and dimP > 1, let P be any 
parameter system of R, and let z £ P be any element. 

By R' we denote the localization of k[P — {z}] by the maximal ideal k[P — {z}] fl 
M(R) = (P - {z})k[P - {z}]. 

Furthermore, we denote 

PW = {</>£ R\4> ^ 0, r+(P, 0) is of z-Weierstrass type.}, 

RW — {(f) £ PW|r + (P, has no z-removable faces, where ip denotes a 

main factor of (P, z, (f>).} , 
SW = {</>€ RW\T+(P, 4>) is z-simple.}. 

Note that R D PW D RW D SW ^ 0, if <\> £ R, <t> ^ and T+(P, 0) is z-simple 
then r+(P, (f>) is of z-Weierstrass type, and R = {0} U PVK if dimP < 2. 

For the proof of our main theorem below, we apply the theory of convex sets 
and the toric theory. By our main theorem any element in SW is reduced to an 
element in PW with a strictly smaller value of inv or inv2. 

Theorem 4.1. Assume dimP > 2. Consider any 4> £ R such that 4> ^ 0, T + (P, <j>) 
is z -simple, and 4> satisfies one of the following two conditions: 

(1) inv(P, z, <f>) > 0, T + (P,ip) has no z-removable faces, where tp denotes a 
main factor of (P, z, (f>). 

(2) inv(P, z, <fi) = 0, inv2(P, z, 4>) > 2 and z divides 4>. 

Let D = Spec(P/ IlxeP x R)i which is a normal crossing divisor on Spec(P). We 
define a coordinate system £m(r) '■ comp(P) -4- P of the normal crossing scheme 
(Spec(P),P) at M(R) by putting £ M ( fl )(Spec(P/aP)) = x for any x £ P. The 
triplet (Spec(P), D, {£m(h)}) * s a coordinated normal crossing scheme over k. 

There exist a smooth scheme X over Spec(P) and an admissible composition of 
blowing-ups a : X — > Spec(P) with centers of codimension two over D such that 
for any closed point a £ X with a(a) — M{R), there exist a closed point b £ X 
and a component C passing through b of the pull-back a*D of the divisor D by a 
satisfying the following five conditions: 

(1) The number of components of the normal crossing divisor a* D on X passing 
through b is equal to dimP = AivaX. 

(2) The point a belongs to the complement U(X,a*D,b) in X of the union of 
all components of a* D not passing through b. 

We consider the pull-back (er*£)h at b of the coordinate system £m(r) a t M(R) 
by a. (<T*£)b * s a coordinate system associated with the normal crossing divi- 
sor a* D n U(X,o~*D,b) on an affine open set U(X,a*D,b). comp(<r*P)(6) de- 
notes the set of all components of a* D passing through b. Note that for any 
C £ comp(cr*P)(6), (c*£)fc(C) is a regular function over U(X, a*D, b) and its value 
(<7*£)b(C)(a) £ k at a is defined. The local ring Ox. a of X at a is a regular local 
ring containing k as a subring, the residue field Ox, a /M(Ox, a ) is isomorphic to k 
as k-algebras and Ox,a is a localization of a finitely generated k-algebra. We denote 
P = {(c*£)b(C) — (<7*£)b(C)(a)|C £ comp((T*P)(6)}, which is a parameter system 
of Ox, a , and we denote z — (a*(;)b(C) — (a*( t )b(C)(a) £ P. We consider the local 
k-algebra homomorphism a* : R — > Ox, a induced by a . 
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(3) o-*(<fi) 7^ and the Newton polyhedron T+(P,a*(<ft)) is of z-Weierstrass 
type. 

(4) If inv(P, z, <p) > 0, then inv(P, z, <r* (</>)) < inv(P, z, 0). 

(5) 7/inv(P,z,0) = 0, iftera inv(P, z, tr*(0)) = and mv2(P,z,cr* (<(>)) < inv2(P, 

Z,0). 

Remark . The smooth scheme X and the admissible composition of blowing-ups 
a : X — ¥ Spec(P) in the above theorem are concretely constructed from the Newton 
polyhedron r + (P, </>) using the toric theory. 

Now, since T + (P, </>) is z-simple by our assumption, the normal fan E of T + (P, (p) 
has simple structure, and the support |E| of E is a regular cone with dimension equal 
to dim P. Starting from the fan P(|E|) consisting of |E| and its faces and repeating 
star subdivisions with center in a regular cone of dimension two, we construct most 
effectively a regular subdivision E* of E satisfying |E*| = |E|, which we call an 
upward subdivision of E. We explain how to construct E* in Section [T7l 

Our scheme X and our morphism a are the toric variety over Spec(P) and the 
toric morphism associated with an upward subdivision E* of the normal fan E of 

r+(P,# 

In the theorem below we study properties of z-removable faces closely. 

Theorem 4.2. Assume dimP > 2. 

Consider any element w £ M{R C ) with dw/dz £ R cx . We denote P w — {w} U 
(P-{z}). (Lemma\2Ji) 

The bijection P w — > P sending w € P w to z € P and sending any x G Pu, — {w} = 
P — {z} to x £ P — {z} itself induces an isomorphism map(P, R) — > map(Pu,, K) of 
vector spaces overM.. By this isomorphism we identify map(P, K) and map(P tu ,M). 

Consider any element ip G R such that ip ^ 0, r + (P, ip) is of z-Weierstrass type 
and any x € P— {z} does not divide ip. We take the unique non-negative integer h 
such that {hf^} is the unique z-top vertex of T + {P,ip). 

Recall that T + (P,ip) C map(P, R) and {f^\x € P} is an M.-basis of the vec- 
tor space map(P,R). Let U = {a e map(P, R)| (ff v , a) < h} and V = {a € 
map(P,R)|(/f v ,a) = 0}. We put p(a) = (a - (/f v , a)f?)/{h - (/f v ,a)) € V for 
any a £ U and we define a mapping p : U — > V . 

Note that V is an H-vector subspace o/map(P, R) with dimV = dimmap(P, 
R) — 1 and the set {f%\x £ P — {z}} is an ISL-basis of V . Using the isomorphism 
map(P — {z},R) — > V of vector spaces over R sending fx ^ G map(P — {z},R) 
to f^ £ V for any x £ P — {z} we identify map(P — {z},R) and V. 

We identify the dual vector space V* of V with the vector subspace {ui £ map(P, 
R)*|(w, ff) = 0} in the dual vector space map(P, R)* o/map(P, R). Under this 
identification (map(P,R ) n V) V \V = (map(P,R ) v |map(P,R)) n V*. 

(1) p(r+(P tu , ip) n U) is either an empty set or a rational pseudo polytope over 
the lattice map(P, Z) fl V in V such that p(T + (P w ,ip) n U) = conv(F) + 
(map(P, Ro) H V) for some non-empty finite subset Y o/map(P, Q) n V. 

(2) There exists uniquely an element xo € M(R' C ) such that T + (P z+Xo ,ip) has 
no (z + xo)-removable faces and supp(P — {z},Xo) C p(T + (P,ip) n U) — 

P (T + (P Z+X0 ^)nu). 
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Below, we assume that xo G M(R /C ), r+(P z + Xo ,'i/)) has no (z + xo) -removable 
faces and supp(P — {z},xo) C p(T+(P,ip) n U) — p(T+ (P z + Xo , ip) n J7) and iftai 
t> G R cx , /i G M(P /C ) and w = v(z + p). 

(3) p{T + {P w ^) DU) = conv(p(T + (P z+X0 » n U) U F+(P - {z}, /i - Xo )). 

For any face F of T + (P w ,t/j) with hff G F and F C\ U $, F is w- 
removable, if and only if, p(F n U) D p(T+(P z + X0 > ^ C/) = 0. 

(4) 77ie following three conditions are equivalent: 

(a) p(T + (P„,^) n CO = p(r+(p z+xo » n (7). 

(b) su PP (p - {z}, p — xo) c (0 (r+(p z+xo , V) n c/). 

(c) r+(Pu,,^) /ias no w-removable faces. 

(5) /?(F + (P z+Xo , ip) n C) = 0, «/ and on??/ if, ?/> = u\ h for some u G P x and 
some A G M{R). 

(6) X oeM(R' h ). 

(7) Assume moreover, that either p(T + {P z+Xo ,ip)r\U) has at most one vertex, 
or dimP < 3. Then, there exists w\ G M(R) such that dwi/dz G R x , and 
T + (P wl ,ip) has no W\-removable faces. 

We would like to solve the following problem: 

Problem 4.3. Show that for any <j> G R with 0^0, there exists a composition 
a : X —¥ Spec(P) of finite blowing-ups with center in a closed irreducible smooth 
subscheme such that the divisor on X defined by the pull-back a*(4>) G Ox(X) of 
(j) by o has normal crossings. 

Note here that dim R! = dim R — f < dim R. 
We consider the case dim R = 1 . 

Consider any <j) G R with tj> ^ 0. <f> has normal crossings over P. 

Put X — Spec(P) and we consider the identity morphism a : X — » Spec(P) = X . 
We know that a is a composition of blowing-ups with center in a closed irreducible 
smooth subscheme, and the divisor defined by cr*{4>) — (f) on X — Spec(P) has 
normal crossings. We can easily solve the Problem 14. 3[ if dimP = 1. 

Therefore, we decide that we use induction on dimP, and we can assume the 
following claim (*) whenever dimP > 2.: 

(*) For any <\J G R' with (/>' ^ 0, there exists a composition a' : X' — > Spec(P') 
of finite blowing-ups with center in a closed irreducible smooth subscheme 
such that the divisor on X' defined by the pull-back er'* (</>') G Ox'(X') of 
<p' by a' has normal crossings. 

Claim (*) is true, if dimP < 2. 

Let a' : X' — > Spec(P') be any composition of blowing-ups with center in a closed 
irreducible smooth subscheme. The scheme X' is smooth. We consider a morphism 
Spec(P) — > Spec(P') induced by the inclusion ring homomorphism R' — > P, the 
product scheme X — X' ^<spec(R') Spec(P), the projection a : X — >• Spec(P), and 
the projection ir : X — > X' . We know the following (Lemma [331): 

(1) The morphism a is a composition of finite blowing-ups with center in a 
closed irreducible smooth subscheme. The scheme X is smooth. 

(2) We consider the prime divisor Spec(P/zP) on Spec(P) defined by z G P. 
The pull-back cr* Spec (P/zP) of Spec(P/zP) by a is a smooth prime divisor 
of X, and cr*Spec(P/zP) D ct-^M (#)). 

(3) The projection 7r : X —> X 1 induces an isomorphism o-*Spec(P/zP) — > X' . 
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(4) For any closed point a G X, any w € M{R h ) with dw/dz £ R hx and any 
parameter system Q' of the local ring Ox'.-n( a ) of X' at 7r(a), <r(a) = M(R) 
and U 7r*(Q') is a parameter system of the Henselization 0\ a of 

the local ring Ox.a of X at a with 7T*(Q') C Ox,a, where cr* : R h -> 
0^- denotes the homomorphism of local /c-algebras induced by cr on the 
Henselizations of local rings and 7r* : Ox'^fa) ~^ Ox, a C C^- denotes the 
homomorphism of local fc-algebras induced by w. 

The theorem below plays three roles. First, any element in PW with a positive 
value of inv is reduced either to an element in RW with the same value of inv or to 
an element in PW with a strictly smaller value of inv. Second, any element in RW 
with a positive value of inv is reduced either to an element in SW with the same 
value of inv, or to an element in PW with a strictly smaller value of inv. Third, 
any element in PW with the value zero of inv is reduced to an element in SW with 
the value zero of inv and with the same value of inv2. 

Theorem 4.4. Assume the above (*) and dimi? > 2. 

Consider any element <f> € R and any w € M{R h ) such that cj> ^ 0, dw/dz £ 
R hx , and T + (P w ,<fi) is of w-Weierstrass type, where P w — {w} U (P — {z}). By ip 
we denote a main factor of (P w , w, <fi). 

There exists a composition a' : X' — > Spec(i?') of finite blowing-ups with center 
in a closed irreducible smooth subscheme with the following properties: 

We consider the product scheme X = X 1 Xgpec(.R') Spec(i?), the projection a : 
X — > Spec(i?) and the projection tt : X — > X' . X and X' are smooth. Note 
that for any closed point a G X with a(a) = M[R), we have the homomorphism 
a* : R — » Ox, a of local k-algebras induced by a from R to the local ring Ox,a 
of X at a, the homomorphism it* : Ox',n(a) ~^ Ox, a of local k-algebras induced 
by 7r from the local ring Ox> ,n( a ) °f X' at 7r(a) to Ox, a and the homomorphism 
cr'* : R' — > 0x',7r(a) °f local k-algebras induced by a' from R! to Qx',TT(a)> an d °~* 
induces a homomorphism a* : R h — > 0\ of local k-algebras from the Henselization 
R h of R to the Henselization Xa °f Ox,a- 

For any closed point a e X with c(a) = M(R), o~*(4>) ^ 0, and there exists a 
parameter system Q of Ox 1 ,ir(a) satisfying the following six conditions. We denote 
Pw = { a *{ w )} U7r*(Q) and by tp we denote a main factor of (P w , a* (w), a* ((/))): 

(1) o~'*(x) has normal closings over Q for any x €E P w — {w} — P — {z} 

(2) T+(P W , a* (<(>)) is a* (w)- simple. 

(3) mv(P Wl a*{w),a*{^)) < inv(P w , w,</>). 

(4) Ifmv(P w ,a*(w),o~*((j))) — imr (P w ,w,<j)) andT + (P w ,ip) has no w -removable 
faces, then T + (P Wl ip) has no a* (w) -removable faces. 

(5) Assume that inv(P w ,a*(w),a*((j))) — inv(P w ,w,4>) and w = z + xo where 
Xo € M{R ) is the unique element in Theorem \4-S\ 2. There exists an 
element w e M(Ox, a ) such that dw/da*(w) € O x x a and if we denote 
P w = {w} U 7r* (Q), then P^ is a parameter system of Ox, a and r + (P lB , tp) 
has no w-removable faces, and mv(P w , w, <r*{<j))) = vcw{P w , w, 4>). 

(6) If my(P w ,w,<p) = 0, then inv(P 11I , o~*(w), cr*(0)) = and inv2(P w ,a*(w), 
o-*(<p))=mv2(P w ,w,<t>). 

If w divides cj>, then o~*(w) divides a* ((/>). 

By the lemma below any non-zero element in R is reduced to an element in PW. 
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Lemma 4.5. Consider any <f> € R with 0^0. Let h = ord(0) 6 Zo. There exists 
a mapping a : P — {z} — > fc suc/i £/ia£ P = {z} U {x — a{x)z\x G P — {z}} is a 
parameter system of R containing z, r + (P, </>) is of z-Weierstrass type, the unique 
z-top vertex of r + (P, <j>) is {hf^}, and inv(P, z,</)) < h. 

Corollary 4.6 (Resolution game). Consider a mathematical game with two players 
A and B. At the start of the game a pair (P, <p) of any regular local ring R with 
dimP > 1 such that R contains k as a subring, the residue field R/M(R) is isomor- 
phic to k as k-algebras and R is a localization of a finitely generated k-algebra, and 
any non-zero element (f> € R is given. We play our game repeating the following 
step. Before the first step we put (S,ip) = (P, 4>): At the start of each step, player 
A chooses a composition a : X — > Spec(5) of finite blowing-ups with center in a 
closed irreducible smooth subscheme. Then, player B chooses a closed point a X 
with o~(a) = M(S). We have a morphism a* : S —¥ Ox.a of local k-algebras induced 
by a. If the element o~*(ip) € Ox, a has normal crossings, then the palyer A wins. 
Otherwise we proceed to the next step after replacing the pair (S, if>) by the pair 
(0 Xia ,a*(TP)). 

At this game, player A can always win the game after finite steps for any R 
and any non-zero element (f> £ R, even if the characteristic of the ground field k is 
positive. 

Remark . Note that the pair (S, ip) satisfies the same conditions as (P, </>) through- 
out the game. 

A similar game can be found in Spivakovsky 24 . 

By valuation theory we know that the above Corollary implies "the local uni- 
formization theorem in arbitrary characteristic and in arbitrary dimension" . (Zariski 
et al. [27], Zariski [26], Abhyankar pQ.) 

Corollary 4.7. (The local uniformization theorem in arbitrary characteristic and 
in arbitrary dimension) Given any field S such that E contains k as a subfield and 
S is finitely generated over k, given any projective model Xq of E and given any 
valuation B of dimension zero of "E containing k with center oq on Xq, there exists 
a projective model X of X on which the center of B is at a smooth point a of X 
such that the inclusion relation Ox.a 3 Ox ,a of local rings holds. 

5. Basic theory of convex sets 

In this section we begin the study of convex sets to develop the toric theory. The 
theory of convex sets will be applied to the proof of our main theorem, Therein 14. II 
in Section 

Let V be any vector space of finite dimension over TSL. 
In Section [2] we defined eight mappings 

conv, affi, cone, convcone, vect, Q-vect, clos, stab : 2 V — > 2 V . 

Lemma 5.1. Let X and Y be any subsets ofV. 

(1) 

conv(0) = affi(0) = clos(0) = 0, 

cone(0) = convcone(0) = vect(0) = Q-vect (0) = {0}, 

stab(0) = V. 
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(2) 



conv(X) = {a G V\a = ^ A(.t)x /or some A £ map'(X, E ) witfi 

a;£supp(A) 

E m*) = i}, 

a;£supp(A) 

affi(X) ={a G V|a = A(a;)# for some A 6 map'(X,E) with 

xGsupp(X) 

E A ^) = i}, 

x^supp(A) 



cone(X) 



{a e V|a = Xx for some X e R and some x e X} if X ^ 0, 
{0} tf* = 0, 



convconc(X) = {a G K|a = E A(a;)a; /or some A e map'(X, Mo)}) 

a;£supp(A) 

vect(X) = {a£ y|a = E A(x)a; for some X e m&p'(X, 

xEsupp( A) 

Q-vect(X) = {a e F|a = E A(x).t /or some X e map'(X, 

xGsupp( A) 

(3) If X is a finite set, then we have convcone(X) = J2 x gx^-oX, vect(X) = 
J2 xex Rx, and Q-vect(X) = J2 xe x ® x - 

(4) For any vector space W of finite dimension over R and any homomorphism 
7r ; V — y W of vector spaces over M, we have 7r(conv(X)) = conv(7r(X)) ; 
7r(affi(X)) = affi(7r(X)) ; 7r(cone(X)) = cone(7r(X)) ; 7r(convcone(X)) = 
convcone(7r(X)), 7r(vect(X)) = vect(7r(X)) ; and 7r(Q-vect(X)) = Q-vect(7r(X)). 

(5) For any a G V, we have conv(X + {a}) — conv(X) + {a}, affi(X + {a}) = 
affi(X) + {a}. 

(6) 

X C convpf) C affi(X) C vect(X), 
X U {0} C conc(X) C convcone(X) C vect(X), 
conv(X) C convcone(X), 
X U {0} c Q-vect(X) c vect(X), 
X c clos(X). 

(7) IfX C Y, then conv(X) C conv(Y), affi(X) C affi(Y), conc(X) C cone(Y), 
convconc(X) C convcone(Y), vect(X) C vect(Y), Q-vect(X) C Q-vect(F), 
and clos(X) C clos(T). 

(8) conv(conv(X)) = conv(X), affi(affi(X)) = affi(X), conc(conc(X)) = cone(X), 
convcone(convcone(X)) = convcone(X) ; vect(vect(X)) = vcct(X), 
Q-vect(Q-vect(X)) = Q-vect(X), and clos(clos(X)) = clos(X). 
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(9) 

vect(conv(X)) = conv(vect(X)) = vect(X), 

vect(affi(X)) = affi(vect(J0) = vect(X), 
vect(cone(X)) = cone(vect(X)) = vect(X), 
vect(convcone(X)) = convcone(vect(X)) = vect(X). 

(10) 

convcone(conv(X)) = conv(convcone(X)) = convcone(X), 
convcone(cone(X)) = cone(convcone(X)) = convcone(X). 
cone(conv(X)) = conv(cone(X)) = convcone(X), 
convcone(afn(X)) = cone(affi(X)) Cam(convcone(X)) = affi(conc(X)) = vect(X), 

(11) am(convpf)) = conv(affi(X)) = affi(X). 
(12) 

clos(affi(X)) = affi(clos(X)) = affi(X), 
clos(Q-vect(X)) = clos(vect(X)) = vect(clos(X)) = vect(X), 
clos(conv(X)) = conv(clos(conv(X))), 
clos(cone(X)) = cone(clos(cone(X))), 
clos(convcone(X)) = convcone(clos(convcone(X))). 

Lemma 5.2. Let X and Y be any subsets ofV. 

(1) conv(X) + conv(y) = conv(X + Y). 

(2) affi(X) + affi(Y) = affi(X + Y). 

(3) convcone(X) + convcone(y) = convcone(X U Y). 

(4) vect(X) + vect(y) = vect(X U Y). 

(5) For any vector space W of finite dimension ewer R and any homomorphism 
7r : V — ^ W of vector spaces over K, we have ir{X) + ir(Y) — ir(X + Y). 

In Section [5] we denned concepts of segments, lines, convex sets, affine spaces, 
cones, convex cones, vector spaces and vector spaces over Q. 

Lemma 5.3. Let S be any non-empty subset ofV. 

(1) The following four conditions are equivalent; 

(a) S is convex. 

(b) For any t 6 Ro and any u € Mo; tS + uS = (t + u)S . 

(c) Sdcotiv(S). 

(d) S = conv(X) for some non-empty subset X ofV. 

(2) If S is convex, then clos(5') is also convex, and affi(S') = affi(clos(S')). 

(3) The following six conditions are equivalent; 

(a) S is an affine space. 

(b) For any t £ R and any »el with t + u =/= 0, tS + uS = (t + u)S . 

(c) S3affi(S). 

(d) S — affi(X) for some non-empty subset X ofV. 

(e) S ^ and S + {—a} is a vector space for some a G S. 

(f) S ^ and S + {—a} is a vector space for any aeS. 

(4) The following three conditions are equivalent; 
(a) S is an affine space containing 0. 
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(b) S is an affine space with S = stab(<S). 

(c) S is a vector space. 

(5) Assume that S is an affine space. Then, stab(S) is a vector space, and we 
have S = stab(S') + {a} and stab(S) = S + {—a} for any a e S. 

(6) Any affine space is closed and convex. 

(7) e stab(S') c stab(affi(5)) C vect(S). stab(S') + stab(S) = stab(S). 

(8) The following three conditions are equivalent; 

(a) S is a cone. 

(b) S'Dconc(S'). 

(c) S = conc(X) for some subset X of V . 

(9) Any cone contains 0. 

(10) If S is a cone, then clos(S') is also a cone, and vect(S') = vect(clos(S')). 

(11) The following four conditions are equivalent; 

(a) S is a convex cone. 

(b) S is convex and S is a cone. 

(c) S D convcone(5 f ). 

(d) S — convcone(X) for some subset X of V. 

(12) Any convex cone contains 0. 

(13) If S is a convex cone, then clos(S') is also a convex cone, and vcct(S') = 
vect(clos(5)). 

(14) If S is a convex cone, then S fl {—S) is the maximal vector space contained 
in S with respect to the inclusion relation. 

(15) The following three conditions are equivalent; 

(a) S is a vector space. 

(b) SDvect(S'). 

(c) S — vect(X) for some subset X of V. 

(16) Any vector space contains 0. 

(17) Any vector space is closed, it is an affine space containing 0, and it is a 
convex cone. 

(18) The following three conditions are equivalent; 

(a) S is a vector space over Q. 

(b) SDQ-vect(5). 

(c) S — Q-vect(X) for some subset X of V. 

(19) Any vector space over <Q> contains 0. 

(20) The following three conditions are equivalent; 

(a) S is closed. 

(b) SDclos{S). 

(c) S = clos(X) for some subset X ofV. 

Lemma 5.4. Let S and T be any subsets ofV. 

(1) If S and T are convex, then S + T is convex. If S and T are convex and 
S n T 7^ 0, then S fl T is convex. 

(2) If S and T are affine spaces, then S + T is an affine space. If S and T are 
affine spaces and S H T =/= ®, then S HT is an affine space. 

(3) If S and T are cones, then S + T and S fl T are cones. 

(4) If S and T are convex cones, then S + T and S fl T are convex cones. 

(5) If S and T are vector spaces, then S + T and S P\T are vector spaces. 

(6) If S and T are vector spaces over Q, then S + T and SDT are vector spaces 
over Q. 
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For any affine space S of V, the dimension dimS* of S is defined. It satisfies 
dim5 G Zo, < dim 5* < dimy and dimS 1 = dimstab(S'). 

Definition 5.5. Let S be any convex subset of V. We define 

dimS 1 = dimaffi(5) G Zo, 

and we call dim S the dimension of S. 
We define 

dS = S ndoa(am(S) - S), 

S° = S-clos(affi(S)-S), 

we call dS the boundary of 5, and we call S° the interior of S 1 . 

Lemma 5.6. (1) Let S be a convex subset ofV. dimS G Zo, and < dim S < 
dimV. If S is an affine space, then the dimension of S as a convex set and 
the dimension of S as an affine space are equal. 

(2) For any convex set S ofV, we have dim S = dimaffi(S') = dimclos(S'). 

(3) Let S and T be convex subsets ofV with S C T. We have dim S < dimT. 

(4) Let S be a convex subset of V. OS U S° = S. dS n 5° = 0. 5° is a 
non-empty open subset o/affi(5). If S is closed, then dS is also closed. 

(5) For any convex cone S ofV, we have affi(5) = vect(S'), dim S = dimvect(S'), 
dS = S n clos(vect(5) - S), S° = S - clos(vect(S*) - S) and S° is a non- 
empty open subset of vect(S). 

Remark . Consider any convex subset S and T of V with S G T. We have dimS 1 < 
dimT. If S and T are affine spaces and dim S — dimT, then we have S = T. 
However, in general, it does not follow S = T from the assumption dim S = dimT. 

In Section [5] we defined concepts of convex polytopes, convex polyhedral cones, 
convex pseudo polytopes and simplicial cones. 

Lemma 5.7. (1) Any convex polytope in V is convex, compact and closed. 

(2) Any convex polyhedral cone in V is a closed convex cone. 

(3) Any convex pseudo polytope in V is convex and closed. 

(4) Any vector space in V is a convex polyhedral cone. Any simplicial cone in 
V is a convex polyhedral cone. 

(5) Any affine space in V is a convex pseudo polytope. Any convex polyhedral 
cone in V is a convex pseudo polytope. Any convex polytope in V is a 
convex pseudo polytope. Any compact convex pseudo polytope in V is a 
convex polytope. 

In Section [2] we defined concepts of lattices, dual lattices and regular cones. 
By definition we know that there exists a lattice N of V. Let N be any lattice 
of V. 

Definition 5.8. Let S be any subset of V. 

(1) We say that S is a rational convex polyhedral cone over N, or a convex 
polyhedral cone S is rational over N, if there exists a finite subset X of 
Q-vect(iV) with S = convcone(X). 

(2) We say that S is a rational convex pseudo polytope over N, or a convex 
pseudo polytope S is rational over N, if there exist finite subsets X, Y of 
Q-vect(iV) with S = conv(X) + convcone(F) and 1^0. 
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The dual lattice N* is denned. We have 

N* = {lo e V*\(u,a) e Z for any a e N} C V*, 

by definition. 

Lemma 5.9. (1) N is a submodule ofV, N is a free module of finite rank over 
Z with rankiV = dim^ 7 and vect(iV) = V. 

(2) Any Z-basis of N is a Q-basis of Q-vect(iV), and is a K-ftasis o/ V". 

(3) for any non-empty finite subset X of N , the following three conditions are 
equivalent: 

(a) X is linearly independent over 7L. 

(b) X is linearly independent over <Q>. 

(c) X is linearly independent over K. 

(4) TTie dwa/ lattice N* of N is a lattice of the dual vector space V* ofV. The 
dual lattice N** of N* is equal to N. 

(5) A convex polyhedral cone S in V is rational over N , if and only if, S = 
convcone(X) for some finite subset X of N. 

(6) For any vector space S in V the following three conditions are equivalent: 

(a) S is a rational polyhedral cone over N . 

(b) S = vect(X) for some finite subset X of N. 

(c) N n S is a lattice of S. 

(7) For any rational polyhedral cone S over N in V, vect(S) is a rational vector 
space over N in V . 

(8) Any regular cone over N in V is a rational simplicial cone over N . 

(9) A convex pseudo polytope S in V is rational over N , if and only if, S = 
conv(X) + convcone(F) for some non-empty finite subset X of Q-vect(7V) 
and some finite subset Y of N. 

(10) For any affine space S in V , the following two conditions are equivalent: 

(a) S is a rational convex pseudo polytope over N . 

(b) S = {x} + vect(Y) for some x e Q-vect(A r ) and some finite subset Y 
ofN. 

(11) For any rational affine space S over N in V , stab(S') is a rational vector 
space over N in V . 

(12) For any rational convex pseudo polytope S over N in V, afn(S) is a rational 
affine space over N in V . 

We consider any vector space W of finite dimension over M. and any homomor- 
phism 7T '. V — y W of vector spaces over K. The dual homomorphism tt* : W* — > V* 
is defined, and is a homomorphism of vector spaces over K. The kernel 7r _1 (0) of 
tt is a vector subspace of V, the image n(V) is a vector subspace of W, the image 
tt*(W*) of tt* is a vector subspace of V* , and the kernel 7r* _1 (0) of n* is a vector 
subspace of W* . 

(13) The following seven conditions are equivalent; 

(a) 7r^ 1 (0) is rational over N . 

(b) iVn7r -1 (0) is a lattice o/7r _1 (0). 

(c) ir(N) is a lattice of ir(W). 

(d) There exists a lattice Q of W satisfying Q n n(V) = ir(N). 

(e) ir*(W*) is rational over N* . 

(f) ./V* D tt*(W*) is a lattice ofTi*(W*). 

(g) There exists a lattice Q of W* satisfying ir*(Q) = N* n ir*(W*). 
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(14) Assume that equivalent seven conditions in the above 13 hold. For any 
lattice Q of W* satisfying tt*(Q) = N* n n*(W*), Q n 7r* _1 (0) is a lattice 
of 7r*-\0). 

6. Convex cones and convex polyhedral cones 
We study convex cones and convex polyhedral cones. 

Let V be any vector space of finite dimension over R, and let N be any lattice 
of V. 

Definition 6.1. Let S be any cone in V. We say that S is strongly convex, if S is 
convex and S n (-S) = {0}. 

In Section [2] we defined the dual cone S V \V of any convex cone S in V. By 
definition 

S V \V = {uj e V*\{w,a) > for any a e S} C V*, 
for any convex cone S in V . 

Lemma 6.2. Let S be any convex cone in V . 

(1) The dual cone S V \V of S is a closed convex cone in the dual vector space 
V* ofV. 

(2) Let W be any vector subspace in V with S C W . S is a convex cone in W 
and the dual cone S W \W of S in W* is defined. 

Let i : W — > V denote the inclusion homomorphism. The dual homo- 
morphism I* : V* — > W* is defined, which is surjective. 
S V \V = l*- 1 (S v \W). 

(3) S V \V V \V* =clos(5). 

(4) S' v |V rV |y* = S, if and only if S is closed. 

When we need not refer to V, we also write simply S v , instead of S' v |V r . In 
Section [5] we defined the concepts of simplicial cones and regular cones. 

Lemma 6.3. Let S and T be any convex cones in V . 

(1) LfScT, thenS v D T v . 

(2) Assume that S and T are closed. S C T, if and only if S v D T v . 

(3) (5 + t) v = 5 v nr v . 

(4) Assume that S and T are closed. (S n T) v = clos(5 v + T v ). 

(5) Assume that S is a vector space. By i : S — > V we denote the inclusion 
homomorphism. l* : V* — > S* . 

S v = {toe V*\(u3,a) = for any a e S} = t*" 1 ^) C V* , 

S v is also a vector space, and dimS + dimS* 7 = dimV. 

(6) vect(S') v = S v H (~S V ). vect(5) v is the maximal vector space contained in 
S v with respect to the inclusion relation. 

(7) Assume that S is closed. vect(S' v ) = (S H {~S)) V and dim5" v = dimF- 
dim(S' n (— S)). dimS' v = dim]/, if and only if S is strongly convex. 

(8) dim S + dimiS' v > diml/. dimS* + dimS' v = dimV, if and only if, S is a 
vector space. 

(9) We denote n = dim]/ € Zq. Let e : {1,2, ...,n} — > V be any mapping 
such that the image e({l, 2. . . . , n}) of e is a basis of V , and let I, J, K, L 
be any subset of {1,2,..., n} such that L U J U K U L = {1, 2, . . . , n} and 
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the intersection of any two of I, J, F, L is empty. We denote the dual basis 
of {e(i)\i e {1,2, ...,n}} by {e v (i)\i G {1, 2, . . . , n}}. We assume 

(e v (i),e(i)) = (' ^ 

/or any i € {1, 2, . . . , n} and any j S {1,2,..., n}. 

5 = E{°i e ( l ) + E + E Moe W + E R o(-eW), 

iei jeJ keK ieL 

then 

S v = £>e v (i) + ^{0}e v (j) + ^ M e v (fc) +^K (-e v W). 
ie/ jGJ fceif £eL 

(10) If S is a simplicial cone with dimS* = dimF, then S v is a simplicial cone 
with dimS v = dimV* . 

(11) If S is a regular cone over N with dim S = dimF, then S v is a regular 
cone over N* with dim S v = dim V* . 

Remark . Assume V = K 3 , S = {(x,y,z) E V\x > 0, y > 0,z > -2 y /xy} and 
T = {(x, y, z) e V\x = 0, z > 0}. S and T are closed convex cones in the vector 
space V with dim V = 3. (0, 0, -1) e clos(5 + T) and (0, 0,-1) ^S + T. Therefore 
S + T is not closed. 

Lemma 6.4. For any non-empty subset S of V , the following two conditions are 
equivalent: 

(1) S is a regular cone over N with dimS* = 1. 

(2) S is a rational strongly convex polyhedral cone over N with dim S = 1. 

Definition 6.5. Let S be any convex polyhedral cone in V. We consider the dual 
cone S v — S y \V C V* of S. ' 

(1) For any w e S v , we denote 

A(w, S| V) = {x e S\ (u, x) = 0} c S. 

When we need not refer to V or to the pair (S, V), we also write simply 
A(w, S) or A(w), instead of A(w, 5|V). 

(2) Let F be any subset of S. We say that F is a /ace of S, if F = A(w, 5|V) 
for some w€S v . 

It is easy to see that any face F of S is a closed convex cone, and the 
dimension dim F e Z of F, the boundary <9F of F and the interior F° of 
F are defined. 

Any face F of S with dim F = is called a vertex of 5. Any vertex of 
5 is a subset of S with only one element. Any face F of S with dimF = 1 
is called an edge of S. Any face F of S with dimF = dim S — 1 is called a 
facet of 5. Any face F of £ with F ^ S is called a proper face of S 1 . The 
subset S n (— S 1 ) of S is called the minimal face of 5. 

(3) By T(S) we denote the set of all faces of S. 

For any igZ, the set of all faces F with dimF = i is denoted by J 7 (S)i, 
and the set of all faces F with dimF = dim 5 — i is denoted by F(5') i . 
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(4) Let F be any face of S. We denote 

A ^, S|V) = {weSF\F = A(w, S\V)} c S v c V*, 
A(F, S|V) = {weS v |Fc A(w, 5|V)} cS v c V*. 

We call A°(F, 5|V) the open normal cone of F, and we call A(F, S\V) 
the normal cone of F. 

When we need not refer to V or to the pair (S, V), we also write simply 
A°(F,S) or A°(F), A(F,S) or A(F) respectively, instead of A°(F,S\V), 
A(F,S\V). 

Theorem 6.6. Let S be any convex polyhedral cone in V , and let X be any finite 
subset ofV with S = convcone(X). We consider the dual cone S v = S y \V C V* of 
S. For simplicity we denote s = dimS* G Z , L = S n (-S) C S, £ = dimL G Z , 
M = S v n (-S v ) cS v . 

(1) Consider any vector space U of finite dimension over R with dimS* < 
dim U < dim V , any infective homomorphism v : U — > V of vector spaces 
over R smc/i t/iaf S* c v{U), and any subset F of S . The inverse image 
v^ 1 {S) is a convex polyhedral cone in U. The set F is a face of S, if and 
only if, v^ 1 {F) is a face ofv~ 1 (S). 

(2) Consider any vector space W of finite dimension over R with dim V < 
dim W, any injective homomorphism ir : V — > W of vector spaces over R, 
and any subset F of S. The image n(S) is a convex polyhedral cone in W. 
The set F is a face of S, if and only if tt(F) is a face of ir(S). 

(3) £ < s. £ = s&L = S-&S = vect(S). 

(4) Let F be any face of S. 

(a) F = convcone(X flF) = Sfl vect(F). vect(F) = vect(X n F). 

(b) F is a convex polyhedral cone in V . 

(c) If S is rational over N, then F is also rational over N. If S is a 
simplicial cone, then F is also a simplicial cone. If S is a regular cone 
over N, then F is also a regular cone over N. 

(d) L = F n (-F) C F. £ < dimF < s. 

(e) Let G be any face of S with G C F. We have dimG < dimF. dimG = 
dim_F ; if and only if G — F. 

(f) Let G be any subset of F. G is a face of the convex polyhedral cone F, 
if and only if G is a face of S with G C F. 

(g) If x G S, y € S and x + y G F, then x G F and y G F . 

(5) F(S) is a finite set. S G F(S) S and F(S) S — {S}. S contains any face 
of S . L G J-(S)i and F(S)i = {L}. L is contained in any face of S. 
L = convcone(X fl L) = vcct(X n L). For any i G Z 0; F(S)i ^ if and 
only if £ < i < s. 

(6) Let F and G be any face of S with F C G. We denote f = dimF and g = 
dimG. £ < f < g < s. There exist (s-£+l) of faces F(£), F(£+l), F(s) 
satisfying the following three conditions: 

(a) For any i£ {£, £ + 1, . . . , s - 1}, F(i) cF(t|l). 

(b) For any i G {£ , £ + 1, . . . , s}, dim F(i) = i. 

(c) F(£) = L, F(f) = F F(g) = G, F(s) - S. 

(7) Let F be any face of S. 

(a) F = dFUF°. <9FnF°=0. 

(b) F° =F^dF = $^F = L. 
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(c) 

dF = |J G. 

Ger(F)-{F} 

(d) F° is a non-empty open subset ofvect(F). For any a G F° and for 
any be F, conv({a, b}) - {b} C F° . F° is convex. clos(F°) = F. 

(8) Consider any m G Z + and any mapping F : {1,2, ... ,m} — > F(S). The 
intersection f~\i£{i,2,..., m }F(i) * s a f ace °f S. 

(9) Any proper face F of S is the intersection of all facets of S containing F. 

(10) We consider any two faces F,G of S. F° n G ^ %, if and only if, F C G. 
F°nG° ^ 0, if and only if, F = G. 

(11) M= A(S) = vect(S) v . 

(12) Assume £ < s. Let F G F(S) 1 be any facet. 

(a) M C A(F). M ^ A(F). 

(b) For any w F e A(F) - M we have A(F) = R ^f + M. 

(c) IfS is rational over N, then (A(F) - M) (1 N* ^ ®. 

(13) Note that I < s, if and only if, F(S) 1 ^ 0. In case I < s we take any 
element top G A(F) — M for any F G F(S) 1 . 

S v = convconc({w F |F G F(S) 1 }) + M, S= f] (K u; F ) v n vect(S). 

(14) S v is a convex polyhedral cone in V* . If S is rational over N, then S v is 
rational over N* . 

(15) Let F be any face of S. 

(a) A(F) is a face of S v . 

(b) A(F) = vcct(F) v n S v . vect(A(F)) = vcct(F) v . 

(c) A°(F) = A(F)°. A(F) = clos(A°(F)). 

(16) For any face F of S, A(F, S\V) is a face of S v , and dim A(F, S\V) = 
dimV - dimF. For any two faces F , G of S with F C G, A(F,S\V) D 
A(G,S\V). 

For any face F of S y , A(F, S y \V*) is a face of S , anddimA{F, S V \V*) = 
dimV-dimF. For any two faces F, G of S v with F C G, A(F, S V \V*) D 
A{G,S V \V*). 

The mapping from F(S) to F(S V ) sending F G F(S) to A(F, S\V) e 
F(S V ) and the mapping from F(S V ) to F(S) sending F G F(S V ) to 
A(F, S V \V*) € F(S) are bijective mappings reversing the inclusion relation 
between F(S) and F(S V ), and they are the inverse mappings of each other. 
Furthermore, if F G F(S) and F € F(S V ) correspond to each other by 
them, then dimF + dimF = dim V. 

(17) Assume I < s. Let F G F(S)e + i be any element. 

(a) Lcf.i / F. 

(b) For any tp G F — L we have F = Mo^f + L. 

(18) In case I < s we take any element tp G F — L for any F G F(S)i+i. Note 
that I < s, if and only if, F(S)g + i ^ 0. 

S = convcone({t F |F G F(S) e +i}) + L, S v = f] (R t F ) v n vect(S v ). 

(19) S is strongly convex-^ {0} is a face of S S contains no vector subspace 
of V of dimension positive <^ S n (— S) = {0} <^=> dim 5 V = dim V . 



NEW IDEAS FOR RESOLUTION OF SINGULARITIES 



39 



(20) The family {F°\F G J-(S)} of subsets of S gives the equivalence class de- 
composition of S . In other words, the following three conditions hold: 

(a) F° ^ for any F e T{S). 

(b) If F £ T{S), G € F{S), and F°C\G° ^ 0, then F° = G° . 
(c) 

S = |J F°. 

(21) F(S) is a fan in V, and the support of T(S) is equal to S. In other words, 
the following four conditions hold: 

(a) J-(S) is a non-empty finite set whose elements are convex polyhedral 
cones in V . 

(b) For any F G ■F(S) and for any G G ^(S), F n G is a face of F, and 
F n G is a face of G. 

(c) IfFe F{S) and G is a face of F , then G G T{S). 
(d) 

S= U F. 

(22) Consider any vector space W of finite dimension over R and any homo- 
morphism tt : V — > W of vector spaces over R. The image ir(S) is a convex 
polyhedral cone in W, and it satisfies tt{S)° = ir(S°). 

Proof. See Fulton [8] and Cox 0. □ 

Corollary 6.7. (1) For any convex polyhedral cone S in V , the dual cone S v 
is a convex polyhedral cone in V* . If moreover, S is rational over N , then 
S v is rational over N* . 

(2) For any convex polyhedral cones S and TinV, S + T and S C\T are convex 
polyhedral cones in V . If moreover, S and T are rational over N , then 
S + T and S flT are rational over N . 

(3) For any convex polyhedral cones S and T in V , (S + T) v = 5 V n T v and 
(SHT) V = S v +T V . 

(4) For any convex polyhedral cone S in V , any vector space W of finite di- 
mension over R and any homomorphism ir : V — > W of vector spaces over 
R, tt(S) is a convex polyhedral cone in W . If moreover, S and 7r _1 (0) are 
rational over N , then tt(S) is rational over Q for any lattice Q of W with 
ir(N) = QCMt{V). 

(5) For any convex polyhedral cone S in V , any vector space U of finite di- 
mension over R and any homomorphism v : U — > V of vector spaces over 
R, v^ 1 (S) is a convex polyhedral cone in U. If moreover, S and v(U) are 
rational over N, then ^ _1 (S') is rational over K for any lattice KofU with 
v{K) = N^v{U). 

Lemma 6.8. Let m G Z + be any positive integer, and let S be any mapping from 
the set {1, 2, . . . , m} to the set of all convex polyhedral cones in V . We denote 

§= p| S(i) C V. 

i£{l,2,...,m} 

(1) S is a convex polyhedral cone in V. 5 V = J2ie{i 2 m}S(i) V - If S(i) is 
rational over N for any i G {1,2,..., m}, then S is rational over N. 
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(2) If T) ie{h2 ...., m} S(i)° ± 0, then S° = n ie{li2 ,..., m} S(i)° . 
Let F be any face of S. 

(3) There exists uniquely a face F(i) of S(i) with F° C F(i)° for any i G 
{1,2,...,™}. 

Below, we assume that F(i) € ^(Sty)) and F° C F(i)° for any i € {1, 2, . . . , m}. 

(4) Fc F(i) for any i e {1,2,..., m}. 
(5) 

F= f) F(i). 

ie{l,2,...,m} 



(6) 
(7) 
(8) 



ie{l,2,...,m} 

vcct(F) = P| vect(F(i)). 

ie{l,2,...,m} 



A(F,S)= J] A(F(i),S(i)). 

ie{l,2,...,m} 

Lei G(i) 6e any /ace o/ S(i) for any i & {1,2, ... , m}. 
(9) The intersection ^ie{\,2....,m}G{i) is a face of S. 

(10) If F a G(i) then F(i) C G(i), /or any i e {1,2,...,™}. 

(11) # 

f = n G(i), 

ie{l,2,...,m} 

then F(i) C G(i) /or anyi e {1, 2, ... , m} and the following three conditions 
are equivalent: 
(a) 

ie{l,2,...,m} 

(b) F{i) = G{i) for any i e {1, 2, . . . , m}. 
(c) 

F° = f) G(i)° 

ie{l,2,...,m} 

7. SlMPLICIAL CONES AND REGULAR CONES 

We study simplicial cones and regular cones. 

Let V be any vector space of finite dimension over R, and let N be any lattice 
of V. 

Lemma 7.1. Let S be any simplicial cone in V. 

(1) The cone S is strongly convex. The set {0} is a face of S. 

(2) jJJ"(5)i = dim 5. < dimS* < dimV. 

(3) Any face of S is a simplicial cone in V. For any face F of S, F(F) C F(S) 
andF(F) 1 C J"(S*)i. 

Lemma 7.2. Le£ 5 be any simplicial cone in V. 
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(1) F(F)i e 2 jr(s > 1 and ^F{F)\ = dimF for any F G F(S). C J*(G)i 
/or any F e J" (5) and any G e J r (5') wit/i FcG. 

£ BeX S e -F(S) and dim(E £e x *0 - tt* V any X e 2^ . £ BeX F C 
Ebgy £ /or any X G 2- F ( 5 ) 1 and any Y G 2- F < 5 ) 1 with X <Z Y . 

The mapping from F{S) to 2 jr ^ 1 sending F G F(S) to F(F) 1 G 2" F ( S ) 1 
and the mapping from 2 jr< - s ^ 1 to F(S) sending X G 2- F ( s ' 1 to J^Eex E e 
F{S) are bijective mappings preserving the inclusion relation between T(S) 
and 2 :F ^ 1 , and they are the inverse mappings of each other. 

Furthermore, if F G F(S) corresponds to X G 2 jr{s ^ 1 by them, then 
dimF = %X. The element {0} G T(S) corresponds to G 2- F ( s ' 1 by them, 
and S G F(S) corresponds to F(S)i G 2- F(s ' )l fey them. 

(2) for any X G 2 jr(s ^ 1 and any Y G 2 F{S ^ , 

(E^^E^ E S < 

Eex EeY EexnY 

(E^) + (E^= E 

Bex Ber Bexuy 

(3) For any F G F^S 1 ) and any G G F^S 1 ) the following claims hold: 

(a) FnGeF(S) andF{F^G)i = F(F)i n F(G)i . 

(b) F + G G F(S) and F(F + G)i = F(F)i U F(G)i. F C F + G and 
G C F+G. IfH G F(S) safe/?es F a H and G d H, then F+G C J3". 
(F + G)° = F° + G°. 

(c) FnG = {0} and F + G = S. if and only if, F(F)i n F(G)i = and 
F(F) 1 UF(G) 1 =F(S) 1 

Definition 7.3. Let S be any simplicial cone in V, and let F be any face of S. We 
denote 

F op \S= EeF(S), 

EeJ-(S)i-J-(F)! 

and we call F^S the opposite face of F over S. When we need not refer to S, we 
also write simply F op , instead of F op \S. 

Lemma 7.4. Let S be any simplicial cone in V. 

(1) For any face F of S , the following claims hold: 

(a) F°p = F°p\S is a face of S. dimF + dimF°P = dim S. 

(b) F n F op = {0} and F + F op = 5. // G G F{S), F n G = {0} and 
F + G = 5, thenG = F°v. 

(c) (F°p)°p = F. 

(d) F(F°p)! = //G G F(S) andF(G)! = F(S)i-F(F) 1; 
tfien G = F°p 

(2) {0}°p = S. S°p = {0}. 

(3) For any F G F(S') and any G G F(S'), the following claims hols: 

(a) FcG, if and only if, F°p D G op . 

(b) (FnG) op =F°P + G op . 

(c) (F + G) op = F°PnG op . 

(4) Consider any F G F(S") and any G G F(S) wifA F C G. F G F(G), 
F°p|G= (JW|5)nG, F°p\S= (F°p|G) + (G°p|S') and (F op | G) n (G op 1 S) = 
{0}. 
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(5) The mapping from F(S) to itself sending F <G F(S) to F op € F(S) is a 
bijective mapping reversing the inclusion relation. Its inverse mapping is 
equal to itself 

Lemma 7.5. Let S be any simplicial cone in V with dim S = dimT^ and let B 
be any M.-basis of V with S = convcone(-B) . The dual basis of B is denoted by 
{f v \f € B}. {f v \f e B} is an R-basis of V* and for any f E B and any g e B 



(g\f) 



i ifg = f, 
o ifg + f. 



S* v = S V \V = convcone({/ v |/ G B}). For any subset X of B, J2fex R of is a 
face of S, J2fex^-of v is a face of S y , and 

A((£ Mo fr\S,S)=Y, 

Eex Eex 

A((j2^.rr\s v ,s v )= J2 

Eex Eex 
Lemma 7.6. Let S be any regular cone over N in V . 

(1) The cone S is a rational simplicial cone over N in V. 

(2) The intersection N n vect(S) is a lattice of vect(S). S is a regular cone 
over NDvect(S) in vect(S) . The residue module N / (N Dvect(S)) is a free 
module over Z of finite rank. ra,nk(N/(N n vect(S'))) = dimt^ — dim 5. 

(3) Any face of S is a regular cone over N in V. 

(4) If dim S — 1, then there exists uniquely an element bs/N of SC\N satisfying 
S(l N = Z b s / N - 

Definition 7.7. Let S be any regular cone over N in V. 

If dim S = 1 , we take the unique element bs/N of SC\N satisfying SC\ N — Z bs/N- 
If dim S 7^ 1, wc put 

bs/N = Y b E/N eSDN. 

We call bs/N G SDN the bary center of S over N. When we need not refer to 
N, we also write simply bs, instead of bs/N- 

Lemma 7.8. Let S be any regular cone over N in V . 

(1) The set {b E \E G is a Z-basis of the lattice N n vect(S) of vect(S), 
and it is an R-basis of the vector space vect(5). 

S = Y R ° b E = convcone({b E \E e 

B£J(S)i 

s° = y R + b E- 

EeF(S)! 

For any E e F{S) l , E = R b E . = {R b E \E e J"(S')i}. 

(2) If a basis B over Z of N and a subset C of B satisfies S = convcone(C), 
then t)C = dimS* and C = {b E \E e 
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Lemma 7.9. (1) For any regular cone S over N in V with dimS = dim^, 
the set {b E \E G F{S)i} is a Z-basis of N . 

For any Z-basis B of N, convcone(-B) is a regular cone over N in V 
with dimconvcone(B) = dimF. 

The mapping sending any regular cone S over N in V with dim S = 
dimV to {bE\E G F(S)i} and the mapping sending any Z-basis B of N 
to convcone(-B) are bijective mappings between the set of all rgular cones S 
over N in V with dim S = dimV and the set of all Z-bases B of N , and 
they are the inverse mappings of each other. 
Below we consider any regular cone S over N in V with dimS = dimV . Note 
that {bE\E G ^(S)^} is a Z-basis of N and it is an R-basis of V. By {b E \E G 
■F^i} we denote the dual basis of {b E \E G F(S)i}, which is a R-basis ofV*. We 
assume that for any D G F(S)i and any E G F{S)i 

KM = 

(2) The set {b E \E G ^(SOi} is a Z-basis of N* . 

(3) S y is a regular cove over N* in V* with dim5 v = dimV*. 

S v = convcone({6^|E G .F(S)i}). 
For any E G J-(S)i, Rob E G F(S V )\ andb Rob v=b E . J r (S v )i = {Rab E \E G 
HS)i}> and i b D\D G -F(S v )i} = {b E \E G T(S)i}- 

Lemma 7.10. Let S be any regular cone over N in V. 

(1) Let W be any vector space of finite dimension over R, let Q be any lattice 
of W , and let T be any regular cone over Q in W. dim S = dimT 7 if and 
only if there exists an isomorphism (f> : vect(S') — > vect(T) of vector spaces 
over R satisfying <j)(S) = T and <f>{N n vect(S)) = vect(T). 

(2) b s = b s/N e's°r\N. R a b s n N = z b s . 

(3) Consider any a G S D N with Rqo D N — Z$a. 4>(a) = a for any homomor- 
phism <fi : vect(S) — > vect(S') of vector spaces over R satisfying <fi(S) = S 
and <j)(N n vect(S')) =JVfl vect(S), if and only if, a = or a = bs- 

(4) b s = & dim 5 = 0. R Q b s C S. R b S = S R a b s is a face of S & 
dim S < 1 

(5) Assume F G J(S),dimF > 1, A G F(S), and F ct A. 

(a) K + R^bp is a regular cone over N in V . dim(A + Ro&f) = dim A + 1. 

(b) R b F G J"(A + RoMi- A e J r (^ + Rab F ) 1 - Rab F f] A = {0}. R Q b F = 
A°P\(A + R b F ). A= (R b F )°P\(A + R a b F ). 

(c) J-(A) c {A' g F(S)\F ct A'}. J-(A) = {A' g J"(A + R b F )\R Q b F ct 
A'}. {A' + R b F \A' G F(A)} = {A' g F(A + R a b F )\R b F c A'}. 

(d) A + R a b F cA + Fe F(S). (A + R b F )° c (A + F)°. 

(e) If dim F > 2, then A + R b F ct F(S). If dim F = l, then A + R a b F = 
A + FeF(S). 

8. Fans 

We begin the study of fans. We define notations and concepts to develop our 
theory. 

Let V be any vector space of finite dimension over R, and let N be any lattice 
of V. Let $ be any finite set whose elements are convex polyhedral cones in V. 
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We say that $ is strongly convex, if any A g <& is strongly convex. We say that 
$ is simplicial, if any A g 3> is a simplicial cone. We say that $ is rational over N, 
if any A € $ is rational over N. We say that $ is regular over N, if any A g $ is 
a regular cone over N. 

We denote 



|$| = (J A c V, 

AG* 

i$r = U A ° c v - 



AG* 

We call |$| and |$|° the support of $ and the open support of $ respectively. We 
denote 

$ max = {A g $| If A g $ and A C A, then A = A} C 

We call any element in $ max a maximal element of $ and we call cj> max the set of 
maximal elements of $. 

Note that J"(A) is a non-empty finite set whose elements are convex polyhedral 
cones in V for any Ae$. We denote 

$ fc = [J J-(A) C 2 y , 

AG* 

and we call $ fc the face closure of $. 
In case $ ^ we define 

dim$ = max{dimA|A g $} g Z , 

and we call dim$ the dimension of $. In case $ = we do not define dim$. For 
any ieZwc denote 

$, = {Ae $| dim A = i}, 



{A g $| dim A = dim$ - i} if $ 7^ 
if $ = 



$i and are subsets of 

Consider any subset F of V. We denote 

$\F = {Ae $|A c F} c $, 

$/F = {Ae $|A d F} c 

Consider any vector space of finite dimension and any homomorphism n : 

V — > of vector spaces over R. We denote 

^$ = {^(A)|Ae$}c2 w , 

and we call 7r»$ the push-down of $ by 7r. 

Consider any vector space U of finite dimension and any homomorphism v : U — > 

V of vector spaces over R. We denote 

1/*$ = {i/ _1 (A)|A g $} C 2 17 , 

and we call the pull-back of $ by za 

Consider the case $ ^ 0. We say that $ is flat, if dim$ = dim vect(|$|) and 
(jjmax _ <j,o A e $ be any element. We say that $ is starry with center in A, 
if $ = ($/A) fc . 
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Lemma 8.1. Let $ be any finite set whose elements are convex polyhedral cones 
in V. 

(1) |$| is a closed subset ofV. If \&\ ^ 7 |$| is a cone in V. 

(2) C |$|. cIos(|$|°) = |$|. 

(3) $ max c <&. ($ max ) max = if™. |$ max | — |$|. 

(4) $ fc is a finite set whose elements are convex polyhedral cones inV. $ C < E >fc . 

($fc)fc = $fc | $ fc| = | $ |_ ( $ fc)max = $ max jy $ ^ simplidal, then $ fc is 

ako simplidal. If $ is rational over N, then <£> fc is afeo rational over N. 
//$ is regular over N, then $ fc is aZso regular over N. 

(5) Consider any vector space W of finite dimension and any homomorphism 
7r : V — > o/ vector spaces over M. TTie sef 7r»$ is a /mite set whose 
elements are convex polyhedral cones in W . |7T*4>| = 7r(|$|). 7/ $ and 
7r _1 (0) are rational over N, then 7r„$ is rational over Q for any lattice Q 
ofW withw(N) = Qnn(V). 

(6) idy*$ = $. For any vector spaces W , W of finite dimension and any 
homomorphisms tt : V — > VK, 7r' : W — > W' o/ vector spaces over M, 
(7r'7r)»$ = <7r»$. 

(7) Consider any vector space U of finite dimension and any homomorphism 
v : U — > V of vector spaces over M. The set ^*<£> is a finite set whose 
elements are convex polyhedral cones in U. \v*$>\ = z/ _1 (|<I>|). If $ and 
v(U) are rational over N, then is rational over K for any lattice K of 
U with v{K) = Nf\v{U). 

(8) idy$ = $. For any vector spaces U, U' of finite dimension and any 
homomorphisms v : U — > V , v 1 : U' — > [/ of vector spaces over M, 

(9) Consider any vector spaces W , U of finite dimension and any homomor- 
phisms tt : V — > W, v : U — > V of vector spaces over R. 

$ = 0^|$|=0^O^ |$| ' <=> |$|° = 4^ $ max = $ fc = <=> 
7r*$ = ^ v*$ = 0. 

J/$ 7^ 0, men dim7r»$ < dim$ = dim$ max = dim$ fc < dim vect(|<&|). 

(10) Consider any subset E of $, any i £ Z, any subset F of V , any vector 
spaces W, U of finite dimension and any homomorphisms tt : V — > VF, 
v : U — > V of vector spaces over R. 

|E| C |$|, |E|° C |$|°, E fc c $ fc 7 E, c $ t7 T,\F c $\F, E/F c 
7r*E c 7r*$, and ^*E c z^*$. 

(11) Let F and G 6e any subsets of V . If F D G, {$\F)\G = $\G. IfFcG, 
{$/F)/G = $/G. $\F = $«|$|cF. 

(12) Assume $ 7^ 0. 

$ max 3 $° ^0. $max _ ^o^ jf anf j^ on iy j£ dim A = dim$ /or any 
A e $ ma!I . 

T/ie following four conditions are equivalent: 

(a) $ is in other words, dim $ = dimvect(|$|) and $ max = $°. 

(b) dim A = dim vcct(|$|) for any A e $ max . 

(c) vect(A) = vect(|$|) /or any A e $ max . 

(d) vect(A) = vect(A) /or any A e $ max and any A e $ max . 

Definition 8.2. (1) Any subset E of 2 V satisfying the following three condi- 
tions is called a fan in V. 
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(a) The set £ is a non-empty finite set whose elements are convex poly- 
hedral cones in V. 

(b) For any A g £ and any A g £, A n A is a face of A, and A n A is a 
face of A. 

(c) For any A g £ and any face A of A, A g S. 

(2) Let £ be any fan in V. We call an element L S £ the mimimum element 
of £, if dimL < dim A for any A g £. 

(3) Let S and $ be any finite sets whose elements are convex polyhedral cones 
in V. 

If for any A g £ there exists A g $ with A C A, then we say that £ is 
a subdivision of $. 

(4) Let J be any finite set and let <E> be any mapping from J to the set of all 
finite sets whose elements are convex polyhedral cones in V. For any j g J, 
<&(j) is a finite set whose elements are convex polyhedral cones in V. We 
denote 

A 

P| $(j) = {Ae 2 y |A = n jeJ A(j) for some mapping A : J ->■ 2 y 

such that A(j) g for any j g J} C 2 V , 

and we call r\jej$(j) the reaZ intersection of g J. 

Note that n je j$(j) is different from the intersection n je of g 

J. 

When J = {1, 2, ... , m} for some to g Z+, we also denote 

A 

$(i)n$(2)n • • • n$(ro) = Q $(j). 

(5) Let £ be any fan in V, let W be any vector space of finite dimension over 
R, let T be any subset of W , and let <f> : |S| — > T be any mapping. 

We say that is piecewise linear, if for any A g £ there exists a 
homomorphism </>a : vect(A) — > W of vector spaces over R such that 
4>{a) = 4>&{a) for any a g A. 

(6) Let S be any fan in V, and let ^ : |S| — > R be any piecewise linear function. 

Assume that S is rational over iV. We say that <j> is rational over iV, if 
for any A g S, there exists a linear function <f>& : vect(A) — > R such that 
4>(a) = <p A {a) for any a g A and <M(N n vect(A)) C Q. 

Assume that the support |S| of S is convex. We say that <j> is convex 
over S, if the following two conditions are satisfied: 

(a) For any a g |E|, any 6 g |E| and any t g R with < t < 1, 0((1 - 
i)a + t6) > (1 - t)^(a) + t<f>(b). 

(b) If a g |E|, b g |E|, i g R, < t < 1 and 4>{{l-t)a + tb) = (l-t)(f>{a) + 
t<f>{b), then {a, b} C A for some A g E. 

Example 8.3. Let S be any convex polyhedral cone in V. ^(S) is a fan in V. 
\J 7 (S)\ = S. If S is a simplicial cone, then J-'(S) is a simplicial fan. If S is a rational 
convex polyhedral cone over N, then T(S) is a rational fan over N. If 5 is a regular 
cone over N, then F(S) is a regular fan over N. 

Lemma 8.4. Let E be any fan in V. 
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(1) A n A e E /or any AeS and any AeS. 

(2) Consider any A <G E and any A e E. The following three conditions are 
equivalent: 

(a) A c A. 

(b) A is a face of A. 

(c) A o nA^0- ' 

(3) Consider any A e E and any A e E. TTie following three conditions are 
equivalent: 

(a) A = A. 

(b) dim A = dim A and A C A, or dim A = dim A and Ad A. 

(c) A°n A° t^0. 

(4) E = E fc = (E max ) fc . |E| = |E|° = |E max |. For any subset $ of E, $ fc = 
E\|$| C E. For any A e E, .F(A) = {A} fc = E\A C E. 

(5) The family {A°|A G E} of subsets of V gives an equivalence class decom- 
position of |E|, in other words, the following three conditions hold: 

(a) A° ^ for any A e E. 

(b) If A°nAV 7 then A° = A° /or any A e E and any A e E. 
(c) 

ie|= y a°. 

(6) For any subset $ o/ E, i/ie following three conditions are equivalent: 

(a) $ is a /an in V . 

(b) $ 7^ and E\A C $ /or any A e <J>. 

(c) $ ^ and $ = $ fc . 

(7) For any non-empty subset $ o/E ; $ fc is a fan in V. 

(8) Consider any subset F ofV. IfY\F ^ 0, thenY\F is a fan. 7/E-(E/F) ^ 
0, t/ien E - (E/F) is a /an. 

(9) For any subset X of |E|, t/ie following three conditions are equivalent: 

(a) X is a closed subset of V. 

(b) X is a closed subset of |E|. 

(c) X (1 A is a closed subset of A for any A G E. 

(10) For any subset Y of |E|, #ie following two conditions are equivalent: 

(a) y is an open subset of |E|. 

(b) y n A is an open subset of A for any A e E. 

(11) Consider any A e E. A e E max 7 i/ and on^y i/ A° is an open subset of 
|E|. 

(12) Consider any L e E. TTie following five conditions are equivalent: 

(a) F is f/ie minimum element of E 7 in oifter words, dimF < dim A /or 
any A G E. 

(b) LcA /or any A e E. 

(c) 1 = An (-A) /or any A e E. 

(d) 1 = An (-A) /or some A e E. 

(e) L is a vector subspace over M o/F. 

There exists a unique element L £ E satisfying the above five conditions. 

Below, we assume that L € E is f/ie minimum element o/E. 

(13) EdimL = {F}. Ej 0, i/ and on/y i/ dimF < i < dimE /or any i g Z. 
E 4 7^ 0, i/ and onZy i/ < i < dimE — dimF /or any i e Z. 
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(14) L = An(-A) e J*(A), A+L = A, A°+L = A° and vect(A)+L = vect(A) 
/or any A G E. 

(15) £ is strongly convex, if and only if, L = {0}, if and only if, {0} G £. 

(16) £ is rational over N, if and only if, any A G £ wii/i dim A < dimL + 1 is 
rational over N. 

Below, we consider any vector space W of finite dimension over R and any homo- 
morphism ir : V — > W of vector spaces over R satisfying 7r _1 (0) C L. 

(17) The push-down 7r*£ is a fan in W , and 7r*7r»£ = E. 

(18) For any A G £, tt(A) G 7r*£. For any A G 7r«£ 7 7T _1 (A) G £. 

The mapping from £ to 7r*£ sending any A G £ to 7r(A) G 7r*£ and i/ie 
mapping from 7r*£ to £ sending any A G 7r»£ to 7r (A) G E are bijective 
mappings preserving the inclusion relation between E and 7r*£, and i/iey 
are the inverse mappings of each other. 

Furthermore, if A G E and A G 7r*E correspond to each other by them, 
the following equalities hold: 

(a) dim A = dim A — dini7r _1 (0). 

(b) vcct(A) = 7r(vcct(A)) 7 7r" 1 (vect(A)) = vect(A). 

(c) A° =7r(A°) ; tt-^A ) = A°. 

(d) J-(A) = tt*T(A), 7r*^(A) = J-(A). 

Lemma 8.5. Let E be any simplicial fan in V and let H G E be any element. 
Assume E is starry with center in H, in other words, E — (E/_ff) fc . 

Let W = V/vect(H) denote the residue vector space of V by vcct(H) and tt : 
V — > W denote the canonical surjective homomorphism of vector spaces over R. 

(1) The push-down 7r*£ is a simplicial fan in W . dini7r»E = dim E — dimiJ. 

(2) // E is rational over N, then ir(N) is a lattice in W and 7r*£ is rational 
over ir(N). 7/E is regular over N, then n(N) is a lattice in W and 7r*E is 
regular over ir(N). If E is flat, then 7r*£ is flat. 

Let E = {A G E|A n H = {()}} C E. 

(3) E is a simplicial fan in V . dimE = dimE — dim H . If E is rational over 
N, then E is rational over N. If E is regular over N, then £ is regular 
over N . 

(4) For any A G E, tt(A) G_7r*£. For any A G E, ttJ^A) n |E| G E. 

The mapping from E to 7r*£ sending A G E to 7r(A) G 7t*E and the 
maping from tt^E to E sending A G E to 7r _1 (A) (~1 |E| G E are bijective 
mapping preserving the inclusion relation and the dimension between E and 
7r*E, and they are the inverse mappings of each other. 

(5) tt(|£|) = tt(|E|) = |tt*E|. 7r(vect(|E|)) = 7r(vect(|E|)) = vect(|7r,E|). The 
mapping tt : |E| — > |7r„£| induced by ir is a homeomorphism. 

Consider the product vector space W x vect(H). Let 

tt^xT(H) = {A x A|A G 7r»£, A G T(H)}. 

(6) 7r*ExJ r (i7) is a simplicial fan in W x vect(H). dim^Ex F(H) = dimE. 

(7) //£ is rational over N , then ir(N) x (NDvect(H)) is a lattice in Wxvect(H) 
and 7r*ExJ r (i?) is rational over tt(N) x (NO vect(H)). 7/E is regular over 
N, then n(N) x (N n vect(H)) is a lattice inW x vect(H) and 7r*ExJ"(i?) 
is regular over w(N) x (N C\ vect(H)) . If I] is flat, then 7r*ExJ r (i?) is flat. 
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(8) For any AeS, tt(A) x (A n H) £ n t Y,kT{H). 

The mapping from £ to 7r*Ex T(H) sending AeEio ""(A) x (An if) G 
7r*Ex T{H) is bijective, it preserves the dimension, and itself and its inverse 
mapping preserve the inclusion relation. 

(9) Assume dimLT = 1. 

E = E- (E/iTj. dim(E - (E/iTj) = dimE - 1. 

for any A e T./H, H £ T(A) 1 and H°p\A £ £ - (£/#). For any 
AeS - (£/#), A + H £ E/H. 

The mapping from E/if to £ - (£/#) sending A e E/if to i?°P|A € 
£-(£/#) andt/ie mapping from £—(£//?) to E/ii sending A £ £-(£/#) 
to A + i7 G E/LT are bijective mappings preserving the inclusion relation 
between E/iJ and E — (E/ii"), and they are the inverse mappings of each 
other. 

Furthermore, if A £ E/ii and A £ E — (E/ii) correspond to each other 
by them, then dim A = dim A + 1 . 

|E| = |E - (£/if)| U \L/H\°. |E - (£/JT)| n |E/i?|° = 0. 
E max cS/ff. 

Lemma 8.6. Let $ 6e any non-empty finite set whose elements are convex poly- 
hedral cones in V satisfying the following two conditions Z: 

(a) Ad A is a face of A, and A n A is a face of A for any Ae$ and any 
A £ $. 

(b) A n (-A) = A n (-A) /or any A £ $ and any A £ $. 

Choosing any element A e $, we piti L = An (—A) C V. L does not depend on 
the choice of A £ $. Put E = $ fc . 

(1) E is a /an in V. 

(2) E D $. |E| = |$|. E max = $ max . 

(3) L £ E. i is i/ie minimum element o/E. 

(4) i/ $ is simplicial, then E is simplicial. If $ is rational over N , then E is 
rational over N . If $ is regular over N , then E is regular over N. If $ is 
/?a£, i/ien E is /Zat. 

Assume dim y > 2. Lei S 1 6e any convex polyhedral cone in V with dimS* > 2, let 
m £ Zo, let H be any mapping from {1,2,..., to} to the set of all vector subspaces 
of V of codimension one satisfying the following three conditions: 

(c) H(i) 7^ H(j) for any i £ {1,2, ...,m} and any j £ {1,2, ...,m} with 

(d) vect(S) £ H(i) and H(i) n S° ^ for any i £ {1, 2, . . . , m}. 

(e) ii(i) n ii(j) n 5° = /or any i e {1, 2, . . . , to} and any j £ {1,2, ... , m} 
with i ^ j. 

(5) TTie difference S° — (U ie {i i2 ,..., m }Lf(i)) is a non-empty open set ofvect(S). 
It has (to + 1) connected components. The closure of any connected com- 
ponent of it is a convex polyhedral cone in V whose dimension is equal to 
dim S. 

Let $ denote the finite set whose elements are (to + 1) of closures of connected 
components of S° - {U ie { 1 . 2 ,.... m }H(i)). Let £ = l> fc , and let L = S n (-S 1 ) n 

(n ie {l,2,...,m}-H'(*))- 

(6) <l satisfies the above two conditions Z. 
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(7) t is a flat fan in V. _dimE = _dim,S*. |E| = S. E max = E° = L is the 
minimum element o/E. {A G E^A C 5°} = {H(i)nS\i G {1,2, . . .,m}}. 
jjE° = j}{A e E^A C 5°} + 1 = m + 1. For any A G E wii/i dimA < 
dim -2, Ac dS. If S is rational over N and H(i) is rational over N 
for any i £ {1,2,..., m}, then E is rational over N. 

Lemma 8.7. Let E 7 $ and * be fans in V. 

(1) The following three conditions are equivalent: 

(a) E is a subdivision of $ 7 in other words, for any A G E there exists 
A G $ rai/i A c A. 

(b) For any A G E, there exists uniquely A G $ wrai/i A° C A°. 

(c) |E| C |$|, and if A G E, A G $ and A° n A° ^ then A° C A°. 

(2) J/E is a subdivision of $ and $ is a subdivision o/E, i/ien E = $. 

(3) J/E is a subdivision o/<E> and E is a subdivision of^, then E is a subdivision 
of 9. 

(4) If T, is a subdivision o/$, i/ien |E| C |$|. 

(5) Assume that E is a subdivision of $. For any A G E and any A e $ i/ie 
following three conditions are equivalent: 

(a) A° c A . 

(b) AcA, and $/A C $/A. 

(c) A° n A° ^ 

(6) J/ A G E, A G $ and A C A°, then AcA, and dimA < dimA. 

(7) The following three conditions are equivalent: 

(a) E is a subdivision of <& and |E| = |$|. 

(b) |E| = |$| and /or any A G A° = U Ae s.A°cA° A°. 

(c) |E| = |$| and |E - E max | D |$ - $ max |. 

(8) Assume that E is a subdivision of $ and |E| = |$|. For any Ae$, f/iere 
ezisfs A G E uraift A° C A°. For any A G $ max , t/iere exists A G E max witft 
A c A . 

(9) Assume thatT, is a subdivision o/$, |E| = |$|, A G E, A G $ and A° C A°. 
A G E max , if and only if, A G $ max and dimA = dimA. dimE = dim$. 

(10) J/E is a subdivision o/$, |E| = |$|, and $ is flat, then E is flat. 

Lemma 8.8. Jef E 6e any fan in V such that the support |E| o/E is a convex 
polyhedral cone in V. By L G E we denote the minimum element o/E. 

(1) E is a subdivision o/F(|E|) and |E| = |F(|E|)|. 

(2) dimE = dim|E| = dim vect(|E|). E max = E°. E is flat. 

(3) For any A G E max , A C |E|°. 

(4) For any A G E, A <£ d|E|, i/ and only if, A° C |E|°. 

(5) Consider any A G F(|E|). |E\A| = A. E\A is a subdivision of J 7 (A) and 
|E\A| = |F(A)|. dim(E\A) = dimA. (E\A) max = (E\A)° = {An A|A G 
E° , dim( A n A) = dim A} . 

(6) Consider any A G E. Take the unique A G F(|E|) with A° C A . Then, 
A G E\A, (E\A) max /A ^ 0, A = n Ae(SVA)m ax /A A, and |E/A| +vect(A) = 
|E| + vect(A) = |E| +vcct(A). 

(7) Lc |E|n(-|E|). dimF < dim(|E| n (-|E|)) < dim|E|. 

(8) Assume dimE — dim i > 1. Consider any A G E 1 . 

vect(A) C vect(|E|), and dimvect(|E|) = dimvect(A) + I. Let H°' 
and H°" denote the two connected components o/vect(|E|) — vect(A). Let 
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W = clos(H°'), and let H" = c\os(H°"). H' U H" = vect(|E|). H'nH" = 
vect(A). 

We consider the case where A <jt d\T\. jj(E°/A) = 2. Let A' and 
A" denote the two elements of S°/A. {A' + vect(A), A" + vect(A)} = 
{H',H"}, and A' + vect(A) ^ A" + vect(A). 

We consider the case where A C <9|E|. jj(E°/A) = 1. Lei A' denote the 
unique element o/S°/A. A' + vcct(A) = |E|+vect(A). |E|+vect(A) = iT 
or |E| +vcct(A) = H". 

Lemma 8.9. Let J be any finite set and let $ be any mapping from J to the set 
of all finite sets whose elements are convex polyhedral cones in V . For any j G J, 
<f>(j) is a finite set whose elements are convex polyhedral cones in V. We consider 
the real intersection f^jeJ^U) of$(j),j G J. By definition 

P| $(j) = {Ae 2 V \A = f\ jeJ A(j) for some mapping A : J -> 2 V 
jeJ 

such that A(j) G /or any j G J} C 2 y . 

(1) rij-gj^Q) is a finite set whose elements are convex polyhedral cones in V. 

(2) r\j e j$(j) is a subdivision of for any j G J. 

Lef E be any finite set whose elements are convex polyhedral cones in 
V. If E is a subdivision o/$(j) for any j G J, then E is a subdivision of 

(3) 

i n = n 

(4) If J = then n jeJ $(j) = {V}. = 0, «/ a™d onZy tf,J^® and 
$(j) = /or some j € J. 

(5) //$(j) is a /an /or am/ j € J, then f)j e j$>(j) is also a fan. 

(6) If <&(j) is rational over N for any j G J, i/ien r\j e j&(j) is also rational 
over N . 

(7) For any subsets J' , J" o/ J wit/i J' U J" = J and J' n J" = 0, 

n = ( n *ww n 

jeJ jeJ' jeJ" 

(8) for any bijective mapping a : J —¥ J 

n = n 

Lemma 8.10. Let m G Z + 6e any positive integer, and let E 6e any mapping from 
the set {1,2,..., to} to the set of all fans in V . For any i G {1, 2, . . . , m}, E(i) is 
a /an in V. 
We denote 

A 

E = p| S(i)c2 l/ . 

ie{l,2,...,m} 

(1) E is a fan in V. |E| = rij e {i j 2,... lTO }|E(i)|. If E(i) is rational over N for 
any i & {1,2, ... , m}, then E is rational over N. 
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(2) E is a subdivision of E(z) for any i G {1,2,..., m}. 

Le£ $ oe ant/ fan in V. If $ is a subdivision of E(i) /or any i € 
{1,2,..., rn} 7 then <S is a subdivision of E. 

(3) Le£ L(j) G E(j) 6e i/ie minimum element o/E(j) /or any j G J. Dj e jL(j) 
is the minimum element o/E. 

Let A 6e any element o/E. 

(4) TTiere exists uniquely an element A(i) G E(i) wi£ft A° C A(i)° for any 
i e {l,2,...,m}. 

Below, we assume that A(i) € E(i) and A° C A(i)° for any i G {1, 2, . . . , m}. 

(5) A C A(i) for any i G {1,2, ... ,rn}. 
(6) 

A = f) A(i). 

ie{l,2,...,m} 

(7) 

ie{l,2,...,m} 

(8) 

vect(A) = P| vect(A(i)). 

ie{l,2,...,ro} 

(9) Consider any subset A of V . A is a face of A, if and only if, there exists 
a mapping A : {1,2,..., m} — > 2 y snc/i i/ia£ A = nj e { 12! .... m }A(i) and A(i) 
is a /ace o/ A(i) for any i € {1, 2, . . . , m}. 

Lei A(i) 6e any element o/E(i) /or any i € {1,2,..., rn}. 

(10) T/ie intersection n ie {i !2 ....,m}A(i) is an element o/E. 

(11) //Ac A(i) i/ien A(i) C A(i), for any i G {1, 2, . . . , m}. 

(12) // 

A = f| A(i), 

ie{l,2,...,m} 

i/ien A(i) C A(i) /or any i G {1,2,..., m} and the following three conditions 
are equivalent: 
(a) 

f| A(z)V0- 

ie{l,2,...,m} 

(b) A(i) = A(i) for any i G {1, 2, . . . , m}. 
(c) 

ie{l,2,...,m} 

Lemma 8.11. Lei E 6e any fan in V, let U be any vector space of finite dimension 
over R, and let v : U — > F &e any homomorphism of vector spaces over M. 
T/ie pw?/ back v*Y> of ' E 6y v is a fan in U. 
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9. Convex pseudo polytopes 
We study convex pseudo polytopes. 

Let V be any vector space of finite dimension over R, and let N be any lattice 
of V. 

Lemma 9.1. Let S be any convex pseudo polytope in V, and let X and Y be any 
finite subset of V satisfying S = conv(X) + convcone(F) and 1^0. 

(1) stab(S) = convcone(y). stab(S') is a convex polyhedral cone in V. If S is 
rational over N, then stab(5 f ) is also rational over N . 

(2) vect(stab(S)) C stab(affi(5)). 

(3) The following four conditions are equivalent: 

(a) S is a convex polytope. 

(b) S = cowr{X). 

(c) stab(S) = {0}. 

(d) S is compact. 

(4) We consider the dual vector space V* of V and the dual cone stab(S) v = 
stab(S*) v |F C V* o/stab(5). 

For any lo , the following three conditions are equivalent: 

(a) u € stab(5) v . 

(b) There exists the minimum element min{(a;,x)|x g S} of the subset 

{(U3,X)\ 

xeS} o/R. 

(c) The subset {(uj,x)\x e S} o/R is bounded below. 

Definition 9.2. Let S be any convex pseudo polytope in V. We consider the dual 
cone stab(5') v = st&b(S) v \V C V* of stab(S). 

(1) For any co g stab(5') v , we denote 

OTd(u,S\V) =min{(uj,x)\x eS}el 
A(w, S\V) ={x g S\ (to, x) = ord(w, S\V)} C S. 

When we need not refer to V or to the pair (S 1 , V), we also write simply 
ord(w,5) or ord(w), A(u),S) or A(w) respectively, instead of ord(w, S\ V), 
A(u,S\V). 

(2) Let F be any subset of S. We say that F is a face of S, if F = A(lo, S\V) 
for some u g stab(5) v . 

It is easy to see that any face F of S is a closed convex subset of V, and 
the dimension dimf 1 g Zo of F, the boundary dF of F, and the interior 
F° of F are defined. 

Any face F of S with dimF = is called a vertex of S. Any vertex of S 
is a subset of S with only one element. Any face F of S with dimF = 1 is 
called an edge of S. Any face F of S with dimF = dimS 1 — 1 is called an 
facet of S. Any face F of S with F 7^ 5 is called a proper face of S. 

(3) By ^(S 1 ) we denote the set of all faces of S. 

For any ieZ, the set of all faces F with dimF = i is denoted by J 7 (S)i, 
and the set of all faces F with dimF = dim S — i is denoted by J r (5') 4 . 
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(4) Let I = dim(stab(S) n (-stab(S))) g Z . We denote 

c(5) =JtF(S)< e Zo, 
V(5) = |J F c S, 

we call c(S) the characteristic number of S, and we call V(5) the skeleton 
of 5. We call any face F of S with dimF = £ a minimal face of 5. 

(5) Let F be any face of S. We denote 

A°(F, S\V) ={oj G stab(S) v |F = A(w, S|V)} C stab(S) v C V, 
A(F, S|V) ={u; e stab(S) v |F c A(w, S|V)} C stab(S) v C V*. 

We call A°(F,S|V) the open normal cone of F, and we call A(F, S\V) 
the normal cone of F. 

When we need not refer to V or to the pair (S, V), wc also write simply 
A°(F,S) or A°(F), A(F,S) or A(F) respectively, instead of A°(F,S\V), 
A(F,S\V). 

(6) We denote 

E(5|V) = {A(F,S*|V)|F g F(S)} c 2 stab ( 5 ) v c 2 y *, 

and we call S(S'|V r ) the normal fan of S. 

When we need not refer to V, we also write simply S(5), instead of 

Let W be any vector space of finite dimension over R containing 1/ as a vector 
subspace over R with dim W = dim V" + 1, and let z e W — V be any point. 

Let 7r : V — > W denote the inclusion homomorphism. Putting 7r'(i) = € W 
for any t e R we define an injective homomorphism 7r' : R — » W of vector spaces 
over R. 

For any a e W, choosing the unique pair 6 <E V and i e 1 with a = b + tz 
and putting p(a) = b and p'(a) = t we define homomorphisms p : W ^ V and 
p' : W — > R of vector spaces over R. 

Putting i(uj) = w(l) e R for any cj e R* = HoniR(R, R), we define an isomor- 
phism l : R* — > R of vector spaces over R. For any ui S R* and any (elwe have 
(u),t) — b(u)t. Below, using this isomorphism i wc identify R* with R. For any 
t E R = R* and any u g R we have (t, u) = iu. 

We have eight homomorphisms of vector spaces over R. 

tt: V^W, tt' 

p : W -> V, p' : VF R, 

tt* : W* -> V, tt'* : -> R, 

p* : p'* :R^VF*. 

Four homomorphisms tt,tt' , p* , p'* are injective. The other four p, p' ,tt* ,tt'* are 
surjective. We denote ff = V + R z C VF and C = p'*(l) g VF*. 

Lemma 9.3. (1) p?r = idy, pV = id R; TTp + ir'p' = id w , V = tt(V) = p' _1 (0), 
Rz = tt'(R) = p _1 (0), tt'(1) = z. For any netf, p'(z) = (O). 

(2) TT*p* = idy., 7T'*p'* = id K; p*7T* +p'*7T'* = idly*, (Rz) V = p*(V^*) = 

tt'*- 1 ^), V y = RC = p'*(R) = 7T* — ^ (0) . For any £ g W™, tt'*(£) = (£,z). 
<C,*> = 1- 
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(3) N + Zx is a lattice of W . H is a rational convex polyhedral cone over 
N + Zx in W. dimtf = dim W = dim V + 1 . H = {x e W\p'(x) > 0}. 
W = H\J(-H) = vect(H) = vect(-H). V = Hn(-H) = dH = d{-H). 
zeH° = V + R+z = {x e W\p'(x) > 0}. 

(4) (N + Zz)* = p*(N*) + Z(. H v is a simplicial cone over (N + Zz)* in 
W* with dimH v = 1. H v n (N + Zz)* = Z (. H v = R (- V v = H v U 
(-ff v ) = vect(# v ) = vcct(-ff v ). {0} = H v n (-H v ) = 8H y = d(-H v ). 
-H v = (-H) v . 

Putting a(a) = p(a)/p'(a) e V for any a e H° , we define a mapping a : H° — > V. 
If a e H°, b e V, t e K and a = b + tz, then i > and a (a) = b/t. 

Lemma 9.4. (1) a is surjective. For any a G H°, {o~(a) + z} = (R + a) n 
(V + {z}) = (Ra) n (V + {z}) and o- l {a{a)) = R+a. For any b e V, 
o- 1 {b)=R + {b + z). 

(2) Consider any convex polyhedral cone A in W satisfying A C H and A n 
H° and any finite subset Z of H satisfying A = convcone(iv). 

(a) cr(A n H°j = conv(cr(Z n H°)) + convconc(Z n V). 
a (A n H°) is a convex pseudo polytope in V . 

If A is rational over N + Zz, then o~(A D H°) is rational over N . 
dim A = dima(A n H°) + 1. A n V = stab(cr(A n H°)). 

(b) Ar\H° = f 7- 1 (c7(Ani?°)). A = clos(cr- 1 (c r (Ani/°))). 

(3) Consider any convex pseudo polytope S in V and any finite subsets X , Y 
of V satisfying S — conv(X) + convcone(y) and I^fl. 

(a) clos(cr- 1 (S')) = convcone((X + {z}) U Y). 

clos(cr _1 (S')) is a convex polyhedral cone in W . clos(cr _1 (S')) C H. 

clos(o- 1 (S')) n H° ^ 0. c1os(ct- 1 (S')) nV = stab(S). 

If S is rational over N, then clos(a^ 1 (S j) is rational over N + Zz. 

(b) clos(cr- 1 (S')) r\H° = a-HS). ct(c1os( ( t- 1 (S')) fl H°) = S. 

(4) For any subsets A, A of H satisfying A n if° ^ 0, A n i?° 7^ and A a k, 
a(AnH°) C cr(An#°). 

For any non-empty subsets S,TofV satisfying S C T, clos(cr _1 (S')) C 
clos^-^T)). 

For any non-empty closed subsets S,TofV,Sr\T~^,if and only if, 
clos(cr^ 1 (S')) n clos^-^T)) n H° = 0. 

(5) For any convex polyhedral cone A in W satisfying A C H and Af]H° ^ 0, 
o"(A n if°) is a convex pseudo polytope in V. 

For any convex pseudo polytope S in V , clos(cr _1 (S')) is a convex poly- 
hedral cone in W, clos(cr" 1 (5)) C H and clos(cr" 1 (5)) n H° ^ 0. 

F/ie mapping sending any convex polyhedral cone A in W satisfying A C 
H and A fl H° =/= io cr(A n H°) and the mapping sending any convex 
pseudo polytope S in V to clos(cr _1 (S)) are bijective mappings preserving 
the inclusion relation between the set of all convex polyhedral cones A in 
W satisfying A C H and A n H° 7^ and the set of all convex pseudo 
polytopes in V , and they are the inverse mappings of each other. 

Furthermore, if a convex polyhedral cone A in W satisfying Acfl and 
A n H 7^ and a convex pseudo polytope S in V correspond to each other 
by them, then A — clos(a^ 1 (S)), S = er(A n H°) and the following claims 
holds: 
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A is rational over N + Zz ; if and only if S is rational over N. 
dim A > 1. 
dim A = dimS* + 1. 
AfW = stab(S'). 
ADH° = tr _1 (S). 
An {V + {z}) = S + {z}. 
vect(A) n (V + {z}) = affi(S) + {z}. 
vect(A)niT = <7 _1 (affi(S)). 
a(vect(A) n H°) = affi(S). 

vect(A) = vect(affi(S) + {z}). 
dAHH = a-^ds). 

A° =a- 1 (S°). 
a(A°) = S°. 

Corollary 9.5. Consider any convex pseudo polytopes S, T in V . 

If S n T 7^ 0, then S (IT is a convex pseudo polytope in V and stab(S flT) = 
stab(5)nstab(T). 

If S and T are rational over N and 5nT^0, then S HT is also rational over 

N. 

If S and T are convex polytopes and S fl T ^ 0, then S C\ T is also a convex 
polytope. 

If S and T are convex polyhedral cones, then S fl T is also a convex polyhedral 
cone. 

Proposition 9.6. Let A be any convex polyhedral cone in W satisfying A C H 
and An H° We denote 

L = An (-A) c A, 

I = dimL € Z , 

S = o-{Ar\H°) C V, 

H v = H y \W C W\ 

A v = A V |W c W*, 

a_A v = e A V |(M + vcct(iJ v )) n A v c {w} + H v } c A v , 

JF(A)* = {A e f (A)|A n H° ^ 0} c J-(A), 

f(A v )* = J-(A V )\9_A V c -F(A V ). 

(1) L = (AnV)n(-(AnlO) - stab(S)n(-stab(S)) c V. L e J"(A)- J"(A)». 
A e .F(A)* ^ 0. If A e J*(A)*, r e J*(A) and AcT, i/ien r g /"(A)*, 
for any A e J"(A)» i/iere exists T e J^A)* swc/i i/iat A D T and dimT = 

(2) ff v c A v . -# v £ A v . A v + tt*- 1 (0) = (AnV) v \W = 7 r*- 1 ((Ant/) v |F). 
tt*(A v ) = (A n vy\v = st&b(S) v \V. 

(3) ^ d-A v C A v = d_A v + iJ v . 7r*(a_A v ) = stab(S) v |K The mapping 
it* : <9_A V -> stab(5) v |F induced by it* is bijective. 

(4) for any /ace A of A the following three conditions are equivalent: 
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(a) AeJ(A),. 

(b) A(A,A|W) g J"(A V )*. 

(c) A°(A,A|T^)no>_A v t^0. 

(5) |J-(A V )*| = 9_A V . A v n (-A v ) e J"(A V )* ^ 0. dim J-(A V )* = dimA v - 
1 = dimstab(S') v = dimV - t. (T(A v )*) max = (F(A V )*)°. 

(6) For any uo G <9_A V the following claims hold: 

(a) A(w,A|W) € J*( A )*- 

(b) ord(7r»,S|lO = -<w,*>. 

(c) A(w, A|W) n H° = (T- 1 (A( 7 r*(w), SIV)). 

(d) (r(A(o;,A|W)niJ ) = A(7r*(w),S|V). 

(7) for any A g J*( A )*> cr(A n H°) g .F(S). 

for any F g J^S), closO" 1 ^)) g J*( A )*- 

77ie mapping from J"(A)* to sending A g J"( A )* to cr(A n if") g 

J'(S') and tfte mapping from F (S) to F{A)* sending F g J"(5) to clos(o" _1 (F)) g 
•F(A)* are bijective mappings preserving the inclusion relation between T '(A) * 
and T{S), and they are the inverse mappings of each other. 

(8) Assume A g J*( A )*> ^ e ^(5), F = a(An H°) and A = clos^" 1 ^)). 
The following claims hold: 

(a) F is a convex pseudo polytope in V. If S is rational over N, then F 
is also rational over N. stab(F) is a face o/stab(5). 

(b) dim A = dimF + 1. 

(c) A°(A,A|W) c A(A, A\W) c 9_A V . 

(d) A(F,S\V) =tt*(A(A,A|W)). n*~ 1 (A(F,S\V))nd-A v = A(A, A|W). 
A(F,S\V) is a convex polyhedral cone in V* . 

(e) A°(F,S\V) = 7r*(A°(A,A|W)). ir—^A^F, S\V))nd- A v = A°(A, A\W). 
A°(F,S\V) = A{F,S\V)°. 

(f) vcct(A(A, A|W)) n7r— ^0) = {0}. vect(A{F, S\V)) = 
7r*(vcct(A(A, A\W))) = stab(affi(F)) v |V r . 

(9) For any A* g J"(A V )*, tt*(A*) e£(S]V). 

For any A* g S(5|V), tt—^A*) n <9_A V g J-(A V )*. 

The mapping from F(A V )* toY,(S\V) sending A* g J"(A^)* to7r*(A*) g 
X(S\V) and the mapping from Z(S\V) to J"(A V )* sending A* g to 
7r* _1 (A*) n <9_A V g J"(A V )* are bijective mappings preserving the dimen- 
sion and the inclusion relation between J"(A V )* and T,(S\V), and they are 
the inverse mappings of each other. 

(10) The normal fan Z(S\V) ofSmV is a fan in V* . \Z{S\V)\ = stab(S) v |y. 
If S is rational over N, then T,(S\V) is rational over N* . 

(11) For any F g F(S), vect(A(F, S\V)) = stab(affi(F)) v |^ and dimF + 
dimA(F, 

S\V) = dimV. 

For any F g F(S) and G g F(S), F C G, if and only if A(F, S\V) D 
A(G,S\V). 

The mapping from F(S) to T,(S\V) sending F g F(S) to A(F,S\V) g 
S(S'|V r ) is a bijective mapping. 

(12) The function ord( ,S\V) : stab(S') v |y -> E sending u> g stab(S) v |V to 
ord(w, S^y) et is a piecewise linear convex function over T,(S\V). 

If S is rational over N, then this function ord( , S\V) is rational over 
N*. 
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(13) Denote 

H(S(S|V),ord( ,S\V)) = {£ € W*\£ = p(u>) + 1( for some oj G |S(S , |V r )| 

and some t e IR. with t > — ord(u), 5| V)}- 

Then, H(S(S|V),ord( ,S\V)) = A\ H(S(S|V),ord( , 5'|V)) V |V^* = A, 
and (r((S(E(5|V),ord( , 5|y)) v |T^*) n £T°) = S. 

Proof. We give only the proof of 4. 

Since L C V = {x e W\({,x) = 0}, (C,6) = for any b e L. 

Consider any face T of A with dimT = 1+1. We take any point er G T — L. 
We have T = K e r + L. Since e r G T C A C H = {x G W | (C, x) > 0}, (C, e r ) > 0. 

We know A = J2rer(A) e+1 R oer + L. Take any point a e AC\ H° ^= a E 
A = J2reJ r (A) e+1 ^oer + L. Take any function t : F(A)i + i — > K and & e L 
with a = E re ^ (A)£+1 t(r)e r + 6. Since a G H° = {x G W\((,x) > 0}, < (C, a) = 
Ere.F(A) £+1 *( r )(C, e r ) + (C, &) = Ere^(A) £+1 *( r XC, e r ). We know that there exists 
re J"(A) £+1 with (C,e r ) >0. 

Consider any face A of A. We know A = J2reJ r (A) i+1 \A R oer + L. 
(a) (b). Assume (a). A n H° ^ 0. Take any point a G A n H°. Since a G 
H° = {xe W\((,x) > 0}, (6 a) > 0. a e A = Ere7(A) t+1 \A R o e r +£■ Take any 
function t : J r (A)^ + i\A — > M and & e L with a = X)reJ r (A) (;+ i\A *(F)er + &• < 
(C,«) = Er e ^(A), +1 \A*( r )(C,er> + (C,&) = Er e ^(A), +1 \A *( +r KC, ep). We know 
that there exists T G J"(A)^ + i\A with (C, e r ) > 0. We take any T G J"(A)^ + i\A 
with (C, e r ) > 0. 

Note that H y = KoC and vect(iJ) = R(. 

Consider any oj G A(A, A\W). e T G T C A C A(u>, A|W). (oj, e r ) = 0. 

Consider any x € ({w} + vect(H)) n A v . Take (eR with x = w + 1(. Since x G 
A v and e r G T C A C A, we have < (x, e r ) = (oj + 1(, e r ) = (w, e r ) + t(C e r ) = 
t(C, e r ). Since ((, e r ) > 0, we know t > and x = w + 1( G {cj} + M C = {^} + 

We know ({w} + vect(iJ)) n A v C {w} + H and w G <9_A V . 

Wc know A(A, A|W) C <9_A V and A(A, A|W) G J"(A V )*. 
(c) (a). Assume (a) docs not hold. A n H° = 0. Since A C A C H, A C 
H - H° = dH = V = {x € W\((,a) = 0}, and (C, a) = for any a G A. In 
particular, (C, e r ) = for any T G J"(A)^+i\A. If T G J"(A) £+ i and (C,e r ) > 0, 
then r^A. 

Consider any oj G A (A, A\W). oj G A v . Since LcA = A(w,A|W), (w,6) = 
for any & G L. Consider any T G J*( A )m-i- If Y C A, then e r G V C A = A(w, A|W) 
and (cj, er) = 0. It is easy to see that if T <£_ A, then (oj, er) > 

Consider any tel. For any b G L we have (w + t^, 6) = (oj, b)+t((, b) = + t0 = 
0. For any T G J r (A) e+ i, (uj + t(,e r ) = (w,e r ) +i(C,e r >. w + G A v , if and only 
if, (w, e r ) + t(C, e r ) > for any T G J"(A) £+ i. 

Consider any T G T{A) e+1 . If T C A, then (ui,e T ) + t((,e T ) = + tO = 0. 
If T 2; A and (C, er) = 0, then (uj, er) + t((, er) = (oj, er) > 0. We consider 
the case T <£ A and (C, er) > 0. We have (w, er) > 0, — (w, er)/(C, er) < and 
(w, er) + t((, er) > 0, if and only if, t > —(uj, er)/(C, er). Put 

to = max{-^4|r e F{A) i+1 , (C,e r ) > 0} G R. 

t < and oj + t( G A v , if and only if, f > t for any tel. 
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Since vect(iJ) = R( and H = R (, we know {w + *CI* eR,i>fe}= ({^} + 
vect(H)) nA v ^ {w} + MoC = M + H, and cj £ <9_ A v . 

We know A (A, A|W) n3_A v = 0. Claim (c) does not hold. 
(b) (c). Trivial. 

□ 

Lemma 9.7. Denote 

X(V) = the set of all convex pseudo polytopes in V, 
X(V,N) = the set of all rational convex pseudo polytopes over N in V, 

y(V) — {(E, </>)|E is a fan in V* such that the support |E| of E is a convex 
polyhedral cone in V* and there exists a piecewise linear convex 
function |E| — > R over E, <f> : |E| — > R is a piecewise linear convex 
function over E}, 

y(V,N) = {(E, <^>)|E is a rational fan over N* in V* such that the support |E| of 
E is a convex polyhedral cone in V* and there exists a piecewise 
linear function |E| — > R which is convex over E and rational over 
N*,cj> : |E| — > R is a piecewise linear function which is convex over 
E and rational over N*}. 

X(V,N) C X{V). y(V,N) C y{V). Putting $(S) = (E(S|V), ord( , S\V)) G y(V) 
for any S ^ X , we define a mapping <£> : X(V) — > y{V). $ induces a mapping 
$' : X(V,N) -> y(V,JV). 

For any (E, </>) € 3^ we denote 

S(E,0) = {£ € = +tC for some uj G |E| and some f G R 

with t > —(j)(u))}. 

(1) Consider any (E,</>) G iV(V). 

S(E,</>) is a convex polyhedral cone in W* . H v C S(E, (f>). —H v (jL 
S(E,<£). 

H(E, </>) v |IF* is a convex polyhedral cone in W . S(E, </>) v |PF* C iF 
(S(E j(? !)) v |t¥*)niJ ^0. cr((S(E,0) v |PF*)niF) G #(V). 

//(E,^) 6^,iV), thenZ(T,,4>) is rational over (N+Zz)*, H(E, <?(>) v | VF* 
is rational over N + Zz and a((E(Y,, \W*) (1 H°) G «tf(V,.ZV). 

Putting *(E, 0) = o-((H(E, 0) v | VF*)niF) e #(V) /or any (E, 0) G ^(V), we de/me 
a mapping >J> : y(V) -> * induces a mapping : iV) -> X(V,N). 

(2) $ and "J are bijective mappings, and they are the inverse mappings of each 
other. 

$' and vp' are bijective mappings, and they are the inverse mappings of 
each other. 

Remark . Assume dimF = 3. There exists a rational fan E over N* in V* such 
that |E| = V* and there does not exist a piecewise linear convex function |E| — > R 
over E. 

See Fulton |8] page 71, Cox [7] page 183. 

Theorem 9.8. Let S be any convex pseudo polytope in V , and let X, Y be any 
finite subsets ofV satisfying S = conv(A) + convcone(F) and X^8). We consider 
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dual cone stab(S) v = stab(S) v |V C V* ofstab(S). For simplicity we denote 
dimS € Zo, L = stab(S) n (-stab(S)) C stab(S), £ = dimi G Z . 

(1) We consider any vector space U of finite dimension over R with dimS* < 
dim U < dim V , any infective homomorphism v : U — > V of vector spaces 
over R, any point a £V such that S C v(U) + {a}, and any subset F of S. 
Putting D(x) = u(x) + a G V for any x G U we define an infective mapping 
v : U — > V . S C v{U). The inverse image i>~ 1 (S) is a convex polyhedral 
cone in U . The set F is a face of S, if and only if u (F) is a face of 

(2) We consider any vector space W of finite dimension over R with divnV < 
dim W, any infective homomorphism ir : V — > W of vector spaces over R, 
any point b e W and any subset F of S. Putting n(x) — ir(x) + b for any 
x G V we define an infective mapping ff : V — > W. The image tt(S) is a 
convex polyhedral cone in W . The set F is a face of S, if and only if n(F) 
is a face ofn(S). 

(3) Assume that S is a convex polyhedral cone. For any subset F of S , F is 
a face of the convex pseudo polytope S, if and only if F is a face of the 
convex polyhedral cone S. 

(4) t < s. e = s^L + {a} = S for some aeV = affi(S). 

(5) Let F be any face of S. 

(a) F is a convex pseudo polyhedron in V. stab(F) is a face o/stab(5). 

(b) Ifue stab(5) v and F = A(u,S), then stab(F) = A(w, stab(S)). 

(c) stab(F) = convcone(Fnstab(F)). vect(stab(i ;l )) = vect(F nstab(T )). 

(d) F = conv(X n F) + stab(F) = Sn affi(F). affi(F) = affi(X nF) + 
vect(stab(F)). 

(e) If S is rational over N, then F is also rational over N. 

(f) L = stab( J F)n(-stab( J F 1 )) C stab(F) C vect(stab( J F 1 )) C stab(affi( J F 1 )). 
t < dimstab(F) < dimF < s. 

(g) Let G be any face of S with G C F. We have dimG < dimF. dimG = 
dirnF, if and only if, G = F. 

(h) Let G be any subset of F. G is a face of the convex pseudo polyhedron 
F, if and only if, G is a face of S with G C F. 

(6) J 7 (5) is a finite set. S G J 7 {S) S and J 7 (S) S = {S}. S contains any face of 
S. For any i G Z , J 7 (S)i ^ if and only if I < i < s. The characteristic 
number c(S) of S is equal to §J : (S)t. c(S) is a positive integer. 

(7) L = convconc(Y n L) = vcct(T n L). 

Any face G of S with dim G — I is an affine space in V with stab(G) = L. 

For any face F of S and any face G of S with dim G — £, F D G, if and 
only if FH G ^ 0. 

For any faces F, G of S with dimF = dimG = £, F = G, if and only 
if, FnG'^0. 

For any face F of S, there exists a face G of S such that dim G = £ and 
FD G. 

Consider any face G of S with dimG = £ and any pointed G vect(stab(S') v ). 
The function (w, ) : G — >• R sending x G G to (u, x) G R is a constant func- 
tion on G. 

(8) The skeleton V(S) of S is a non-empty closed subset of S with finite con- 
nected components. Any connected component ofV(S) is an affine space G 
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in V with stab(G) = L. The set of connected components ofV(S) is equal 
to T(S)e- The number of connected components ofV(S) is equal to c(S). 

For any point uj G vect(stab(S') v ) 7 the function (lj, ) : V(S) — > M sending 
x G V(5) to (lj,x) G M is constant on each connected component ofV(S), 
and this function has only finite number of values. 

For any face F of S, the intersection F fl V(S) is non-empty and union 
of some connected components ofV(S). 
(9) Let F and G be any face of S with F C G. We denote f = dimF and g = 
dimG. £ < f < g < s. There exist {s-£+l) of faces F(£), F(£+l), . . .,F(s) 
satisfying the following three conditions: 

(a) For any i G {£,£ + l,...,s- I}, F(i) C F(i + 1). 

(b) For any i & {£,£+ I, s} , dim F(i) = i. 

(c) F(f) = F,F(g) = G,F(s) = S. 

(10) Let F be any face of S. 

(a) F = dFUF°. <9FnF°=0. 

(b) F° = F <=> dF = <=> dimF = £. 
(c) 

dF = |J G. 

GeT(F)-{F} 

(d) F° is a non-empty open subset o/affi(F). For any a G F° and any 
o G F conv({a, b}) - {b} C F° . F° is convex. clos(F°) = F. 

(11) For any face G of S with dim G — £ we take any point bg£G. 

(a) S = conv({a G |G G F{S) e }) + stab(S). 

(b) For any uj G vect(stab(S) v ), {{u),x)\x G V(S)} = {(uj,a G )\G G 
F(S) e }. 

(c) For any uj G stab(S') v ; ovd(uj,S\V) = min{(u;, a G ) \G G F{S)t}. 

(d) For any face F of S , F = conv({a G |G G J*(S>,G C F}) + stab(F). 

(12) Consider any m G Z + and any mapping F : {1,2, ... ,m} — > F(S). If 
C\ie{i,2 m}F(i) 7^ 0, then the intersection f^i£{i,2....,m}F(i) is a face of S. 

(13) Any proper face F of S is the intersection of all facets of S containing F. 

(14) The normal fan Z(S\V) ofSis afan inV* . \Z{S\V)\ = stab(5') v . dim£(S|V) = 
dimstab(S') v = 6xmV - £. c(S) = $Y,(S\V)°. If S is rational over N, 
then ?Z(S\V) is rational over N* . The minimum element of }Z(S\V) is 
A(S,S\V). A°(S,S\V) = A(S,S\V) = stab(affi(S*)) v |F. dimA(5,5|F) = 
dim V — s. 

For any i G Z, S(5| V)i ^ if and only if dim V - s < i < dim V - £, 
and H{S\Vf ^ if and only if{)<i<s~£. 

(15) Let F be any face of S. 

(a) A(F,S\V)eZ(S\V). 

(b) vect(A(F, S\V)) = stab(affi(F)) v |F. 

(c) dimF + dimA(F,S'|V r ) = dimt/. 

(d) A°(F,S\V) = A(F,S\V)°. 

(e) A(F,S\V) = c\os(A°(F,S\V)). 

(f) A°(F,S\V) c A°(stab(F),stab(5)|F) G F(stab(S') v ). 

(16) For any faces F,GofS,Fc G, if and only if, A(F, S|V) D A(G, S\V). 

The mapping from ^F(S) to T,(S\V) sending F G F(S) to A(F, S^V) G 
S(5|F) is a bijective mapping such that itself and its inverse mappings are 
reversing the inclusion relation. 
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(17) Consider any two faces F, G of S. The following four conditions are equiv- 
alent: 

(a) F C G. 

(b) F°nG^0. 

(c) A(F) D A(G) 

(d) A(F) n A°(G) ^0. 

The following six conditions are also equivalent: 

(e) F — G. 

(f) F° =G°. 

(g) F° n 0. 

(h) A(F) = A(G). 

(i) A°(F) = A°(G). 

(j) A°(f)nA°(G) ^0. 

(18) c(5) = tJS(S'lF) = ^F{S)i = the number of connected components of 
V(S) e Z+. 

(19) TTie following three conditions are equivalent: 

(a) c(S) = l. 

(b) E(S|V0 = F(stab(S*) v )- 

(c) 5 = {a} + stab (5) /or some sef 

(20) TTie family {F°\F S F^S*)} of subsets of S gives the equivalence class de- 
composition of S, in other words, the following three conditions hold: 

(a) F° /or any F e J r (S'). 

(b) F° = G°, if and only if F° n G° ^ /or any F e J"(5) and any 
GeJ(S). 

(c) 

5= (J F°. 

(21) T/ie /am% {A°(F)|F € o/ sw&sets o/ stab(S) v gives the equiva- 
lence class decomposition of stab(5) v , in other words, the following three 
conditions hold: 

(a) A°(F) ^ for any F e ■F(S'). 

(b) A°(F) = A°(G), i/and only if, A°(F) n A°(G) 7^ /or any F e F(S) 
and any G € F(S). 

(c) 

stab(S) v = |J A°(F). 
Fe.F(S) 

(22) TTie function ord( , S| V) : stab(S) v -> R sending uj e stab(S) v to ord(o;, S| 
V) € M is a piecewise linear convex function over T,(S\V). 

If S is rational over N, then this function ord( , S\V) is rational over 
N*. 

(23) Let m = dimA(S) G Z . m = dimF-s. For any A e V) m+ i we fafce 
any point wa € A — A(S). Then, 

s = p| {ie v\(u,x) >oid(u,s\v)}n'Am(s) 

w€stab(S) v 

Pi {a; e V|(o;a, a;) > ord(wA, S|V)} f~l affi(S'). 

AGE(S|y) m+1 
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(24) Consider any vector space W of finite dimension over K and any homo- 
morphism it : V —¥ W of vector spaces ewer R. The image ir(S) is a convex 
pseudo polytope in W , and ir(S)° — ir(S°). 

If S is a convex polytope in V, then n(S) is a convex polytope in W . If 
S is a convex polyhedral cone in V, then ir(S) is a convex polyhedral cone 
in W. 

Lemma 9.9. Consider any convex pseudo polytopes S, T in V . 

S + T is a convex pseudo polytope in V, stab(S' + T) = stab(S') + stab(T), 
stab(S + T) v = stab(S') v n stab(T) v , and S(S + T\V) = H(S\V)ftZ(T\V). 

If S and T are rational over N, then S + T is also rational over N. 

If S and T are convex polytopes, then S + T is also a convex polytope. 

If S and T are convex polyhedral cones, then S + T is also a convex polyhedral 
cone. 

Corollary 9.10. Consider any convex pseudo polytope S in V and any convex 
polyhedral cone AinV. 

S + A is a convex pseudo polytope in V, stab(5 f + A) = stab(S') + A, stab(5 f + 
A) v = stab(S) v n A v and S(5 + A|V) = Z{S\V)r)T{A v \V). 

If S and A are rational over N, then S + A is also rational over N. 

S C S + A. For any cu e stab(5 + A) v , we have lo e stab(S') v , ord(a;,5) = 
ord(u;, S + A), and A(w, S) = A(cv, S + A) n S. 

Lemma 9.11. Consider any rational simplicial cone A over N inV with dim A = 
dimF and any subset XofV such that X C ({a} + A) n (l/m)N for some a e V 
and some m G Z + . 

There exists a finite subset Y of X satisfying conv(X) + A = conv(y) + A, and 
conv(X) + A is a rational convex pseudo polytope over N in V . 

Remark . The subset XofV above is not necessarily finite. 

Lemma 9.12. Let k be any field. Let A be any complete regular local ring such that 
dim A > 1, A contains k as a subring, and the residue field A/M(A) is isomorphic 
to k as algebras over k. Let P be any parameter system of A. Let <j) be any non-zero 
element of A. 

(1) The Newton polyhedron T+{P,4>) of over P is a rational convex pseudo 
polytope over map(P,Z) mmap(P,R). stab(r+(P, 0)) = map(P,M )- T + {P,<j>) C 
map(P,K ). 

(2) The normal fan S(r + (P, <p)\ma,p(P, R)) of T + (P,<p) is a rational fan over 
map(P,Z)* inmap(P,IR)*. |S(r+(P»|map(P, R))| = map(P, M ) v |map(P, R). 

(3) The Newton polyhedron T + (P,<p) has a vertex. The skeleton V(r + (P, </>)) 
ofT + {P,4>) is a non-empty finite subset o/map(P, Z ), and V(T + (P, <f>)) is 
the union of all vertices of T + (P, <fi) . 

V{T + (P,<f>)) ={a e T + (P,<j>)\ There exists lo e map(P, M ) v |map(P, R) such that 

for any b G T + (P, (f) with (lo, b) = (lo, a), we have b = a}. 

(4) c(T + (P,4>)) = ttE(r + (P»|map(P,R))° = «V(r + (P,0)) = tF(T+(P, 4>))o 
= the number of vertices of T + (P, <f>) . 

(5) For any lo G map(P, R ) v |map(P, R), we have 

ord(P,w,0) = ord(w,r+(P,(/))|map(P,R)), and 
in(P, lo, 4>) = ps(P, A(lo, T+ (P, 0)|map(P, R))». 
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(6) c(r+(P, <j))) = 1, if and only if, <fi has normal crossings over P. 

(7) If dim A = 1, then c(T + (P,<j>)) = 1. 

(8) If ip E A, us E A and <j> = tpw, then 

r+(p,0) =r+(p» + r + (/», 

S(r+(P,0)|map(P,R)) =S(r + (P,^)|map(P,R))nE(r + (P,w)|map(P,R)). 
Lei z E P be any element. 

Let A' denote the completion of k[P — {z}} by the maximal ideal k[P — {z}} n 
M(A) = (P — {z})fc[P — {z}]. TTie rirej A' is a complete regular local subring of A 
and M (A') = M(A) n A' = (P - {z}) A'. T/ie set P - {z} is a parameter system of 
A'. 

(9) Assume that T+(P,<j)) is of z-Weierstrass type. 

(a) If ip E A, uj E A and <f> = ipu, then both T + (P,ip) and T + (P,uj) are of 
z-Weierstrass type. 

(b) height(z, T + (P, (/)) )= ^ T + (P, 4>) has only one vertex^ c(T + (P, 4>)) = 
1 <=>■ (fi has normal crossings over P. 

(c) The Newton polyhedron r + (P,<f>) has a unique z-top vertex. 

Below, by {ai} we denote the unique z-top vertex ofT + (P,<f>). Let b = 
ord(P, /f v , 4>) e Z and let h = height(z, T+(P, <j>)) e Z . 

(d) Consider any a G T + (P, 0) . TTie equality {f£ v , a) = ord(P, v , 0) 
ftoZds /or any ieP - {z} a — Oi € Ro/f ■ 

(e) </f,ai>=6 + fc. 

(f) Tftere exist uniquely an invertible element u G A x and a mapping 
4>' : {0, 1, . . . , ft - 1} -> M (A') satisfying 

h-l 

<t>=u{ n ^ v <^)zv+e<^)' 

ief-{z} i=o 

and 0'(O) t^O if ft > 0. 

(10) Tfte following two conditions are equivalent: 

(a) Tfte Newton polyhedron T+{P,4>) is of z-Weierstrass type. 

(b) There exist uniquely an invertible element u G A x , a mapping c : 
P— {z} — >■ Zo, and a z- Weierstrass polynomial ip G A over P satisfying 

cp = u Yl xC{x) ^ 

x£P-{z} 

(11) //dim A = 2, then T + (P,<fi) is z -simple. 

(12) IfT + {P,4>) is z-simple, then T + (P,(f>) is of z-Weierstrass type. 

(13) Let r = c(T + (P, <fr)) G Z + . TTie Newton polyhedron T + (P, </>) is z-simple, if 
and only if, the following three conditions are satisfied: 

(a) For any a G V(I+(P, 0)) and any b G V(I+(P, </»)), (./f v , a) = (/f v , b) , 
if and only if, a = b. 

Below we take the unique bijective mapping a : {1, 2, . . . , r) — > V(r + (P, 0)) 
sate/yiny (/f v ,a«) > (/f v , a(i + l)) for any i G {1,2, . . . ,r-l}, i/r > 2. 

(b) Por any x G P- {z} ; (,/f v , a(2) - a(l)) > 0, i/r > 2. 

(c) Por any i G {1, 2, . . . , r — 2} and any x G P — {z} 7 

Of v , a(» + 1) - o(i)) Cff v , o(j + 2) - a(» + 1)) 
(/f v, a (i) - a(i + 1)) " (fP v, a(i + 1) - a(i + 2)) ' 
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ifr > 3. 

Furthermore, if the above equivalent conditions are satisfied, then the 
following claims hold: 

(d) There exists x £ P - {z} with (/ P v , a(2) - a(l)) > 0. 

(e) For any i £ {1, 2, . . . , r — 2}, iftere ezisfs x £ P — {z} with 

jf™ Mi + 1) - gffl) , OTX* + 2) - a(j + 1)) 
(fP v, (i) - a(t + 1)) < </f v , a(t + 1) - a(t + 2)) ' 

ifr > 3. 

(14) Assume that T + (P,ip) is z-simple. If ip £ A, u £ A and </> = tpu), then both 
T + (P,tp) andT + (P,uj) are z-simple. 

(15) Assume that r + (P,<f>) is of z-Weierstrass type. Let {ai} denote the unique 
z-top vertex of T + (P,(j>). We take an invertible element u £ A x and a 
mapping <$>' : {0, 1, . . . , h — 1} — > M(A') satisfying 

h-i 

i£P-{z) i=0 

and(j)'(0) ^ ifh > 0. Then, T + (P, 4>) is z-simple, if and only if, there exist 
positive integer r, and a mapping c : {1, 2, . . . , r} — > map(P, Z ) satisfying 
the following conditions: 

(a) 1 < r < ft + 1. r = 1 ft = 0. 

(b) c(l) = ft/f. (/f v ,c(r))=0. 

(c) for any i G {1, 2, . . . , r — 1}, we have (/ Pv ,c(i) — c(i + 1)) > 0, if 
r > 2. 

(d) For any x £ P — {z}, we have 

</ P \c(2)-c(l)>>0, 

ifr > 2. 

(e) There exists x £ P — {z} with 

(/f v ,c(2)- C (l))>0, 

ifr > 2. 

(f) For any i £ {1, 2, . . . , r — 2} and any x £ P — {z}, we have 

(fr,c(i + 1) - c(i)) (fTMi + 2) - c{i + 1)) 
</f \ c(i) c(i + 1)) " (fr,c(i + 1) - c(i + 2)) ' 
ifr > 3. 

(g) For any i £ {1, 2, . . . , r — 2}, there exists x £ P — {z} with 

(fP\c(i + 1) - c(i)) (fP\c(i + 2) - c(i + 1)) 
</f v , c(i) - c(t + 1)) </ P v , c(t + 1) - c(t + 2)) ' 
ifr>3. 

(h) For any i € {2, 3, . . . , r} and any x £ P — {z}, we have 

ord(P,/ x Pv ^'((/f V ,c(i)))) = (/f.cfl), 
i/r > 2. 

(i) For any i £ {1, 2, . . . , r — 1}, any j e Z roitft 

</f V(* + !)}<. 7 <</fV«> 
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and any x € P 
ord{P,f™,<t>'(j))> 



have 



(fP\ c (i)-c(i + l)) 
ifr > 2. 



j-(f™,c(i + l)) 

{fr,c(i)-c{i+i)) 



10. Star subdivisions 
We study star subdivisions of regular fans. 

Let V be any vector space of finite dimension over R, let TV be any lattice of V, 
let E be any regular fan over N in V with dim E > 1, and let F E E be any element 
with dimF > 1. For simplicity we denote the barycenter bp/N of F over N by 6. 

& s f° n iv. 

Lemma 10.1. Consider any element A E £ satisfying A + F E S and F E\ A. 

(1) A+R 6 «s a n^ufar cone ewer iV m V. R & € J"(A+R &)i- A € JXA+Roo) 1 . 
R o iinA = {0}. R b = A°p|(A + R 6). A= (R o) op |(A + R b). 

(2) A + R b C A + F E E/F. (A + R 6)° C (A + F)°. If dim F=l, then 
R b = F, and A + R b = A + F. If dimF > 2, then A + R b ^ A + F . 

(3) dim(A + R 6) = dimA + 1 < dim(A + F). A°p|(A + F) e J*(F) C F(A + F). 
dim(A°P|(A+F)) > 1. dim(A°P|(A+F)) = 1 <=> dim(A+R fc) = dim(A+F). 

(4) For any A' e J"(A), we have A' + FeS, and F A'. F(A) C (£/F) fc - 
(E/F). 

(5) {A' + R o|A' e F(A)} = F(A + R 6)/R 6 c J*(A + R 6). F(A) = F(A + 
R b) - (F(A + R b) /R b) C J*(A + R 6). 

(6) For any A' e E — (E/F), we We (A + R a b) n A' = A n A' e F(A'), and 
AnA'e F(A)c F(A + R &). 

Definition 10.2. We denote 

E * F = (E - (E/F)) U {A e 2 V |A = A + R 6 for some A E E 

satisfying A + F E E and F £ A} C 2 V , 

and we call E * F the star subdivision of E with center in F, or the sfar subdivision 
of E aZong F. 

Lemma 10.3. (1) E * F is a regular fan over N in V . E * F is a subdivision 
o/E. |E*F| = |E|. dimE*F = dimE. If E max = E°, t/ien (E * F) max = 
(E * F)°. 7/E is fiat, them E * F is afeo flat. 

(2) R 6e(E*F)!. |E*F/R o|° = |E/F|°. 

(3) (E * F) - (E * F/R 6) = E - (E/F). E * F/R fo = {A E 2 V \A = A + 
R b for some A E E satisfying A + F E E and F £ A}. 

(4) If dimF = 1, then R a b = F E £i and E * F = E. 7/ dimF > 2, tften 
R & £ E, E * F ^ E, (E * F)i = E x U {R b}, and jJ(E * F)i = )JEi + 1. 

(5) Consider any A E E * F/R 6. We denote A = (R 6) op |A E J*(A). 

(a) A = A + M fe. A n R & = {0}. R a b E F(A) 1 . A E F(A) 1 . 

(b) A + F = A + F E E. A° c (A + F)° = (A + F)°. 

(6) (E*F) max — (E*F/R &) = £ max — (E/F). (E*F) max n (E*F/R 6) = {A E 
2 V \A = (F°p|A) + R Q b for some E E F(F) 1 and some A E E max /F}. 
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Example 10.4. Assume dimT^ > 3. Consider any regular cone S over N in V 
with dim S = 3. Let E(1),E(2),E(3) denote the three edges of S. We denote 
Hi) = b E (i)/N € E(i)°f]N for any i e {1, 2, 3} for simplicity. E(i) = R b(i) for any 

ie {1,2,3}. 

Put 

T(l) = Ro6(l) + Ro(6(l) + 6(2)) + R (6(l) + 6(3)), 

T(2) = M 6(2) + Ro(6(2) + 6(3)) + K (6(2) + 6(1)), 

T(3) = M 6(3) + Ro(6(3) + 6(1)) + R (b{3) + 6(2)), 

T(4) - Ro(6(l) + 6(2) + 6(3)) + K (6(l) + 6(2)) + K (6(l) + 6(3)), 

T(5) = Ro(6(l) + 6(2) + 6(3)) + K (6(2) + 6(3)) + K (6(2) + 6(1)), 

T(6) = Ro(6(l) + 6(2) + 6(3)) + K (6(3) + 6(1)) + K (6(3) + 6(2)). 

For any i £ {1, 2, . . . , 6}, T(i) is a regular cone over N in V with dimT(i) = 3. 

Let $ = { Jie{i.2,....6}J 7 (T(i)) C 2 V . $ is a regular fan over N in V. dim$ = 3 
and |$| = 5. $ is a subdivision of the regular fan F(S) with |$| = | J r (>S') j . 

For any F G J r (5')2, Ro6f/]v e $, and $ is not a subdivision of J"(5) * F. 

^■obs/N € ^> an d $ is not a subdivision of F(S) * S. 

11. Iterated star subdivisions 
We study iterated star subdivisions of regular fans. 

Let V be any vector space of finite dimension over R, let TV be any lattice of V, 
and let £ be any regular fan over N in V with dim S > 1 . 

Definition 11.1. Let m e Z be any non-negative integer. We call a mapping 
F from {1,2,..., m} to the set 2 V of all subsets of V satisfying the following two 
conditions a center sequence of S of length m: 

(1) F(i) is a regular cone over N in V and dim F(i) > 2 for any i € {1, 2, ... , to}. 

(2) There exists uniquely a mapping S from {0,1,..., m} to the set of all 
regular fans over N in V satisfying the following two conditions: 

(a) S(0) = S. 

(b) F(i) e S(i - 1) and E(i) = E(i - 1) * for any i e {1, 2, . . . , to}. 

Consider any to e Z and any center sequence F of E of length to. There exists 
uniquely a mapping E from {0, 1, . . . , to} to the set of all regular fans over TV in V 
satisfying the above two conditions (a) and (6). Since regular fan E(to) is uniquely 
determined by E and the center sequence F of E, we denote E(to) by the symbol 

H*F(T)*F(2)*---*F(m), 

and we call E * F(l) * F{2) * ■ ■ ■ * F(m) the iterated star subdivision of E along the 
center sequence F of S. 

Consider any regular fan $ over N in V. If $ = E * -F(l) * ^(2) * • • • * F(m) 
for some to e Z and some center sequence F of E of length to, then we call $ an 
iterated star subdivision of E. 

Lemma 11.2. Consider any to <G Z and any center sequence F o/E of length to. 

(1) E * F(l) * F(2) * ■ ■ ■ * F(m) is a regular fan over N in V. dimE * F(l) * 
F(2) * • • • * F(m) = dimE. E * F(l) * F(2) * • • • * F(m) is a subdivision of 
E. |E * F(l) * F{2) * •• • * F(m)\ = |E|. 7/E max = E°, then (E * F(l) * 
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F{2) * • • • * F(m)) max = (E * F(l) * F{2) * • • • * F(m))°. // E is flat, then 
E * * F(2) * • • • * F(m) is also flat. 

(2) E * F(l) * F(2) * • • • * F(m) = E, i/ m = 0. 

Ifm — 1, then E * F(l) * F(2) * • • - *F(m) is equal to the star subdivision 
E * F(l) o/ E wii/i center in F(l). 

(3) 7/ dim E = 1, tfien to = and E * F(l) * F(2) * • • • * F(m) = E. 

(4) For any i £ {0,1,..., m}, the composition of the inclusion mapping 
{1,2, ... ,i} — > {1,2,..., m} and F : {1,2,..., m} — > 2 y is a center se- 
quence of E o/ lemgth i. 

(5) Assume m > 1 and consider any i G {1,2,..., to}. dimF(i) > 2. F(i) G 
E * F(l) * F(2) * ■ ■ ■ * F(i - 1). C |E|. (E * F(l) * F(2) * • • • * F(i - 
1)) * = E * F(l) * F(2) * • • • * F(i). 

(6) Assume to > 2 and consider any i G {1,2, ...,m}. TTie mapping G : 
{1,2,..., to— i} — > 2 y satisfying G(j) = F(i+j) for any j G {1,2,..., to— i} 
is a center sequence o/E*F(l)*F(2)*- • -*F(i) of length m—i, and (E*F(1)* 
F(2)*- ■ -*F(i))*F(i + l)*F(i + 2)*-- -*F(m) = E*F(1)*F (2)*- • -*F(m). 

(7) (E*F(1) *F(2) * ••• * F(m))i = Ej U {K 6 FW/7V |i G {1, 2, . . . , to}}. Ej n 
{Ko^F(i)/ivN G {1)2, ...,m}} = 0. for any i G {1,2,..., to} and any 
j G {1, 2, . . . , m}, Ko&f(»)/jv = K 6 F (j)/iv, */ a™d onZy i/ 7 i = j. 

t((S * F(l) * F(2) * • • • * F(m))i = jJEi + m. 

(8) For any I G Zo and any center sequence G of E * -F(l) * F(2) * • • • * F(m) of 
length I, the mapping H : {1, 2, . . . , m + ^} — > 2 y satisfying H(i) = F(i) for 
any i G {1, 2, . . . , to} and 7? (i) = G(i—m) for any i G {m+1, to+2, . . . , to+ 
^} is a center sequence o/E o/ length m + t and E*.F(1)* F(2) * • • ■* F(m) * 
G(1)*G(2)*---*G(£) = (E*F(1)*F(2)*- • ■*F(m))*G(l)*G(2)*- ■ -*G(^). 

Consider any non-empty subset $ o/ E satisfying $' c = $. $ is a regular fan 
over N in V. |$| G |E|. 

(9) Lef £ = )J{i G {1, 2, . . . , m}|F(i) C |$|} G Z and Zei i/ : {1, 2, • • • ,£} -> 
{1,2,..., to} 6e the unique infective mapping preserving the order and sat- 
isfying 2, ■■■,*}) = {i G {1,2,..., m}\F(i) c |*|}. 

The composition Fv is a center sequence o/$ of length I, and §*Fv(l)* 
Fv{2) * • • • * Fv(t) = (E * F(l) * F(2) * • • • * F(m))\|$| c E * F(l) * F(2) * 
• • • * F(m). 

(10) If F(i) C |$| /or any i G {1,2, ...,m}, t/ien i/ie sequence F is a center 
sequence of $ of length m, and $ * F(l) * F(2) * • • • * F{m) = (E * F(l) * 
F(2) * • • • * F(m))\|$| C E * F(l) * F(2) * • • • * F(m). 

(11) For any neZ and any center sequence G of $ o/ length n, the sequence 
G is a center sequence of E o/ length n, and $ * G(l) * G(2) * • • • * G(n) = 
(E * G(l) * G(2) * • • • * G(n))\|$| C E * G(l) * G(2) * • • • * G(n). 

Example 11.3. Assume dimF > 3. Consider any regular cone S over N in V 
with dim S = 3. Let E(l), E(2), E(3) denote the three edges of S. We denote 
Hi) = b E (i)/N € E(i)°f]N for any i G {1,2,3} for simplicity. E(i) = R b(i) for any 
ie {1,2,3}. 
Let 

F(l) = R b{l) + Ko6(3), F(2) = M fe(2) + R 6(3), 

G(l) = Ro(b(l) + 6(3)) + Ro6(2), G(2) = R (6(2) + 6(3)) + R 6(l). 

dimF(l) = dimF(2) = dimG(l) = dimG(2) = 2. 
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We consider two mappings H and H from {1, 2, 3} to 2 V satisfying (H(l), H(2), 
ff(3)) = (F(1),F(2),G(1)) and (F(l), H(2), H (3)) = (F(2), F(l), G(2)). Map- 
pings F and F are center sequences of the regular fan T(S) of length 3. 

F(S) * F(l) * F(2) * G(l) = F(S) * F(2) * F(l) * G(2). 

12. SlMPLENESS AND SEMISIMPLENESS 

Simpleness and semisimplcncss of fans or convex pseudo polytopes are important 
concepts. 

Let V be any vector space of finite dimension over R with dim V > 1, let N 
be any lattice of V, let E be any fan in the dual vector space V* of V such that 
the support |£| of £ is a regular cone over the dual lattice TV* of N in V* and 
dim|£| > 1, let H G F(|£|)i be any edge of the regular cone |E|, let S be any 
convex pseudo polytope in V such that |E(5|y)| = stab(S') v |y is a regular cone 
over N* in V* and dim|£(S|V)| > 1, and let G G F(|£(S|V0|)i be any edge of the 
regular cone |E(5|V)|, where £(S|V) denotes the normal fan of S. 

We denote L = Btab(S)n(-stab(S)) = vect(|£(S|y)|) v | V* C V and £ = dim L G 
Zq. L is the maximum vector subspace over R in V contained in stab(S'). Recall 
that V(S) = \T{S)i\ denotes the skeleton of 5". 

Note that for any E G F(|E(5|F)|)i, any F G F(S , ) <! , any a G F and any 
& G F, F c |E(£|V)| C vect(|E(S'|V)|), and we have (b E/N .,a) = (b E/N *,b). 
(Theorem iH7.) 

Definition 12.1. (1) We say that E is semisimple, if dim A > dimE — 1 for 
any A G E with A° C |E|°. 

(2) We say that E is of H-Weierstrass type, if K op ||E| G E. 

(3) We say that E is H-simple, if E is semisimple and E is of F-Weierstrass 
type. 

(4) We say that S is semisimple, if dim F < I + 1 for any face F of S with 
stab(F) = L. 

(5) We say that S is of G- Weierstrass type, if there exists a face F of 5 with 
A(F,S\V) = G°p||E(5|F)|. 

(6) We say that 5 is G-simple, if 5 is semisimple and 5 is of G- Weierstrass 
type. 

(7) Let F G F(S , )f be any minimal face of 5. 

We say that F is G-top, if (bc/N', ) — max {(&G/A r * , c ) l c G V(5)} for 
some a G F. 

We say that F is G-bottom , if (b G / N *,a) = mm{(b G / N ,, c)|c G V(5)} 
for some a G F. 

(8) We define 

height (G, S 1 ) = max{(6 G/7V . , c) |c GV(S)}- mm{{b G/N *, c)\c £V(S)}eI 0i 
and we call height(G, S) G-height of S. 

Lemma 12.2. (1) 5 is semisimple, if and only if, T,(S\V) is semisimple. 

(2) S is of G- Weierstrass type, if and only if, T,(S\V) is of G- Weierstrass type. 

(3) Note that L C vect(G°P||E(S'|y)|) v |y* C V and dimvect(G°P||E(S'|y)|) v 
\V*=£+1. LetW = V/vect(G op \\Y,(S\V)\) v \V* denote the residue vector 
space, and let p : V — > W denote the canonical surjective homomorphism 
of vector spaces over WLtoW. 
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p(N) is a lattice in W , p(S) is a convex pseudo polytope in W , stab(p(S')) 
is a regular cone over p(N) in W, and dimstab(p(S')) = dimW^ = dimT^ — 

S is of G-Weierstrass type c(p(S)) = 1 there exists c g S satisfying 
ord(b E/N ,,S\V) = (b E/N .,c) for any E g ^(|E(S|V)|)i - {G}. 

(4) Assume that S is of G-Weierstrass type. S has a unique G-top minimal 
face. c(S) = 1, if and only if height(G, S) = 0. 

(5) S is G-simple, if and only if, Y,(S\V) is G-simple. 

(6) 7/dim|E|=l, then E = J"(|S|). 

//dim|E| < 2, then E is H -simple. 

//dim|E(S'|V)| = I, then S = {a} + stab(S) for some a e S. 
If dim \T,(S\V)\ < 2, then S is G-simple. 

(7) Let k be any field. Let A be any complete regular local ring such that 
dim A > 1, A contains k as a subring, and the residue field A/M(A) is 
isomorphic to k as algebras over k. Let P be any parameter system of 
A. Let z £ P be any element. Let cf> g A be any non-zero element. We 
consider the Newton polyhedron T + (P,4>) in the vector space map(P, K). 
(See Section^) Let G z = K /f v € -7 r (map(P, R a ) v |map(P, R))i . 

r_|_(P, (f>) is of z-Weierstrass type, if and only if, it is of G z -Weierstrass 
type. 

r + (P, (f>) is z-simple, if and only if, it is G z -simple. 
height(z,r + (P,^)) = height(G z ,r + (P»). 

(8) Let F g J 7 (S)e be any mimimal face of S. 

F is G-bottom »Fc A(b G / N *,S\V) <sGc A(F,S\V). 
IfF is G-top, t/iendim(A(P,S , |V r )n(G°P||S(S'|V r )|)) = dim |S(S'|V r )| - 1 
and A(F,S\V) C (A(P, S\V) H (G°p| \Z{S\V)\)) + G. 

(9) IfT, is semisimple, then HE = |j{A g E^A C |E|°} + 1. 

(10) Let A be any regular cone over N* in V* satisfying A C |E| and dim A > 1. 
// E is semisimple, then EnJ r (A) is also semisimple. 

(11) // E is semisimple, then E\A is also semisimple for any A g ^(lEl) with 
dim A > 1 . 

(12) Assume that E is of H-Weierstrass type. For any A g E°, 

dim(An (P op ||E|)) = dim|E| - 1, if and only if A D P op ||E|, and there 
exists only one element A g E° satisfying these equivalent conditions. 

(13) If T, is of H-Weierstrass type, then E\A is also of H-Weierstrass type for 
any A g J"(|E|)/PT. 

(14) // E is H-simple, then E\A is also H-simple for any A g J-"(|E|)/P\ 

(15) Assume that E is H-simple. We denote E 1 = {A g E^A C |E|°} U 
{P°p||E|}. 

(a) P°p||E| g E 1 C E 1 . (IE = (JE 1 . 

(b) We denote A < A, if A + H D A + H for any A g E° and any A g E°. 
Then, the relation < is a total order on E°. 

(c) We denote A < A, if A + H D A + H for any A g E 1 and any A g E 1 . 
Then, the relation < is a total order on S . 

Let r = )JE = jjE 1 g Z+. 

We consider the total order on E° described in (b). Let A : {1,2, ... ,r} — > 
E° denote the unique bijective mapping preserving the order. 
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We consider the total order on E 1 described in (c). Let A : {1, 2, . . . , r} — > 
E 1 denote the unique bijective mapping preserving the order. 

(d) Consider any i G {1,2, ... ,r} and any E G J"(|E|)i — {if}. There 
exists a unique real number c(E, i,£)eR depending on the pair (i, E) 
satisfying b E / N * + c{T,,i,E)b H i N * G vect(A(i)). 

Below we assume c(E, i, E) G R and b E /jv*+c(E, i,E)bfj/N* € vect(A(i)) 
/or any i G {1, 2, . . . , r} and any E G ^7 r ( | S | ) i — {if}. 

(e) For any i G {1,2,..., r} 7 A(i) = convcone({o s /7v*+c(E, i, E)b H / N * \E G 

J-dSI)!-^}}). 

(f) For any T G E 1 , T = vect(T) n |E|. 

(g) For any F G - {if } ; c(E, 1, F) = 0. 

(h) Ifr>2, then c(E, i, F) < c(E, i + 1,E) for any i & {1, 2, . . . , r - 1} 
and any F G F(|E|)i - {if}. 

(i) f/r > 2 and i G {1,2,. . . ,r - 1}, then c(Y,,i,E) < c(E,i + 1,F) /or 
some F G F(|E|)i - {if}. 

(j) E is rational over N*, if and only if, c(E,i,F) G Q /or any i G 

{2,3,..., r} and any F G F(|E|)i - {if}, 
(k) f/r > 2,_tten A(i) = A(i) + A(i + 1) /or any i G {1, 2, . . . , r - 1}. 
(1) A(r) = A(r)+H. 
(m) {A G E|A t |F(|E|)/ff |} = S°US 1 . 
(n) A(l) = ff° p ||E| C d\n. E°/A(l) = {A(l)}. 

For any * e {2, 3, ... , r}, A(i)° C |E|°, A(i) <£ 0|E|, and E°/A(i) = 

{A(i-l),A(i)}. 
(o) if C A(r). E x \A(r) ={A(r)}. 

For any i e {1, 2, . . . , r - 1}, if <f- A(i), E 1 \A(«) = {A(i), A(t + 1)}. 
(p) Ifr>2, then A(i) n A(j) = A(i + 1) n A(j) /or any i G {1, 2, . . . , 

r — 1} and any j G {2, 3, . . . , r} tozf/i i < j. 
(q) Consider any uj G vect(ff op ||E|). 

Tafce i/ie unique function u> : F(ff op ||E|)i — > M satisfying uj = 

Z)Be^(jfop||E|)i u(E)b E/N , . For any i G {1, 2, . . . , r} 7 pwt = 

EBe^ijopiisi)! w(F)c(E,i,F) G R. 

(i) = 0. 

(ii) For any i€{l,2,...,r} } i/ie following claims hold: 

(A) ({w}+R 0jf /;v.)Qvect(A(i)) = { w + f,(j)& H/Jv .}. 

(B) iu + t{i)b H/N , G A(i) w G if°P||E|. 

(C) w + t(i)b H/N . eA(i)°»we (if°P||E|)°. 

(iii) TTie following claims hold for any i £ {1,2, . . . ,r — 1}, if r > 2. 

(A) f/w G ff op ||E| 7 tAen < i(i + 1). 

(B) ({a;} + Rb H / N * ) (~l A(i) 

_ Uuj + tb H/N *\t G R,f(i) < t < t(i + l)} ifu e ff op ||E|, 
~ \0 i/w £if°P||E|. 

(C) f/w G (ff op ||E|)° ; t/ien < i(i + 1). 

(D) ({u}+Rb H/N ,)nA(i)° 

({u + tb H/N ,\teR,t(i) <t<t(i + l)} ifuE (if op ||E|)°, 
[0 z/a; ^ (Ff°P||S|)°. 
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(iv) ({u}|Bi fl/J ,.)nA(r) 

{{uj + tb H/N ,\t e R,t(r) < i/w e # op ||E|, 
[0 i/w 0if op ||E|. 

(v) (M + M6 H/JV ,)nA(r) 

f{o; + t6 H/A r»|te]R,t(r) < i} if ui E (ff°P||E|)°, 
[0 tfw£(tf° p ||E|)°. 

(r) Le£ 7r : vect(|E|) — > vect(iif op ||E|) denote the unique surjective homo- 
morphism of vector spaces over M satisfying n (0) = vect(i?) and 
ir(x) = x for any x E vcct(i7 op ||E|). 

7r(|E|) = H°p\\Z\. For any AeS, tt(A) e T{H°v\ |E|), 7r _1 (7r(A)) n 

meT(\X\)/H. 

For any A E E vect(-ff) C vect(A), dini7r(A) = dim A - 1. 
For any A E E wii/i vect(-ff) ^ vect(A), dini7r(A) = dim A. 
for any A e E witt A <£ ff op ||E| ; A° C (^(^(A)) n |E|)°. 
(s) // A E E, A e J"(|E|), A° C A and A £ tf op ||E|, tfien C A, and 
dim A = dim A or dim A = dim A — 1 . 

// A E E, A E J*(|E|), A° C A° and A C i? op ||E|, then A = A and 
dim A = dim A. 

(16) Assume that E is H -simple. Consider any A E F(|E|)/iF 

We use the same notations E 1 , r, A and A as above. We denote E\A X = 

{r e E\A|r° c A } u {H op \A}. 

(a) r E {i E {1, 2, . . . , r}| dim(A(i) n A) = dim A} ^ 0. 

Put f = (t{i e {1,2, ...,r}|dim(A(i) n A) = dim A} E Z+. Let i/ : 
{1, 2, . . . , f} — >• {1, 2, . . . , r} be the unique injective mapping preserving the 
order and satisfying 2, . . . , f}) = {i E {1,2,..., r}\ dim(A(i) n A) = 

dim A}. 

(b) 1 < f < r. v(f) = r. 

(c) «(E\A)° = ftEVV 1 = r. 

(d) (s\A)° = {Ai/(i)nA|*e{i,2,...,f}}. 

We consider the total order on (E\A)° described in 15.(6). 

The bijective mapping {1, 2, . . . , f} -> (E\A)° sending i E {1, 2, . . . , f } 

to A v(i) n A E (E\A)° preserves the order. 

(e) E\A 1 ^{A^(z)nA|ze{l,2,...,f}|. 

We consider the total order on E\A* described in 15. (c). The bijective 
mapping {1, 2, . . . , f} — >■ E\A 1 sending i E {1, 2, . . . , f } to Az/(i) n A G 
E\A* preserves the order. 

(f) For any j El with 1 < j < A(j) nA = Ai/(1) n A. 

For any i E {2,3,...,f} and any j E Z wif/i — 1) < j < 
A(j)nA = Ai/(i)nA. 

(g) For any j El with 1 <j < v{\), A(j) n A = Az/(1) n A. 

For any i E {2,3,...,f} and any j £ Z wif/i — 1) < j < v{i), 

A(j) n A = Ai/(i) n A. 
Consider any A E J-(S)i and any E E F(\Yi(S\V)\)\. For any a E A, the real 
number (b E / N ,,a) does not depend on the choice of a E A and it depends only on 
A and E. We take any a E A and we define (b E / N , , A) = {b E / N , , a). 
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(17) S is G-simple, if and only if, the following three conditions are satisfied: 

(a) For any A G J 7 (S)e and any A G J 7 (S)e, (b G / N *,A) = (b G / N *,A), if 
and only if A = A. 

We assume that the first condition is satisfied. Let r = c(S). Let A : 
{1,2, ... ,r} — > J 7 (S)e be the unique bijective mapping satisfying {b G / N * , A(i— 
1)> > (b G /N* , Aii)) for anyie{2,3,...,r},ifr>2. 

(b) (b E/N .,A(2)) > (b E/N .,A(l)) for any E G F{\L(S\V)\)i - {G}, if 
r > 2. 

(c) 

(b E/N ,,A(i)) - (b E/N .,A(i-l)) < (b E/N ,,A(i + l)) - (b E/N .,A(i)) 
(b G/N , , A(i - 1)) - (b G/N , , A(i)) ~ (b G/N , , A(i)) - (b G/N , , A(i + 1)) ' 

for anyie {2, 3, . . . , r- 1} and any E G .F(|I!(S|V)|)i - {£?}, if r > 3. 

(18) Assume that S is G-simple. Let r = c(S) G Z+. Let A : {1,2, ... ,r} — > 
J r (S)i betheunique bijective mapping satisfying (b G /N*,A(i—l)) > (b G /N*, A(i)) 
for any i G {2, 3, . . . , r}, if r > 2. 

We denote E^y) 1 = {A G E^I^A C |E(S , |F)| }U{G°p||S(5|F)|} C 
E^F) 1 , and A G = A(G°p||E(S , |V)|, |E(S|V)||V*) G T(st&b(S)) e+1 . The 
following claims hold: 

(a) There exists E G J"(|S(5|F)|)i - {G} with (b E/N ,,A(2)) > (b E/N ,, 
A(l)), ifr>2. 

(b) For any i G {2,3, ... ,r - 1} t/iere exists £ G J"(stab(S*) v - {G} 
(bg/Af.,A(i)) - (& £/A r»,A(»- 1)) (b g/Jv .,il(i + l)) - 

(6 G/JV . , i4(i - 1)) - (b G/N , , A(i)) < (b G/N , , - {b G/N , , 4(i + 1)) ' 

ifr > 3. 

(c) A(l) + A G eT(S) e+1 . stab(A(l) + A G ) = A G . A(A(1) + A G , S\V) = 
G°p||E(S|V)| G Z(SIV) 1 . 

If i G J/S^+i and stab(i) = A G , then A = A(l) + A G . 

(d) conv(A(i - 1) U A{i)) G stab(conv(A(i - 1) U A{i))) = L, 
A(conv(A(i-l)uA(i)),S\V) G E(S'|F) 1 7 and A(conv(,4(i- l)UA(i)), 
5|F)° C |E(S*|F)|° /or anyi G {2,3,...,r}, tfr > 2. 

If A e T(S) t+1 and stab(A) = L, then r > 2 and i = conv(A(« - 1) U 
A(i)) for some i G {2, 3, . . . , r}. 

(e) E(SIF) 1 = {A(A(1) + A G , S| V)} U {A(conv(A(i - 1) U S| V)|i G 
{2,3,. ..,r}}. 

(f) We define a bijective mapping A : {1, 2, . . . , r} — > J^(SlV) 1 by putting 
A(l) = A(A(1) + A G , SIV) and A(i) = A(conv(A(i - 1) U ^V) 
/or any i G {2, 3, . . . , r}. For any i G {1, 2, . . . , r} and any E G 
J r (|E(S'|F)|)i-{G} ; we take a unique real number c(E(S\V),i, E) G R 
satisfying b E /w* + c(E(S\V), i, E)b G m* G vect(A(i)). 

For any i G {2,3,..., r}, A(i - 1) + G D A(i) +_G, ifr>2. 

If we define a total order described in 15. (c) on E(5|F) 1 , i/ie mapping 

A preserves the order. 

For any i G {2, 3, . . . , r} and any £ G J"(|£(S|V)|)i - {G}, 
{b E/N ,,A(i)) - (b E/N .,A(i-l)) 



c(Z(S\V),i,E) = 



(b G/N ,,A(i-l))-(b G/N ,,A(i)) : 
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ifr > 2. 

(19) Assume that S is of G-Weierstrass type. Let A be the unique G-top minimal 
face and let a$ G A be any point of A. We denote U = {a G V\(b G / N , a) < 
(b G /N,a )} and W = {a G V\(b G/N ,a) = 0} = vect(G) v |^*. Let f G V be 
any point ofV with (bc/N, f) = 1- We put 

I \ a -( b G/N,a)f 

PW = 17 \~~lh \ G W 

{OG/N,a ) - {b G / N ,a) 

for any a G U and we define a mapping p : U — > W . 

(a) p(S DU) = %, if and only if, c(S) = 1. 

Below, we assume c(S) > 2. Note that the normal fan H(S\V) of S is 
of G-Weierstrass type and there exists uniquely A 6 E(S'|y) with A D 
G op ||E(S , |y)|. We take the unique A e S(S*|V")° with A D G op | |E(5|F)| . 

(b) ^(5* fl U) is a convex pseudo polytope in W with stab(p(S l n U)) — 
stab(S) H W. If S is rational over N, then p(S ("1 U) is rational over 
NOW. 

(c) c(p(S D U)) = 1, if and only if, there exists a vector subspace X ofV* 
such thatdimX = dim V-l, Xn|E(S'|F)| ^ 0, Xn(G op ||I](S'|^)|) = 
and A = (G p||E(S'|F)|) + (Ifl \Z(S\V)\). 

(d) If S is G -simple, then c(p(S PI U)) = 1. 

Definition 12.3. Assume that S is ff-simple. We denote S 1 = {A e S^A C 
|E|°}U{i7 op ||I]|}. 

(1) We call S 1 the H- skeleton of E. 

(2) We call the total order on E° described in Lemma T12.21 15. (b) the H-order. 

(3) We call the total order on E 1 described in Lemma 112.21 15. (c) the H-order. 

(4) We consider the ff-order on E 1 . Let r = (JE 1 € Z+. Let A : {1, 2, . . . , r} -> 
E 1 be the unique bijective mapping preserving the order. Consider any 
% G {1,2,..., r} and any E G 7"(|E|)! - {H}. By Lemma[H2115.(d) there 
exists uniquely a real number c(E,i,E) G R depending on the pair (i,E) 
satisfying b E / N * + c(E, i, E)b H / N , G vect(A(i)). 

We call c(E, i, B) the structure constant of E corresponding to the pair 
(i,E). 



13. Basic subdivisions 

We define the concept of basic subdivisions. The procedure of a basic subdivision 
will be used as a unit for constructing an upward subdivision of a normal fan of a 
Newton polyhedron in Section [17] 

Let V be any vector space of finite dimension over R with dim V > 2 and let N 
be any lattice of V. 

Let H be any regular cone of dimension one over iV in V and let $ be any flat 
regular fan over N in V such that dim$ > 2, H G $i and $ is starry with center 
in if. Note that dim($ - ($/#)) = dim$ - 1 > 1. 

In addition, we consider any non-negative integer m G Zo and any mapping 

£:{l,2,...,m}->($-(*/JT))i. 
For any i G {0, 1, . . . , m} and any E G ($ - ($/iJ))i, putting 

s ( l J) = B({i,2,..., l }n£- 1 (£))eZ , 
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we define a mapping 

«:{0,l,...,m}x($-($/fr))i-).Zo. 

The mapping s is uniquely determined depending on the mapping E. 
For any j € {1,2,..., to}, we put 

F(i) =R (b E (i)/N + s(i - 1, E{i))b H/N ) + HdV, 
G(i) =R (bE(i)/N + s(i - l,E(i))b H/N ) C V, 
H{i) =R (b E{i)/N + s{i, E(i))b H/N ) C V. 

We put 

H(m + 1) = H C V. 

Three mappings are defined. 

F,G : {1,2,...,™} -> 2 V . 

iJ :{l,2,...,m,m + l}^2 v '. 
They are uniquely determined depending on the mapping E. 

Lemma 13.1. (1) For any E e ($ - {<b/H))i, s(0,E) = 0. 

for any i e {1, 2, . . . , m} and any E e ($ - (&/H))i, 



s(i,E) 



s(i-l,E) ifE^E{i), 
s(i-l,E) + l ifE = E(i). 



(2) for any i e {1, 2, . . . , to}, E(i),F(i), G(i),H(i),G(i) + H(i) and E(i) + H 
are regular cones over N in V, dim_E(i) = dimG(i) = dimiJ(i) = 1, 
dimF(i) = dim(G(i) + H{i)) = dim(E(i) + H) = 2, and G(i) + H(i) C 
F(i) C E(i)+H € &i/H. 

(3) For any i G {1,2,..., to}, F(G(i) + H(i)) 1 = {G(i),H(i)}, .F(F(i))i = 
{(?(*), H}, T{E{i) +H) 1= {E(i), H}, b G{i)/N = b E(i)/N + s(i - 1, £)o H/A r, 
bn(i)/N = b E (i)/N + s{i,E)b H /N = &g(»)/jv + 0#/jv = 6f(»)/jv> a«d = 
Ko&F(i)/iv C 

(4) T/ie mapping F is a center sequence o/$ of length m such that dimF(i) = 2 
and C \<&/ H\° for any i € {1,2,..., m}, and it is determined by the 
sextuple! (V, N, H, $, to, E) uniquely. 

The iterated star subdivision $ * F(l) * F(2) * ■ ■ ■ * F{m) of $ along F 
is a regular fan determined by the sextuplet (V,N,H,$ 7 m 7 E) uniquely. 

Below, for simplicity we denote 

fl = $ * F(l) * F(2) * • • • * F(m) C 2 V . 
For any i £ {1, 2, . . . , m}, we put 

fi(i) - (fi/(G(i) + i?(i))) fc c!lc2 v . 

For m + 1, we put 

fi(m + 1) = (Q/i2"(m + l)) fc c!Jc2 y . 
We obtain a mapping 

Q : {1,2,...,to + 1}^2 2 \ 
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Remark . We denote two different objects by the same symbol fi. One satisfies 
ft G 2 2 and the other ft is a mapping from {1, 2, . . . , m + 1} to 2 2 . It is easy to 
distinguish them. 

Lemma 13.2. (1) The iterated star subdivision of $ is a flat regular fan 
over N in V. |0| = |$|. dimfi = dim<f>. vect(|0|) = vect(|<f>|). 

(2) For any i e {l,2,...,m}, G fii, G{i) + H(i) G fi 2; and F(i)° C 
l^/iJl . For any i G {1, 2, . . . , to + 1}, G Oi. 

(3) For any A G |fi\A| = A and 0\A is H-simple. 

(4) n\|$ - ($/#)! = * ($/#)• 

(5) For any i G {1,2,..., to + 1}, is a flat regular fan over N in V, 
dimO(i) = dim$ ; vect(|fi(i)|) = vect(|$|), H(i) G fi(i)i, and Q(i) is 
starry with center in H(i). 

(6) For any i G {1,2,..., m}, G(i) + H(i) = n (E(i) + H) e fi(i) 2 , 

G(i) - |fi(i) - n (G(i) + #(*)) g (fi(i) - c 

n(i) = (n(i)/(G(i) + ff(«))) fc = (fi(i)/G(z)) fc ; and = - 

(fi(»)/G(i))| n (G(i) + H(i)) g - (n(i)/G(»)))i c n(«)i 

(7) For any z G {1, 2, . . . , m} any j G {2,3,...,to + 1} wii/i i < j , fl(i)P\fl(j) — 

- (n(i)/G(i))) n (O(j) - 

(8) 

|*-($/ff)|u( (J = |*| 

i£{l,2,...,m+l} 

(9) For any i G {0, 1, . . . , m + 1}, |$ - ($/i?)| n \Q(i)/H(i)\° = 0. 

For any i G {0, 1, . . . , m + 1} and any j G {0, 1, . . . , to + 1} witft i ^ j, 

\n(i)/H(i)\°n\n(j)/H(j)\° = Q. 

(10) 

($-($/#)) u( |J (n(i)/H(i))) = fi 

»€{l,2,...,m+l} 

(11) For any i G {0, 1, . . . , m + I}, ($ - ($/#)) n {Q.{i)/H{i)) = 0. 

For any i G {0, 1, . . . , m + 1} and any j G {0, 1, . . . , to + 1} with i ^ j, 

(Si(i)/H(i))n{nv)/H(j)) = 9. 

(12) 

U n(i) max = n max 

ie{l,2,...,m+l} 

(13) For any i G {0, 1, . . . , to + 1} and any j G {0, 1, . . . , to + 1} with i ^ j, 

n(i) max n fi(j) max = 0. 

For any t S {0,l,...,m + l}, we denote 

X{i) = |$ - (<&/#)! U ( |J c |$|. 

je{i,2,...,i} 

(14) X(0) = |$- ($/iJ)|. X(m+1) = |$|. 

For any i G {1, 2, . . . , to + 1}, X(i - 1) C X(i), X(i - 1) ^ and 

|n(*)| n x(» - 1) = - (n(i)/H(i))\. 

(15) For any i G {0, 1, . . . , m + 1}, 

X(i) = \*-(*/H)\U( (J 

je{i,2,...,i} 
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and X(i) is a closed subset of |$|. 
For any i G {1, 2, . . . , m}, we put 

= n(i)/G(i) c c 2 y . 

For to + 1, we put 

0°(m + 1) = fi(m + l) C 2 y . 

We obtain a mapping 

ft : {l,2,...,m + 1} 2 2 \ 

Lemma 13.3. (1) For any i G {1, 2, . . . , m + 1}, i/ie following claims hold: 

(a) ft(i) max c fi°(i) C fi(i). (Q(i) max ) fc = ft°(i) fc = Q(i). |Q(i) max | = 

|n°(i)| = |n(i)|D|n°(i)r. 

(b) n°(i) = n(i) = |n(*)| «• » = m + i. 

(c) Ifi ^ m+1, tfien = U (fi(i) - n°(i) n - 

(fi(t)/G(t))) = 0, |n(i)| = |o o (i)|°u|0(i)-(0(i)/G(i))|, and |n°(*)|°n 
|n(i)-(n(i)/G(i))| = 0. 

(d) For any 6 G Vt°{i)/H{i), H{i)°v\Q G - (ft (i)/.ff(i)). For any 
A G - (Q°(i)/H(i)), A + H(i) g Q°{i)/H(i). 

The mapping from Q°(i)/H(i) to Ct°(i) — (0° (i) / H (i)) sending 
9 G Sl°(i)/H(i) to H(i)°P\e G - (n o (i)/.ff(i)) and tte map- 

ping /rom - (n°(i)/H(i)) to Sl°(i)/H(i) sending A G - 

(Sl°(i)/H(i)) to A + H(i) G Sl°(i)/H(i) are bijective mapping preserv- 
ing the inclusion relation between Q°(i)/H(i) and Q°(i) — (Q°(i)/H(i)), 
and they are the inverse mappings of each other. 

Furthermore, if Q G Sl°(i)/H(i) and A G Q°(i) - {Q°{i)/H(i)) corre- 
spond to each other by them, then dim 6 = dim A + 1 . 

(2) 

IJ l«°WI° = l*l 

ie{l,2,...,m+l} 

(3) For any i G {0, 1, . . . , to + 1} and any j G {0, 1, . . . , to + 1} with i ^ 

j ; |Q°(i)|°n|n°(j)|° = 0. 

(4) 

|J n°(i) = n 

»€{l,2,...,m+l} 

(5) For any i G {0, 1, . . . , to + 1} and any j G {0, 1, . . . , to + 1} with i ^ j, 
Q°{i)nQ°{j) = 0. 

For any i G {0, 1, . . . , m + 1}, we denote 

Y(i)= |J |«°C/)I° C |*|. 

j€{»+l,*+2,...,ro+l} 

(6) y(0) = |$|. Y(m+ 1) = 0. 

For anyi G {1, 2, . . . , to + 1}, Y(i-1) D Y(i), Y(i-1) ^ Y(i). For any 
i G {1,2, . . . ,m} ; |fi(i)| n Y(i) = - (fi(i)/G(i))|. 

(7) For any i G {0, 1, . . . , m + 1}, 

Yd)= u \m\, 

je{*+l,i+2,...,m+l} 

|n\y(i)| = y(i), 
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and Y(i) is a closed subset of |$|. 

Definition 13.4. We denote = £ * F(l) * F(2) * • • • * F(m) above by the symbol 

n{V,N,H,<f>,m,E) c 2 y , 

and we call it the basic subdivision associated with the sextuplet (V, N, H, m, E), 
because SI is uniquely determined depending on the sextuplet (V, N, H, $, m, E). 

Sl(V, N, Lf, $,to, E) is an iterated star subdivision of $, it is a flat regular 
fan over N in V, and for any A e $/Lf, fi(V, N, H, $, m, L?)\A is iJ-simple. 
\Sl(V,N,H,$,m,E)\ = \$\. 

Note that depending on the sextuplet (V, N, H, $, to, six mappings 

s:{0,l,...,m}x($-($/fO)i->Zo, 
F,G:{l,2,...,TO}^2 y , 
i? : {1,2,...,to,to + 1} 2 V , 
fi : {1,2,... ,m,m + 1} -> 2 2V , 
: {l,2,...,m,m + l}^2 2V ', 

are defined above. 

We denote these six mappings by s(V, N, H, $, to, E), F(V, N, H, $, to, £■), 
G(V, N, H, $, to, £), H(V, N, H, $, to, E), Q(V, N, H, $, to, £) and 

TV, H, $, m, £7) respectively, and we express the dependence explicitly. 

Remark . We denote two different objects by the same symbol fl(V, N, H, $, m, E). 
One satisfies fi(V, AT, if, $, to, £) e 2 2 and the other fi(V, N, H, $, to, £) is a map- 
ping from {1, 2, . . . , to + 1} to 2 2 . It is easy to distinguish them. 

Lemma 13.5. Consider any subset $ o/$ satisfying dim$ = dim vect(|$|) > 2, 

W^e fcnow tftat ^ $ = $ fc ; $ is flat regular fan over N in V and it is starry 
with center in H . 

Note that I ^ (I- ($/#))i C ($ - ($/#))i and LT 1 ^ - ($/i?))i) C 
{1,2,...,to}. 

Let to = tt-E -1 ^ - ($/#)) i) S Z . Let f : {1,2,..., to} -> {1,2,..., to} oe 
f/ie unique injective mapping preserving the order and satisfying f({l, 2, . . . , to}) = 
E _1 ((<l - (®/H))i). Putting f(0) = and f(rh + 1) = to + 1, we de/ine an ex- 
tension f : {0, 1, 2, . . . , m, to + 1} — > {0, 1, 2, . . . , to, to + 1} of f : {1, 2, . . . , to} — > 
{1,2,..., to}. Let E : {1, 2, . . . , to} — > ($ — 6e t/ie unique mapping sat- 

isfying lE — Et, where t : (4> — (4>/if))i — > ($ — ($/H))\ denotes the inclusion 
mapping. 

(1) fi(y,7V,i?,$,TO,£)\|$| = fi(V, AT, ff, &,m,E). 

(2) Let s = s(V, AT, Lf, m, £) and s = s(V, ATff, $,m,E). 

For any E € ($/ff))i, any i €E {0, 1, . . . , to} and any 7 e {0,1,..., to} 
with f(i) <j< f(i + l), s(i,E) = s(j,E) = s{r{i),E) = s(t(i + l) - 1,E). 

(3) Let F = F(V, N, H, $, to, E), G = G(V, N, H, $, to, £), 
F = F(V,N,H,$,m,E), and G = G{V,N,H,$,m,E). 

F = Ff, and G = Gf. 



NEW IDEAS FOR RESOLUTION OF SINGULARITIES 



79 



(4) Let H = H(V, N, H, $, m, E), Q = ti(V, N, H, $, m, E), 

fl° = n°(V,N,H,<i>,m,E), H = H(V, N, H, $, to, E), Vl = fl(V,N,H,$,m, 
and Cl° = fl° {V, N : H : $, to, E) . 

(a) H = Ht. 

(b) Q(m + 1) = Of (m + 1)\|$| = 0(m + 1)\|$|. 

(c) For any i g {1, 2, . . . , to}, 

fi(i) C fif(i)\|$|, and 

(nf(»)\|^|) - 

c (Of (*) - (fif (i)/Gf(i)) n (fif (i) - (ftf (i)/JFf(i)). 

(d) For any j G {1, 2, . . . , to} - f({l, 2, . . . , to}), 

(e) For any i g {1, 2, . . . , to, to + 1}, Q°(i) = n°f(i)\|$|, and = 

|n°f(i)|°n|*|. 

(5) For any j g {1, 2, . . . , to}, j g f ({1, 2, . . . , to}) F(j) g ($ - 
F(j) C |*| ^ C |$| ^ #(j) C |*| ^ G(j) + H(j) C |$|. 

{F(t)|t g {1, 2, . . . , to}} = {Ft(i)\i g {1,2, ... , to}} = 
{F(j)|jg{l,2,...,m},F(j)c|$|}. 

{G{i)\i g {1,2, ... , to}} = {Gt(i)\i g {1,2, ... , to}} = 
{G(i)|jg{l,2,...,m},G(i)c|$|}. 

{H(i)\i g {1, 2, . . . , m, to + 1}} = {Hf(i)\i g {1, 2, . . . , to, to + 1}} = 
{H(j)\j g {1,2,..., to, to -)- 1}, F(i) c |*|}. 

(6) Foranyj G {1,2,..., TO + 1}, j Gf({l, 2,..., to + 1})^ |O°(j)|°n|$|/0. 

For any i g {1, 2, . . . , to + 1} and any 9 £ Cl°f(i)/Ht(i) ) Q C |<£|, i/ 
and only if, fff(i) op |6 C |$|. 

(7) 7/ i g {1, 2, . . . , to}, j g {1, 2, . . . , to} and f (i) < j < f(i + 1), then 

x(j)n|$| = |$-(*/ff)|u( U |n(fe)|), 

fee{i,2,...,i} 

y(j)n|*|= |J l A (*)D> 

fc£{i+M+2,...,m+l} 

where X(j) and Y(J) are subsets of |$| defined in Lemma \l3.2[ 14 and in 
Lemma \13.3l 6 respectively. 

Lemma 13.6. Consider any A g <fr/H with dim A > 2. 

Note that F(A) is a flat regular fan over N in V, F(A) C $, |F(A)| = A, 
dimF(A) = dim A > 2. H g F(A)i, and F(A) is starry with center in H. 

Note that ^ (F(A) - (T(A)/H)) 1 C ($ - and 
S- 1 ((^(A)-(^(A)/if)) 1 )c{l,2,...,m}. 

Let to = (|F- 1 ((F(A)-(F(A)//f)) 1 ) g Z . Let f : {1, 2, . . . ,m} -» {1,2,..., to} 
&e t/ie unique injective mapping preserving the order and satisfying f ({1, 2, . . . , 
to}) = B- 1 ((7'(A) - (F(A)/F/))i). Flitting f(0) = and f(m + 1) = m + 1, 
we define an extension f : {0, 1, 2, . . . , m, to + 1} — > {0, 1, 2, . . . , to, to + 1} of f : 
{1,2,..., to} -> {1,2,..., to}. Le£F : {1, 2, . . . , to} -> (F(A) — (J r (A)/H)) 1 be the 
unique mapping satisfying lE — Ef, where i : (F(A) — (F(A)/F/))i — ¥ ($— ($/Ff))i 
denotes the inclusion mapping. 
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Let H°p = H°p\A G F(A) 1 , ft = fi(V, N, H, F(A), rh, E), 
a = s(V, N, H, J-(A), m, F), F = F(V, iV, F, J"(A),m, F), 
G = G(V, AT, F, J-(A), m, F), F = F(V, JV, F, J*(A), m, F), 
and n = Sl(V,N, H,T{A),m,E). 

For any i G {1, 2, . . . , rh + 1}, we denote 

Q(i) = \Cl(i)\ C A, and 

0(i) = - c 0(i). 

(1) //dim A = 2, t/ien j}F(F°P)i = 1, and for the unique element E G F(F°p)i 
and any i G {0, 1, . . . , m} 7 s(i, E) = i. 

(2) For any i G {1, 2, . . . , rh, m+ 1}, 9(i) ; ®W + H and Q(i) are regular cones 
over N in V, dim9(i) = dim A - 1, dim(0(i) + H) = dim9(i) = dim A, 

e(») c e(») c e(») + f c a, e(*j + h = e(i) + f, f(«) g ^(e(i))i, 
e(») = ij(i)°p|e(i) e -^(e^)) 1 , e(i) = e(») + #(») c_a 7 vect(e(*)) = 

vect(A), vect(F) n vect(8(i)) = {0} ; vect(F) + vect(0(i)) = vect(A), 
B(i) = vect(9(i)) n A, Q(i) + vect(F) = 9(i) + vect(F) = A + vect(F), 
Cl(i) = J"(0(i)), - (Q(i)/H(i)) = J"(6(i)), 8(i) = convcone({6 B/A r, + 
s(i - 1, E)b H/N . \E G F(F°p)i}) C A 7 and (F(A) * F(l) * F(2) * ■ ■ ■ * F(i - 
1))m a X = { e(i)|j G {1, 2, . . .,i - 1}} U {0(0 + H}. 

(3) Consider any i G {1, 2, . . . , rh, rh + 1}. 

For any E G F(F op )i 7 E + H G T(A) 2 /H, 0(i)_n(F + F) G J*(©(«))i- 
77te mapping from J"(F p)i to J"(6(i))i sending F G F(F°p)i to 8(i) n 
(F + F) G J"(0(i))i is a bijective mapping. 

F c 8(i) i = m + 1. 

0(i)° ^ A 0(i) c9A« 0(i) = H°P&i = l. 

(4) for any t 6 {1,2,..., rh} and any j G {2, 3, . . . , rh + 1} imfft i < j, 0(i) n 

O(j) = Q(i) n (0(i) + H) = e(i + 1) n 0(j). 

(5) Consider any i G {l,2,...,m}. F(i) = (Q(i) + H)n(E(i) + H) G F(9(i) + 
F) 2 /F. 9(i + 1) = G(i)°P\0(i) g /"(©(i)) 1 - = ©(» + 1) n (G(i) + 

G ^(©(i))i- n 0(i + 1) = (G(i) + H(i))°P\Q(i). {A g J"(0(i))| 
A° C A° U (H°p) } = {e(t),e(*),0(i + 1)}. For any F G F(F°p)i - 

{F(i)}. e(i) n (f + f) = e(») n e(i + l) n (F + F) g F(8(i) n e(t + 

l))i = F(8(i))i - {G(/),F(i)}. T/ie mapping from F(F°p)i - {F(i)} to 
J"(e(i))i-{G(i),H(*)} sendmaFGF(F°P) 1 -{F(i)} to 0(i)n (F + F) G 
F(9(«))i - {G(«), F(«)} is a bijective mapping. 8(i) n (F(i) + H) = G{i) + 
G F(8«) 2 . 

(6) F = F(m + 1) G F(8(m+l))i. 0(m+l) = F°P|8(m + l) G F(9(m+1)) 1 . 
(A G F(9(m + 1))|A° C A°_U (F°p)°} = {9(m + 1), 0(m + 1)}. For any 
F G F(F op )i ; 9(m + l)n(F + F) G F(9(m + 1)) 2 /F. 77ie mapping from 
F(F°p)i to F(9(m + 1)) 2 /F sending F G F(F°p)i to 0(m+l)n(F+F) G 
F(9(m + 1)) 2 /F is a bijective mapping. 

(7) f2 is t/ie iterated star subdivision of !F{A), it is a flat regular fan, and it is 
determined by the sextuplet (V, -/V, F, F(A), m, F) uniquely. |f2| = A. 

is H -simple. Let Cl 1 = {A G O^A C A°} U {F°p} denote i/ie F- 
skeleton ofQ,. 
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Jft° = flQ 1 = rh + 1. n° = {9(i)|i e {1,2,..., m,m + 1}}. Cl 1 = 
{<d(i)\ie {1,2,...» + 1}}.^ 

We consider the H-order on Q°. The bijective mapping from {1,2,..., rh, 

rh + 1} to 0° sending i € {1, 2, . . . , rh, rh + 1} to 9(i) e preserves 
the H-order. 

We consider the H-order on ft 1 . The bijective mapping from {1, 2, . . . , m, 

rh + 1} to 1 sending i € {1, 2, . . . , rh, rh + 1} to e I] 1 preserves 

the H-order. 

Consider any E <G J 7 (H op )i and any i G {1, 2, . . . , rh, rh + 1}. The 
structure constant of & corresponding to the pair (i, E) is equal to s(i — 

ij)ez . 



14. Upper boundaries and lower boundaries 

Upper boundaries and lower boundaries are applied to define characteristic func- 
tions in the next section. 

Let V be any vector space of finite dimension over K with dimU > 1, let N 
be any lattice of V, let H be any regular cone over N in V with dimiJ = 1 and 
let tth ■ V — > V/vcct(H) denote the canonical surjective homomorphism of vector 
spaces over R to the residue vector space U/vect(_ff). 

Definition 14.1. Let X be any subset of V. We denote 

d*X = {ae X\({a} + vect(ff)) n X C {a} + (-H)}, 

d H X = {ae X\({a} + vect(H)) n X C {a} + H}, 

and we call dfX and d^X the H-upper boundary of X and the H-lower boundary 
of X respectively. 

Lemma 14.2. Let A be any convex polyhedral cone in V satisfying vect(H) C 
vect(A). 

(1) 

A = |{A e F( A )\ H t A + vect(A)}| 

= |{Ae J*(A)|ff <£_ A + vect(A),dimA = dimA-l}|, 
8 H A = \{A e J"(A)| - H <t A + vect(A)}| 

= |{A e J"(A)| - H <t A + vcct(A),dimA = dim A - 1}|, 
o>f A U <9 H A = |{A e J-(A)|vcct(i?) £ vcct(A)}| 

= |{A e J'(A)|vect( J ff) gt vect(A),dimA = dim A - 1}| 
C dA. 

(2) d+A = c A. a H A = <s> -ff c A. 

(3) // <9f A 7^ 0, tfien ir H (dfA) = ir H (A) and the mapping ir H : d+A 
tth(A) induced by tth is a homeomorphism. 

If d H A ^ 0, then Tr H (d H A) = n H (A) and the mapping tt h : d H A 
tth (A) induced by tth is a homeomorphism. 
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(4) 

d+A n d H A = \{A g J"(A)|A c d+A n <9 ff A, dim A < dim A - 2}|. 

(5) Consider any a G V. iVoie i/iai tth{o) G F/vcct(_ff) and 7r^ (7i"if(a)) = 
{a}+K6 H/w . 

(a) J/ 7Tjy(a) G 7Tff(A) and 9+ A 7^ 0, i/ien t/iere exists uniquely a real 
number t + G R satisfying a + t+b^/N € 9+ A. 

In the case where tth(o] € tth(A) and 3+ A 7^ 7 we tafce i/ie unique 
t + G M satisfying a + i + & ff /jv 

edf A. 

(b) If ir h (a) G Ti" j? (A) and c^A 7^ 0, t/ien t/iere exists uniquely a rea/ 
number LeM satisfying a + t-b H / N G 9^A. 

In £/ie case w/iere n H (a) G 7r#(A) and c^A 7^ 0, we tafce i/ie unique 
LeM satisfying a + t^b^/N € A. 

(c) J/7r H (o) G tt h {A), 9f A 7^ and <9 ff A 7^ 0, tfien t_ < t+. 

(d) ({a} + M6 H/N )n A 

l/7T H (a) ^7T H (A), 

{a + t6 H/w |t £l,L<t< £+} ifw H (a) G tt h (A), <9f A 7^ and <9 H A 7^ 0, 

{a + tb H/N \t G R,f < t+} ifTTH(a) G 7r H (A), df A 7^ and <9 ff A = 0, 

{a + tb H/N \t G < i} ifn H (a) G 7r H (A), <9f A = and <9 ff A 7^ 0, 

{a + tb H/N \t G K} «/7T H (a) G tt h {A), d+ A = and d H A = 0. 

(e) J/7r H (a) G tth{A)°, d+A ^ and <9 H A 7^ 0, i/ien t_ < i+. 

(f) (W + i^)nA° 

i/7r ff (a) £tt h (A)°, 

{a + t6 H/w |i G R,t_ < i < i+} i/7r H (a) G 7r H (A)° ; <9f A ^ and d H A 7^ 0, 

{a + tb H/N \t G K,t < t+} ifn H (a) G 7r H (A)° ; <9f A 7^ and 9 H A = 0, 

{a + tb H/N \t G < i} tfn H (a) G 7r H (A)° ; <9f A = and d H A 7^ 0, 

{a + tb H/N \t G K} j/7r H (a) G ir H (A)°, d+A = and d H A = 0. 

15. Height, characteristic functions and compatible mappings 

We define the height of a convex pseudo polytope in general situation. Charac- 
teristic functions and compatible mappings are applied for constructing a special 
basic subdivision associated with a given convex pseudo polytope. 

In this section we consider the following objects: Let V be any vector space of 
finite dimension over R with dimT^ > 2, let N be any lattice of V, let H be any 
regular cone of dimension one over the dual lattice TV* of N in the dual vector 
space V* of V, let $ be any flat regular fan over N* in V* satisfying dim<I> > 2, 
H G $1 and <& is starry with center in H, let S be any rational convex pseudo 
polytope over N in V satisfying dim(|S(S'|V r )|) > 2 and |$| C where 
S(S'|V r ) denotes the normal fan of S, and let T be any convex pseudo polytope in 
V satisfying dim(|E(T| > 1 and H C vect(|S(T|F)|), where E(T|V) denotes 
the normal fan of T. 

Note that b H/N , G H c |$| C |S(S'|V r )| c vect(|S(S , |V r )|). 

Lemma 15.1. (1) {{bfj/N* i a )\ a € V(T)} is a non-empty finite subset of M, 
where V(T) denotes the skeleton of T . 
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(2) < ^{{bn/N* > a) |o G V(T)} < c(T), where c(T) denotes the characteristic 
number of T. 

(3) If T is rational over N , then the subset 

{m G Z|ma G N + (vect(\T,{T\V)\) v \V*) for any a G V(T)} 
o/ Z is an ideal of the ring Z containing a positite integer. 
Proof. It follows from Theorem HI 7. □ 

We denote i = dim vect(|S(5|T/)|) v \V* = dim(stab(S*) n (-stab(S))) G Z . 
Definition 15.2. (1) We define functions 

LJ :K^Z, 

by putting 

|Y] = min{i G Z|r < i}, [ r J = max{i G Z|r > «}, 

for any r G R. 

(2) We define 

H(H,T) = {{b H/N ,,a)\a G V(T)} c K, 

height (ff,T) = maxH(H,T) - mmH(H,T) G M , 
and we call U{H,T) and height (if, T), the H-height set of T and the iJ- 
height of T respectively. 

(3) Assume that T is rational over AT. By den(T/iV) we denote the minimum 
positive integer in the ideal 

{to G Z|too e N+ (vect(|S(T|y)|) v |y*) for any a G V(T)}, 

and we call den(T/N) G Z + the denominator of T over AT. 

(4) We define 

(*, = {Fe T(S) e \ dim(A(F, S\V) n A) = dim A for some A G $ max .} 

c F(S)t, 

V(3,S) = J FcV(S), 

*, 5) - {{b H/N , ,a)\a€ V($, 5)} C R, 
height(if, $, S) = maxH(H, $, 5) - mmH{H, $, 5) G M , 

and we call V($,5), U{H,<S>,S) and height (if, S), the set o/ 

minimal faces of the pair (<I>, S 1 ), the skeleton of the pair (<!>, S), the H-height 
set of the pair (<&, 5) and the H-height of the pair ($, 5) respectively. 

(5) For any h G %(if, S) we denote 

11(A) = {A(F, S\V) D A\F G ($, ^(S)?), A G $ max ,dim(A(F,S , |l/)n A) =dimA, 

(b H/N ,,a) = h for some a G F} fc C £(S|V)n$, 
S(/i) = {A(-F >( S|V)nA|.Fe (<f>,F(S) e ),A G $ max ,dim(A(F,S , |l/)n A) =dimA, 

(b H/N ,,a) > h for some a G F} fc C £(S|V)n$. 

Consider any A G $/if. S + (A V |V*) is a rational conex pseudo polytope over 
A" in V. stab(S + {A V \V*)) = A V \V*. H c |£(S + {A V \V*)\V)\ = stab(S + 
(A V \V*)) V \V = A c |$| C \Z(S\V)\ c vect(|£(S|V0|). S(5 + {A V \V*)\V) = 
E(S'|F)nJ : '(A), where E(S + (A v |^*)|^) denotes the normal fan of S+ (A V |F*). 
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Lemma 15.3. (1) The set %(H,T) is a non-empty finite subset of K. < 
m(H,T)<c(T). 

IfT is rational over N, then H{H,T) C (l/den(T/JV))Z C Q and 
height(i?,T) G (l/den(T/7V))Z C Q - 

IfT is rational over N and V(T) C JV+ (vect(\Z(T\V)\) v \V*), then 
den(T/N) = 1, H(H, T) c Z and height(i2", T) G Z . 

(2) M(*/(S)«)c^. 

7^ V($,5) C V(S*). TTie set V($,5) is i/ie union of some connected 
components ofV(S). 

^ W(JT, $, S*) C H(H, S) C (l/den(5/JV))Z C Q. The set %{H, $, S) 
is a non-empty finite subset of Q. 

mmH(H, $, S) = minW(JT, S). height(i2", $, S) < height (ff, S). 

height(i?, S) G (l/dcn(S/7V))Z C Q . 

height (H, $, 5) e (l/den(5/iV))Zo C Q - 

J/V(S) C AT+(vect(|E(S|V)|) v |V*) ; tfien den.(S/N) = 1, H{H,$,S) C 
S) C Z, height(fl", 5) G Z and height (Jf, $, 5) G Z . 

(3) Consider any A G 

S + (A V |V^*)) c $, 5) c Q. 
mmH(H, S + (A V |F*)) = mmH{H, $, S). 
height (if, 5 + (A V |V*)) < height (if, $, S). 
den(S//V) is a miiiiiple o/den(S + (A v |y*)/A0- 

H(i?,5'+(A v |y*)) c (l/den(5'+(A v |y*)/iV))Z c (l/den(S/JV))Z C Q. 
height (JT, 5+(A v |y*)) e (l/dcn(5'+(A v |y*)/iV))Zo C (l/dcn(S/JV))Z 
cQo- 

7/ V(S) c JV+ (vect(|E(S|y)|) v |y*), then den{S + (A V \V*)/N) = I, 
n{H,S +{A V \V*)) C Z and height (fi, S 1 + (A V |V*)) G Z . 

(4) max^(iJ,$,5) = max{max?{(ff, 5'+(A v |V r *))|A G $ max } = maxjmax "H(fi, 

5 + (A v |y*))|A g 

height (ff, S) = max{height( J ff, 5'+(A v |V r *))|A G $ max } = max{height( 
(A v |y*))|A G */#}. 

(5) Consider any subset o/ <I> satisfying dim$ = dimvect(|$|) > 2, $ max = 

ffsli and<l = ($/i?) fc . 

TVoie ifcai $ is a /Zaf regular fan over N* in V* and it is starry with 
center in H, and |$| C |$| C \Z(S\V)\. 

V($,5) C V(*,S). H{H,$,S) c«(5,§,S). mmU(H,$,S) = mmU(H, 
$, £). height (if, $, S 1 ) < height (if, $,5). 

(6) S(S , |V r )n$ is a/k£ rational fan over N* in V* . dim(S(S'|V r )n$) = dim$. 
vect(|E(£|V)A*|) = vect(|*|). 

(7) Consider any h G T-L{H, $, S 1 ). II(/i) and £(/i) are /Zat rational fans over N* 
in V*. dimll(/i) = dim$. vect(|II(/i)|) = vect(|$|). dimS(/i) = dim$. 
vect(|S(/i)|) = vect(|$|). 11(h) c S(/i) c S(S'|V r )n$. 

(8) Consider any g G H(H,<&,S) and any h G H(H,$,S). g < h ^> £(<?) D 
E(/i) ^ |E( 5 )| D ff = h S(5) = S(ft) «• |S(5)| = |S(ft)|. 

(9) We consider any F G J 7 (S)i and any G G J 7 (S)e such that {bn/N*, ) = 
(bn/N* 5 &) /or some off and some 6 G G. 

d+(A(F, S\V) U A(G, S|V)) - d+A(F, S\V) U d+A(G, S\V), and 
d H (A(F, S\V) U A(G, S|V)) - 9 H A(F, S|V) U 9 H A(G, 5|V). 
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Below in this section, we assume moreover that H(S\V)r\F(A) is iJ-simple for 
any A G $ max . We denote 

max = maxH(H, $, S) G (l/den(S/JV))Z ) min = mmH(H, $, S) G (l/dcn(5/iV))Z. 

By tth ■ V* — > V r */vect(-ff) we denote the canonical surjective homomorphism of 
vector spaces over R to the residue vector space V* /vect(H). 

Lemma 15.4. Consider any h G H(H, $, S). 

(1) max > min. height(iJ, $, 5) = max — min. height(iJ, $, 5) = <^=> max = 
min 4=> $ is a subdivision ofY,(S\V). 

(2) 5f \Il(h)\ 7^ ^ ft 7^ min. 7^ 0. 

(3) If min, i/ien WH(d+\Tl(h)\) — 7rjj(|II(ft.)|) and i/ie mapping tth : 
d+\H(h)\ — » 7Tij(|Il(/i)|) induced by tth is a homeomorphism. 

ir„(d H \n(h)\) = TT H (\n(h)\) and the mapping tt h : d H \Il(h)\ -> Tr H (\U(h)\) 
induced by tth is a homeomorphism. 

(4) Consider any a G V* . Note that ir H (a) G V*/vect(H) and t:^ 1 {-K H {a)) = 
{a} + Rb H/N * . 

(a) If tth {a) G 7T/i-(|n(/i)|) and h 7^ min, then there exists uniquely a real 
number t + G R satisfying a + t + b H / N * G 9^|IT(/i)|. 

In tfte case wftere 7Tff(a) G 7r^(|n(/i)|) and ft 7^ min, we tafce ifte unique 
t + G R satisfying a + t + b H / N * G <9+ 

(b) IfnH(a) G 7Tf/(|II(/i)|), tften tftere exzsis uniquely a real number t_ G R 
satisfying a + t-bji/N" 

In i/ie case wftere tth{o) G 7Th (|IT(/i)|), we tafce £fte unique LeM saizs- 
fyinga + t-b H/N « Gd ff |n(ft)|. 

(c) // 7Tff(a) G 7Tif(|LI(/i)|) and ft 7^ min, £ften i_ < t + . 

(d) ({o} + R6 H/Jv .)n|n(/i)| 

^7r H (o)07r H (|n(ft)|), 

{a + i6 ff/Ar , |i G R, i_ < t < t + } if ir H (a) G ir H (\Tl(h)\) and h 7^ min, 

{a + tb H / N * \t G R, i_ < t} i/7Tij(a) G 7Tij(|II(/i)|) and ft = min. 

(5) 9f |£(ft)| ^0^/i^ min. <9 ff |£(/i)| = |E(/i)| n |* - (&/H)\ ^ 0. 

(6) If min, t/ien 7Th(5^|S(/i)|) = 7Th(|S(/i)|) and ifte mapping tth ■ 
9+ |E(/i)| — > 7Tjj(|S(/i)|) induced by tth is a homeomorphism. 

TT H (d H \Y;(h)\) = 7r H (|S(/i)|) andtfte mapping ir H : d H \Z(h)\ -> tt h (|£(/i)|) 
induced by tth is a homeomorphism. 

(7) Consider any a £ V* . Note that 7rjj(a) G V*/vect(if) and i^- (7rff(a)) = 
{a} + R6 H/Ar . . 

(a) 7/7Tff(a) G 7rjj(|S(/i)|) and ft, 7^ min, £ften tftere existe uniquely a real 
number t+ G R satisfying a + t + bn/N* € 9+ 

In t/ie case where tth (a) G 7Th(|S(/i)|) and ft 7^ min, we iafce ifte unique 
t+ G R satisfying a + t-^b^/N* G S+|£(/i)|. 

(b) IfirH(a) G 7rjj(|E(/i)|), iften iftere exzsis uniquely a real numbert- G R 
satisfying a + t-b H / N * G 9?|S(ft)|. 

In £fte case wftere tth (a) G 7Tjj (|S(ft)|), we tafce ifte unique Lei satis- 
fyinga + t-b H/N , Gd ff |£(ft)|. 

(c) If iTH(a) G 7Tij(|£(/i)|) and ft 7^ min, tften f_ < t+. 
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(d) ({a} + Rb H/N ,)n\Z(h)\ 

'0 ifTT H (a)^TT H (\^(h)\), 

{a + tb H / N »\t G R,t- <t < t+} ifir H (a) G ir H and /i 7^ min, 

{a + tb H / N * |t G R, t_ < t} if -kh{o) € 7th(|S(/i)|) and /i = min. 

(8) ///i = max, t/ien S(/i) = IT(/i). 

(9) Assume h ^ max. Put g = min{ / G %{H,<S>, S)\f > h} G U{H,<$>, S). 

X(h) = Z(g)Ull(h). \X(h)\ = \X(g)\U\Il(h)\. 9f|E( 5 )|^0. d H \Tl(h)\^ 

0. |E( ff )| n |n(ft)| = d»\z(g)\nd»\ii(h)\. d H \n(h)\ c af |S( 5 )| u |$ - 
($/^)|. afis^H^is^i-^inwDuafinwi. 

(10) J/h = min, thenE(h) =Y,(S\V)f)$ and = |$|. 

(11) 

7T H (|E(/l)|) C |7T ff ,$|. 

7r H (|S(ft)|) - |{A e (^*$) max |A C 7T ff (|E(ft)|)}|. 
closdTT^*! - ir H (\X(h)\)) = \{A e (^*$) max |A C clos(|7r ff ,*| - 7r ff (|S(/i)|))}|. 
(12) Consider any E G ($ - If height (iJ, S) > and 7r ff (S) C 

7Tjy(S(max)), t/ien t/iere exists uniquely a real number 7 (E) G R satisfying 
b E/N- +l{E)b H/N , e 9+ E(max). 

Below we assume moreover that height(i7, $, 5) > 0. 

Definition 15.5._We define a function 7 : ($_- ($/i?))i -> R. 

Consider any - (^/H)) 1 . If n H (E) C 7r ff (S(max)), then we take the 

unique real number 7(E) € R satisfying b^i N » + j(E)b H / N * G <9^E(max). If 
7Th(E) £ 7r H (S(max)), then we put 7(E) = e R. 

We call 7 the characteristic function of the triplet (i?, $, 5). 

Lemma 15.6. Let 7 : ($ — ($/iJ))i -4- R denote the characteristic function of 
(H,$,S). 

(1) for any E G ($ - ($/#)) 1, 7(f) G Qo-_ 

(2) Consider any A e $ max . There exists E e J*(i2" op |A)i satisfying 7(E) > 
4^ 7Tff(A) C 7r ff (S(max)) <^ tt h (A) ^ c1os(|tth*$| - 7r ff (|E(max)|)). 

(3) Consider any A G $ max satisfying tt h (A) C 7r ff (E(max)). Note tftat G 
J-(A)! and J-(iJ°P|A)i C (* - 

E(S + (A V |V*)|T/) = E(S\V)f\T(A) is H -simple, and c(S + (A V \V*)) > 

2. 

For any E G J"(# op |A)i ; 7(E) = c(Y,(S + (A V \V*)\V),2, E), where 
c(E (5+( A v I ) I V) , 2, E) denotes t/ie structure constant of ( A v |V*)|V) 
corresponding to (2,E). 

(4) T/iere exists E G ($ - ($/#))i uraift 7(E) > 0. 

(5) For any E G ($-($/i?))i satisfying ir H (E) C clos(|7Tff*$|-7rff(|E(max)|)) 7 
7(E) - 0. 

(6) Consider any E G ($ — ($/H))i satisfying 7(E) Z. Then, there exists 
uniquely h(E) G %(if, 5) satisfying 

{heH(H,<S>,S)\b s/N « + fr(E)]b H/N , GS(n)-9fS(n)} 

={ft€«(if,$,S)|K/i(£)}, 

and if h(E) G H(H,$,S) satisfies this equality, then h(E) ^ max. 
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Definition 15.7. Let 7 : ($ — ($/77))i — >• M denote the characteristic function 
of (7J, $, 5). For any £ e (<J> - ($/H))i satisfying 7(7?) ^ Z, we take the unique 
element h(E) e %(77, $, 5) satisfying 

{/ieH(77,<5,S)|o S/A „ + r 7 (£)l^/AT. es(ft)-a?s(ft)} 
={/jGW(ff,$,S)|ft</>(£)}. 

Let 

Be(*-(*/if)) 1 

m= ^ l7(-E)J, and 
Be(*-(*/j?))i 

72 = {£e ($-($/fl-))i|7(£)^z}. 

Note that m € Z + , to G Z , m < m, and to — to = ((72.. 

Consider any mapping 7? : {1, 2, . . . , m} (4> - ($/77))i. 

We say that the mapping £ is compatible with 5, if the following three conditions 
are satisfied: 

(1) For any ))i, «({1, 2,..., to} H^" 1 ^)^ Lt(^)J • 

(2) £({to + 1, to + 2, . . . , m}) = 72. 

(3) If to — to > 2, then > for any i e {m+1, m+2, . . . , ra-1}. 

Lemma 15.8. Let 7 : ($ — ($/7J))i — > M denote the characteristic function of 
{H,$,S). Letm = E^€(*-(*/h))i J/K^Ol € Z +; to = E^€(*-(*//r))i Lt(^')J G 
Z , and 72 = {£ e ($ - ($/£T))i|7(.E) ^ Z} c ($ - ($/ff))i. 

(1) T/iere eiisfe a compatible mapping E : {1,2,..., m} — > ($ — (<&/7J))i wii/i 
S. 

(2) Assume that a mapping E : {l,2,...,m} — » ($ — ($/77))i is compatible 
with S. 

(a) For any Ee ($-($/JT))i, tfT^ 1 ^) = [ 7 (^)L and|({l,2,...,ro}n 

S- 1 (/5))=L7(^)J- 

(b) 7?({to + 1, to + 2, ... , m}) = 72 7 and f/ie mapping E : {m + 1, m + 
2, . . . , to} — > 72 induced by E is bijective. 

(c) 2,...,m}) = {fg($- ($/J0)i| 7 (£) > 0}. 

(d) For any i G {1,2, ...,m}, iTH(E(i)) C 7r^-(S(max)) and tth{E(i)) <f. 
clos(|7r^$| -7r H (|S(max)|)). 

Consider any subset $ of $ satisfying dim<l = dim vect(|$|) > 2, $ max = 
77 e $1, and $ = ($/77) fc . 

iVoie that I is o /?af regular fan over N* in V* and it is starry with center in 
H, ^ (* - ($/H))i C ($ - (*/77))i and |$| C |*| C |S(5|V)|. 

(3) hcight(77, $, S) < hcight(77, $, S). 

height (77, S) = height (77, <f>, S), i/ and onfo/ i/ ; 7(7?) > for some 

Ee ($ - ($/JT))i 

(4) 7/7(7?) > /or some £ e ($ - ($/77))i, t/ien height(77, $, S 1 ) > and tfte 
composition ($ — ($/7J))i — > M 0/ i/ie inclusion mapping ($ — ($/77))i — > 
(<3> _ ($/7J))i and 7 : ($ — ($/7J))i -4- M coincides with the characteristic 
function of (H, <J>, S). 
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(5) Consider any compatible mapping: E : {1, 2, . . . , m} — > ($ — ($/iJ))i wif/i 
5. 

Let to = G Z and m = |j({l, 2, . . . , to} n F" 1 ^ - 

(<J>/Lf))i)) € Zq. Let f : {1, 2, . . . , to} — > {1, 2, . . . , m} fee the unique injec- 
tive mapping preserving the order and satisfying f ({1, 2, . . . , to}) = 
£-i((<| _ (i>/if))i). Lei F : {1,2,..., to} (4 - ($/#)) i fee £/ie uni^e 
mapping satisfying lE = Et , where £,:($— (J5>/H))i — > (<£> — ($/i?))i 
denotes the inclusion mapping. 

Ifj(E) > /or some £ G tten to - EBe(4-(4/H)) I M^)! , 

to = Sse(i-(i/-ff))i Lt C-^) J an d E * s compatible with S. 

Ifj(E) = /or any F G ($ - ($/H)) 1} then m = 0. 

Lemma 15.9. Assume jj$ max = 1. 

Let A £ $ max denote the unique element. A is a regular cone over N* in V* , 
H G J"(A)i and dim A = dim$ > 2, $ = F(A) ; $ - ($/#) = F(FP P |A) ; and 
height (if, S + (A V |F*)) = height (ff, 5) > 0. 

#ote tfiat S(S'+(A v |V r *)|V r ) = S(S , |y)nJ r (A) is H -simple andc(S+(A v \V*)) > 

2. 

Let 7, m, to and 7?. fee i/ie same as m above Lemma \l5.8i 

For any i G {1, 2, . . . , c(S + (A V \V*))} and any E G .F(i2" op |A)i, we can con- 
sider the structure constant c(T,(S + (A v \V*)\V),i, E) G Qo o/ S(5 + (A V |V*)|V) 
corresponding to the pair (i,E). 

Denote 

m= ^ rc(s(^+(A v |y*)|y),2,L7)i eZ + , 

#e.F(.H"°p|A)i 

to = ^ Lc(S(5+ {A V \V*)\V), 2, F)J G Z , and 
BeJ r (if°p|A) 1 

K = {£e ^(fl^|A)i|c(E(5 + (A v |v*)|v), 2, F) £ Z} c ^(fl^|A)i. 

For any E <ElZ, denote 

c(E) = max{j G {2, 3, . . . , c(5 + (A v |^*))}| 

c^(S+(A^V*)\V) 1 j,E)<\c(^(S+(A^V*)\V),2 1 Em 
e{2,3,...,c(S+(A v |F*))}. 

(1) 7 (L7) = c(E(5 + (A v |y*)|V r ), 2, F) /or any F G 7"(if°P|A)i. 

(2) TO = TO. TO = TO. 1Z = 1Z. 

(3) 4 mapping E : {1, 2, . . . , to} -> ($ - ($/#)) i = J"(£f op |A)i is compatible 
with S, if and only if the following three conditions are satisfied: 

(a) For any F G J"(ff op |A) 1} J({1, 2, . . . , to} n E' 1 {E)) = 
Lc(E(5+(A v |y*)|y),2,F)j. 

(b) F({to + 1, to + 2, . . . , to}) = TZ. 

(c) If to — to > 2, t/ien c(E(i)) < c(E(i + 1)) /or any j G {to + 1,to + 
2,...,to-1}. 

(4) Assume that a mapping E : {1, 2, . . . , to} — > F(F op |A)i is compatible with 
S. 

(a) For any F G F(F/ op |A) 1; tfF" 1 ^) = [c(£(S + (A v |V*)jy), 2, F)] , 
and «({!, 2, . . . , to} n F _1 (F)) = Lc(£(S + (A v |y*)|V), 2, F)J . 
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(b) E({m + 1, to + 2, ... , to}) = 1Z, and the mapping E : {m + 1, to + 
2, . . . , to} -4- 7?. induced by E is bijective. 

(c) 2 m}) = {£e J-(tf° p |A)i|c(£(S + (A v |V*)m 2, £) > 0}. 

16. The height inequalities 

For a basic subdivision associated with a compatible mapping, the height in- 
equalities hold. These iniqualities play an important role in our theory. 

In this section we consider the following objects: Let V be any vector space of 
finite dimension over R with dimV^ > 2, let N be any lattice of V, let H be any 
regular cone of dimension one over the dual lattice N* of N in the dual vector 
space V* of V, let $ be any flat regular fan over N* in V* such that dim<f> > 2, 
H £ $i and <I> is starry with center in and let S 1 be any rational convex pscudo 
polytope over N in V satisfying dim(|E(S'|V)|) > 2 and |$| C where 
T,(S\V) denotes the normal fan of S. 

In this section we assume that S(S , |V r )nJ r (A) is ff-simple for any A £ $ max anc [ 
height(£T, $, S) > 0. 

Let 7 : (<&- ($/i?))i -> K denote the characteristic function of (H, $, S). Denote 

E [7(^)1 ez+, 
Be(*-(*/jf))i 

to = E L7(^)J e Z , and 
Ee(*-(*/j/))! 

K = {£e($- ($/ff))i|7(£) g Z} c ($ - 

@ We know height(ff,5) e (l/den(S/AT))Z + , height (ff, S) e (l/den(S/AT))Z+ 
and height (ff, $, 5) < height (if, 5). 

We denote £ = dim(vcct(|$|) v |y*) e Z . 

Consider any regular cone 9 over N* in V* satisfying 6 C |$| and any G £ 
dime < dimvect(|$|) = AimV - I. S + {O v \V*) is a rational conex 
pseudo polytope over N in V. stab(5 + (Q V \V*)) = S V \V*. G C |S(5 + 

(e v |y*)|yj| = stab(^ + (e v |y*)) v |y = e c |$| c \z{s\v)\ c vect(|£(S|v)|). 

S(5 + (e v |T/*)|F) = E(S|V)r\F(0). stab(S'+(e v |F*))n(-stab(S'+(e v |F*))) = 
vect(|E(S + (G V \V*)\V)\) V \V* = vect(9) v |F* D vcct(|$|) v |F*. 

If dime = dimvcct(|$|), then vect(|S(5 + (O v \V*)\V)\) V \V* = vect(|$|) v |T/* 
and dim(vcct(|S(5 + (O v \V*)\V)\) v \V*) = £. 

Theorem 16.1. Consider any compatible mapping 

E:{l,2,...,m}->($-($/tf))i 

with S. 
Let 

ft = ft(y*,7v*,ij,$,TO,£) 

6e the basic subdivision associated with the sextuplet (V*, N*, H, $, to, E). 

Let s = s(V*,N*,H, $, to, £), if = H(V*,N*,H, $, to, £), 
and ft = ft(V*, N*, if, $, to, f?). We have three mappings 

s:{0,l,...,m}x($-(#/fl-))i-)-Zo, 

if :{1,2,...,to + 1}^2 v ", 

ft : {l,2,...,m + 1} -> 2 2V *. 
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(1) meZo. meZ+. m < m. m — m = pZ. 

(2) For any E e ($ - ($/ff ))i, s(m, E) = \n{E)\ and s(m, E) = \j(E)] . 

(3) Q is an iterated star subdivision of and it is a flat regular fan over N* 
in V*. = |$| C stab{Sy\V = |S(S|V)|. dimO = dim$. vect(|fi|) = 
vect(|$|). 

(4) Consider any i G {1, 2, . . . ,ra + 1}. 

(a) is a flat regular fan over N* in V* . C il. C 
dimfi(i) = dim$. vect(|Q(i)|) = vcct(|$|). if(i) e is 
starry with center in H(i). 

(b) For any 9 G 0(i), 9 V |F* is a rational polyhedral cone over N in V, 
dim0 v |V* — dimV , S +(Q V \V*) is a rational convex pseudo polytope 
over N in V, stab(S + (e v \V*)) = ® V \V*, E(S + (e v \V*)\V) = 
Z(S\V)r\T(0), and T,(S\V)r\T(Q) is semisimple. 

(c) [The height inequality] height(ff (i), S) < height (.ff, $, 5). 

(5) Consider any i G {1,2,..., m}. 

for any 9 G E(S , |F)n7 - (6) = J"(9) and S + (9 V |F*) = {a} + 

(O v \V*) for somea€V($,S). 
height(H (i),Q(i),S) = 0. 

(6) For any 9 € fi(m + l) max , E(S'|F)nJ : "(9) is if(m + l)-simple. 

(7) Consider any A e $ max . height (if, 5+ (A v |t/*)) = height (ff, $, 5), i/ and 
only if >y(E) > for some E G J"(iJ°P|A)i 

(8) Consider any A G $ max such that j(E) = for any E G T(H°p\A) 1 . 

height (if, S + (A y \V*)) < height (if, $,5). 
A c |0(m + 1)|. 0\A = fi(m + 1)\A = J"(A). 

for anyiG {1,2,..., to}, |0(i)| n A G J"(if op |A) 7 \fl(i)\ n A ^ if°P|A, 
and fi(i)\A = n A). 

Below we consider any A G $ max such that ^(E) > for some E G J 7 (H op \A)i. 
By 7 we know height (£T, S + (A V \V*)) = height (i?, $, S) > 0. 

Note that the normal fan £(S + (A v |F*)|t/) = Z(S\V)r\T(A) of S + (A V \V*) 
is H- simple and the characteristic number c(S + (A V |V*)) ofS+(A y \V*) satisfies 
c(S + (A v |y*)) > 2. Let E(S + (A V \V*)\V) 1 = {A G E(S + (A V |F*)|F) 1 |A c 
A°}u{if°P|A} denote the H -skeleton of Z(S+(A V \V*)\V). ^(S + (A V \V*)\Vf = 
%Y,{S + (A V \V*)\VY = c(S + (A W \V*)) > 2. 

We consider the H-order on E(S + (A V \V*)\V)°. Let 

A:{l,2,...,c(S + (A v \V*))}^Z(S+(A v \V*)\V) a , 

denote the unique bijective mapping preserving the H-order. 
We consider the H-order on E(S + (A v \V*)\Vy. Let 

A:{l,2,... 7 c(S + (A v \V*j)}^t{S+(A v \V*)\V)\ 

denote the unique bijective mapping preserving the H-order. 

There exists uniquely a bijective mapping A : {1, 2, ... , c(S+(A v \V*))} — > J"(S+ 
(A v |T/*)|t/) £ satisfying A(ij = A(A(i), 5+ (A V |F*)|F) /or any i G {1, 2, . . . , c(S + 
(A V \V*))}. We take the bijective mapping A : {1, 2, . . . , c(S + (A y \V*))} -S- T(S + 
(A v \V*)\V)e satisfying these conditions. 

For any i G {1, 2, . . . , c(S + (A V \V*))} and any E G J"(if op |A)i ; we can con- 
sider the structure constant c(T,(S + (A V \V*)\V), i, E) G Qo of E(S + {A y \V*)\V) 
corresponding to the pair (i,E). 
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Denote 

m= £ f c (s(5 + (A v |y*)|y), 2,^)1 ez + , 

E€J 7 (H°«>|A)i 

m = Lc(S(5 + (A v |t/*)|t/), 2, F)J G Zo, and 

Be^(_H"°p|A)! 

K = {£e ^-(^°P|A) 1 |c(S(,S + (A V |V*)|T/),2,F) Z} c F{H op \/S L ) 1 . 

(10) to G Z+. to G Z . m < to. to = tt-B~ 1 (- 7r (- ffop l A )i) > ™ = tt({l, 2, . . . , to} n 
E-^^H^IA)^), and K = nnJ r {H°P\A) 1 . 

Let t : {1,2,..., to} — > {1,2,..., m} fee f/ie unique injective mapping preserving 
the order and satisfying f({l,2,...,m}) = £ -1 (.F(.H' op |A)i). Lef F : {1,2,. . . ,to} -> 
J"(iJ op |A)i fee ffte unique mapping satisfying lE — Et where i : F(H op \A)i) — > 
($ — ($/iJ))i denotes the inclusion mapping. 

Let Cl = Q(V*,N*,H, F(A),to,F) C 2 V ' , G = G{V*,N*,H,F(A),m,E), 
H = H(V*,N* , H, J"(A), to, F) ; and Q = fi(V*, AT*, .ff, F(A), to, 25) . 

G:{l,2,...»^2 y *, 
H :{l,2,...,m + l}->2 v \ 

fi : {l,2,...,m + 1} -> 2 2V *. 
For any i G {1, 2, . . . , to + 1}, we denote 

= \Cl(i)\ C A, and 

0(i) = - c 0(i). 

Denote 

c(*) = max{j e {2, 3, . . . , c(S + (A V |T/*))}| 

c(E(S + (A v |T/*)|y),. ? , < [c(£(S + (A v |y*)|T/), 2, E(i))] } 
e{2,3,...,c(S + (A v |T/*))} 

/or any i G {m + 1, to + 2, . . . , to}. 

(11) F is compatible with S. 

(12) If m - m > 1, then c(i) G {2, 3, . . . , c(S + (A V |V*))} /or any i G {to + 
1, to + 2, ... , m}. Ifrh — m > 2, then c(i) < c(i + l) for any i G {m + 1, m + 
2,...,to-_1}. 

(13) ( J ff°P|A)nA(2) G F(F°p|A). J-((i?°P|A)nA(2)) 1 = {F G J"(iT P|A)i|c(S(5+ 
(A v |y*)|n 2, F) - 0}. J-((i/°P|A)nA(2)) 1 UF({l, 2, . . . , to}) = J-(if P|A)!. 
JT((if°P|A) n A(2))x n F({1, 2, . . . , to}) = 0. 

(14) For any i G {1, 2, . . . , to + 1}, G J"(0(«))i, = & (i) op \0(i) G 
J"(9(i)) 1 7 dim0(i) = dimvect(|$|), and 

dimvect(|E(S' + (0(i) v |l/*)|F)|) v |V* = £. 

(15) Consider any i€ {1,2,..., to}. £(S|VOfLF(0(i)) = -F(0(i))- S + (0(i) v 
|V*) = A(l) + (0(i) v |F*). height(F(i),S+(0(i) v |y*)) - < height (H, S+ 
(A V |F*)). For any j G {2, 3, . . . , c(S + (A^V*))}, A(j) n (0(i)° U 0(i)°) = 
0. 

(16) S(5|F)nJ"(0(TO+ 1)) is H(m + l)-simple. 
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(17) Assume m ^ m. Consider any i G {to + 1, m + 2, . . . , to}. 

S(5|l / )nJ r (0(i)) is semisimple. 

ns + mr\v*))t = {A{m e u, 2, . . . , c«». 

Tafce any point a(j) G /or any j G {1, 2, . . . , c(i)}. -For any j G 

{2,3,...,c(i)}, 0< (b 6(tVN .,a(j-l)-a(j)) < (b H/N ., a(j - 1) - a(j)). 

< height{H (i),S + (®(i) v \V*)) < height (H, S + (A V \V*)). 

For any j G {2, 3, . . . , c(S + (A V |F*))} 7 j G {2,3, ... ,c(i)} c(S(5 + 
(AV\V*)\V),j,E(i)) < \c(Z(S+(^\V*)\V),2,m)] ^ WS(5+(A v |t/*) 
\V),2,E(i))\ <c(Z(S+(AV\V*)\V),j,E(f)) < \e(X(S+(^\V*)\V),2,Em 

A0')n(G(*)+ff (*))° ^ A(j)ne(i)° ^ A(j)n(9(i)°u9(i)°) + 0. 

(18) S(5|F)nJ r (e(m + 1)) is semisimple. 

T(S + (e(m + l) v \V*)) e = {A(j)\j G {jfe, k + 1, . . . ,m + 1}} for some 
fcG {2,3,...,m + l}. 

Ifm = m, thenF(S+(G(m + iy\V*)) e = G {2, 3, . . . , m+ 1}}. 

height(i?(m + 1), S + (9(m + l) v |^*)) < height(ff, S + (A V \V*)). 

(19) 77ie following three conditions are equivalent: 

(a) Cl is a subdivision ofE(S + (A V \V*)\V). 

(b) c(S + (A V |F*)|F) = 2 and m = to. 

(c) c_(S + (A v |F*)|y) = 2 and c(E(S + (A y \V*)\V),2, E) G Z /or any 
E G J"(iJ°P|A)i. 

Below we assume that Cl is a subdivision of E(S + (A V |F*)|F) uniiZ claim 26. 

(20) m = m ^ 1. 0(5 + (A V |F*)) = 2. A(l) = 0(1) = H°p\A. A(l) n A(2) = 
A(2) = 9(m + 1). A(l) = U ie{li2; ... iA} 6(i). A(2) = 9(m + 1). 

(21) {9 G ft|9° c A°} 

= {G(i)\i G {1, 2, . . . , m + 1}} U {0(i)|i G {2, 3, . . . , to}} U {9(to + 1)}. 
{9 G 0|9° C A°, T/ie unigue element A <G S(S + (A V \V*)\V) satisfying 
9° C A° satisfies dim A = dim A - 1} = {9(to + 1)}. 

(22) H = H(m + 1) G J"(9(m + l))i. i? G J"(A)i. 9(m + 1) G J"(9(m + l)) 1 . 
e(m + l) + H = 9(to+1) g ft max . e(m|l)n/f = {0}. 

9(m + l) c A(l). 9(m + l) C A(2). 9(m + l) (t A(l). 9(m + l) c A(2). 

Let o(l) G A(l) and a(2) G A(2) oe any points. Let F = A{2) + (vcct(9(m + 
1)) V |^*)- 

(23) 9(m + 1) C 9(m + 1) C A C |E(S|V)|, and S + (9(m + 1) V \V*) D 
S + (9(m + 1) V \V*) D S+ (A V \V*) D S. 

5+(9(TO+l) v |y*) = A(2) + (G(rh + iy\V*) = {a(2)} + (9(m + l) v |T/*). 
5 + (9(TO+l) v |y*) = A(2) + (9(to+1) v |F*) = {a(2)} + (9(m+l) v |y*). 
S+(A y \V*) = conv(A(l)UA(2))+(A v |T/*) = conv({a(l), a(2)})+(A v \V*). 

(24) FG T(S+(e(m + l) v \V*)). F n (S + (9(m + l) v |y*)) G F(S + (9(m + 
iy\V*)). Fn(S+ (A W \V*)) G F(S + (A v |t/*)). 

A(F,S' + (9(TO + l) v |t/*)|T/) = A(Fn(S' + (9(TO + l) v [F*)),S'+(9(m + 
iy\v*)\v) = A(Fn(S+(A w \V*)),S + (A w \V*)\V) = A(2). 

F = ja(2)} + (vect(9(m + l)) v |t/*) = affi({a(l),a(2)}) + (vcct(A) v |F*). 
Fn(5 + (9(TO+1) V |F*)) =i4(2) + A(0(»n+l),e(m + l)|V*) - {a(2)} + 
R («(l)-a(2)) + (vcct(A) v |t/*). Ffl (5+ (A v |t/*)) = conv^l) U A{2)) = 
conv({a(l), a(2)}) + (vcct(A) v |t/*). 

(25) (6 ff/Jv .,a(l)) > (6 ff/Jv .,a(2)). 
{(6 ff/ff ., fl )|aef}-M. 
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{(b H/N *,a)\a £Fn(S + (0(m + iy\V*))} = {t G R\(b H/N * ,a(2)) < t}. 
{{b H/N *,a)\a G Fn (S + (A v |^*))} = {t G R\{b H/N *,a(2)) < t < (b H/N », 
«(!))}• 



m & x{(b H/N ,,a)\a G F n (S + (A v |^*))} 

- mm.{{bn /N .,a)\a G F n (S + (A^\V*))} 
= (b S / N .,a(l)) - {b H /N»,a(2)) 
= height(i/,5 + (A v |^*)) 



Below we consider any rational convex pseudo polytopes T and U over N in V 
satisfying T + U = S until claim 32. 



(27) Z(T\V)r\Z(U\V) = £(T + (A V \V*)\V) = E(T|t/)nJ"(A) is H- 
simple. S(C7 + (A W \V*)\V) = Z(U\V)f}F(A) is H- simple. height(#,T + 
(A V \V*)) + height (H, U+(A V \V*))= height (H, S + (A V \V*)). 

Lett(T+(A v \V*)\V) 1 andt(U+(A w \V*)\Vy denote the H- skeleton o/E(T + 
(A V |V*)|V) andY>{U + {A y \V*)\V) respectively. 

(28) S(T + {A y \V*)\V) x U E(£/ + (A V |V*)|V) X = t(S + (A V |F*)|F) 1 . 

(29) for any i G {l,2,...,m}, height(7J(i), T + (6(i) v |T/*)) = 0. 

(30) Assume rh =^ m. Consider any i G {m + l,m + 2, ...,m}. If < 
height(H(i), 

T+(6(i) v |F*)), ^e«height( J ff(i),T+(e(i) v |T/*)) < height (£T, T+(A v |V r *)). 

(31) height(ff(m + 1),T+ (6(m + 1) V |V*)) < height(ff,T + (A V |F*)). 

(32) Let ru = c(U + (A v |y*)) G Z+. Assume that ifr v >2, then the structure 
constant of £([/ + (A v |V*)|V) corresponding to the pair (2, i?) zs an integer 
for any E G J"( J ff op | A) x . T/ierc, height(#(m + 1), T + (8(m + lY\V*)) = 
height(#,T+ (A V |T/*)), i/ and only if, A(2) g E(T + ( A v | V^* ) | V") 1 . 



Proof. We show only claim 17. This is the most important. Claim 4.(c) follows 
from claims 7, 8, 15, 17 and 18. 

Assume rh ^ rh. rh — fh > 1. Consider any i G {rh + 1, fh + 2, . . . , to}. Since 
0(i) C A and E(S , |F)nJ r (A) is iJ-simple, T,{S\V)(\F{A) is semisimple and we 
]smmY,{S\V)(\F{Q{i)) = £(S|V0ftF(A)f\F(8(i)) is semisimple by LemmaQjLlllO. 

Let s = s{V\N*,H,F{A),rh,E). s : {0,1, ...,m} x F{H°p\A) 1 -> Z Q . 

Note that E(S + (9(i) v |F*)|F)° = (E(S|F)[\F(8(i))) - {A(j) n G 

{i,2,..., C (s + (A v |^*))}, A(j)° n e«° ^ 0}, 
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BeJ r (H°p|A)i 

Y ^o(b E /N'+s(i-l,E)b H/N ,) 
se^(H°p|A)!-{B(i)} 

+ Ro(bz {l)/N « + s(i - l,E(i))b H/N «), 

d^Q(i) = Q(i + l)= MH/N*+s(i,E)b H/N *) 

_Ee.F(iJ°P|A)i 

Ro(bE/ N .+s(i-l,E)b H /N') 

£ejr(ff°p|A)!-{B(i)} 

+ Ro(^( i) / Jv . + s(i,E(i))b H/N .), and 

S(i l,E(i)) = Lc(S(5 + (A v mm,2,£«)j 

< c(S(5 + (A v |t/*)|t/*),2,£;W) < c(£(S+ (A v |t/*)|F*), c -W,iW) 

< rc(S(S + (A v |F*)|y*),2,^))l = *(*,£(*)). 

Consider any j e {1, 2, • • • , c(i)} with j 7^ c(S + (A v |y*)). There exists a real 
number r, satisfying s(i - l,E(i)) < rj < s(i,E(i)) and c(S(S + (A V |T/*)|T/*), j, 

< ^ < c(S(5 + (A v |y*)|y*), j + and there exist a mapping tj : 

J r (H op \A)i — > R + and a real number Uj satisfying 

Y tj{E)s{i - l,E) < u 3 < Y tj(E)s(i,E) and 
J2 tj(E)c(E(S + (A^V*)\V*),j,E)<Uj 

E€J r (H op |A)i 

< 2 ^(£) C (£(S + (A v |V-)|F*),j + l,£). 

E€.F(.ff P|A)i 

We take a mapping : J 7 (H op \A)i — > K + and a real number Uj satisfying 
the above conditions. We know (^Be^-(jjopiA)i *j'(-^)^B/iv*) + U jbn/N' <= A(j)° n 
8(i)^|. 

We know that ifc(i) 7^ c(5 + (A V |F*)), then for any j e {1,2,--- ,c(i)}, A(j)°n 

Consider the case c(i) = c(S + (A V \V*)). We denote j = c(i) = c(S + (A V \V*)). 
There exists a real number rj satisfying s(i — 1, E(i)) < rj < s(i, E(i)) and c(T,(S + 
(A v \V*)\V*),j,E(i)) < rj, and there exist a mapping tj : J"(ff op |A)i -> M+ and a 
real number Uj satisfying 

tj(E)s(i -1,E)< Uj < Y tj(E)s(i,E) and 
Ee^(/r°p|A)i Be^"(i?°p|A)i 

]T t,( J B)c(S(5 + (A v |t/*)|V/*), J ,^) < Uj . 
BeJ r (-f/°p|A) 1 

We take a mapping tj : ^"(7ir op | A)i — > M + and a real number Wj satisfying the above 
conditions. We know (T l Ee^(H°p\A) 1 tj( E )bE/N*) + Ujb H /N* € A(j)° n Q(i)° ^ 0. 
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We know that if c(i) = c(S + (A V \V*)), then for any j G {1,2,--- ,c(i)}, A(j)°n 

e(t)vi. 

We know that for any j G {1, 2, • • • , c(i)}, A(j)° n 0(i)° 7^ 0. 

Consider any j G {1, 2, • • • , c(S + (A V \V*))} satisfying A(j)° n 0(i)° 7^ 0._ We 
know that there exists E G J"(i/ op |A)i satisfying c(E(S + (A v |V r *)|V r *), j,^) < 
s(i,.E). We take E G J"(ff op |A)i satisfying c(E(5 + (A v |t/*)|t/*), j, £) < s(i,E). 

HE ^TZ,thenc(J:{S+(A v \V*)\V*) : j,E) < s(i,E) = c{Y,{S+(A w \V*)\V*),2, E) 
and j ' = 1 < c(i). 

If 15 G 7£, then there exists k G {m + 1, m + 2, . . . , m} satisfying 15 = 15(fc). We 
take k G {m + 1, m+ 2, . . . , m} satisfying E 1 = E(k). 

Consider the case k < i. We have c(E(S + (A V |V*)|V*), j, #(>)) = c(E(S + 
(A V |^*)|V*U£) < = S(i,E(k)) = \c(X(S + (AV\V*)\V*),2,E(k))] and 

1 < j < c(fc) < c(i). 

Consider the case k > i. We have c(E(S + (A w \V*)\V*)J,E(k)) = c(E(S + 

(A v |mn,j,£) < *M) = = WX(S + (A v |V)|V),2,£(fc))J < 

c(E(S+ (A v |y*)|y*), 2, 15(fc)) and j = 1 < c(i). 

We know that for any j G {1, 2, • • • ,c(S+(A v |V*))} satisfying A(j)°n8(i) 7^ 0, 

ie{i.2,-,c(i)}. 

Therefore, E(5 + (6(i) v |t/*)|T/)° = {A(j) n 0(*)| j G {1, 2, . . . , c(S + (A V \V*))}, 
A{j)° n 0(*)° ^ 0} = {A(j) n 0(i)|j G {1, 2, . . . , g(i)}}. Since dim0(i) = dim A = 
dim$, we know F(S + (0(i) v |F*))* = {A(j)\j G {1, 2, . . . , c(i)}}. 

For any j e {1,2,..., c(5 + (A V |F*))} we take any point a(j) G A(j). 

Consider any j G {2, 3, . . . , c(i)}. 

o(j - 1) - atf)) > and c(S + (A v |^*), 2, < c(S + (A v |^*),j, 

Hi))) < c(S+(AV\V*),c(i),E(i))) < \c(S+(A^V*),2,Em. < \c(S + 
(A^\V*), 2, E(i))] - c(S + (A^\V*),2, E(i)) < 1. 

By Lemma ITO 18. (f) we have 



/W » . o(j ~ 1)> ~ ( 6 H(i)/JV« 1 = ( h H {i) /N* > a 0' - !) - a 0')> 

= ( b E( t )/N* + E(i))b H/N ,,a{j - 1) - a(j)) 

= ( b E(z)/N" a (j - l ) -°>U)) +H i > E (i)> i ){ b H/N*,ati - 1) - a(j)) 
= - c(5 + (A V |F*), j, E(i))(b H / N , , a(j - 1) - a(j)) 

+ [c(5 + (A V |F*), 2, (b H/N . , a(j - 1) - a(j)) 

= (\c(S + (A V |F*), 2, £(<))! - c(S + (A V |T/*), j, , a(j - 1) - 0(7)) 
> 0, and 



( b H(i)/N*' a U - 1 )~ a U)) 
= (\c(S + (A v |F*),2,S(i))l - C (5 + (A v |y*),j,£( ! )))(V. I «(j - 1) - «0')> 

< (fc(5 + (A V |F*), 2, £(<))! - C (S + (A v m, 2, S(i)))(6^. , a(j - 1) - a(j')) 

< ( b H/N-,a(j - 1) - a(j)). 
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We know 

max{{b A( . )/N .,a(j))\j G {1,2,. . .,c(*)}} = (&# (i)/Jv . , a(l)), 
min {(^(i)/iv a (i))b' e {l,2,...,c(i)}} = (&£ (i)/Jv .,a(c(*))>> 
height(ff(i),5 + (e(z) v |F*)) - (&£ ( . )/JV ,,a(l)) - (&£ (<)/Jv .,a(c(i))> 

c(i) 

= (^(o/jv..^ 1 ) ~ a (c(*))) = £<6ff(i)/iv.a(j ~ x ) ~ a C0> 
> 0, and 

c(») 

height(#(i), S + (e(*) v |y*)) = ^2(b 6{i)/N .,a(j 1) - a(j)) 

j=2 

c(i) c(S+(A v |V*)) 

< , a(j - 1) - a(i)) < ( b H/N* , a(j - 1) - a(j)> 

= (b H/N . , a(l) - a(c(S + (A v | V*)))} = (6 ff/Jv . , a(l)) - (6 H/JV . , a(c(S + (A v | V*)))} 
= hcight(ff,5 + (A v |y*)). 

Consider any j G {2, 3, . . . , c(5 + (A V \V*))}. 

By definition of c(i), we know j G {2, 3, . . . , c(i)} <S> c(E(S + (A v |V r *)|V r ), j, 
£(»))< rc(E(5+(A v |y*)|y),2,^(«))l. Since E(i)eK, [c(E(S + (A V |V*)|F), 2, 
£(i))J < c(£(S+(A v |V*)m2,^)) < c(S(5 + (A v |y*)|y),j,S(z)). There- 
fore, C (£(S + (A v |V/*)mj,£«) < [ C (S(5 + (A v |V/*)|T/),2,£;(z))l Lc(£(S + 
(A v |T/*)m2,£«)J < c(E(5 + (A v |y*)|F),i, J B(i)) < rc(E(5+(A v |T/*)|T/),2, 
Since G(i) + H(i) = M (^ (i)/Jv . + Lc(S(5 + (A v |F*)|t/), 2, i?(z))J ) + 
R o(^ W /Ar. + rc(S(5+(A v |T/*)|t/),2,iW)l& ff/JV ,),weknow Lc(£(S+(A v |U*)m 

2,£(i))j < c(E(5 + (A v |y*)|F),i, J B(i)) < [ C (E(5 + (A v |t/*)|t/),2,iW)] 
A(j)n(G(i) + H(i))° 7^0. Note that {k e {1,2,..., c(S+(A v \V*))}\A(k)ne(i)° ^ 
0} = {1, 2, . . . , c(i)}, since .F(S+ (6« V |U*)) £ = {^(j)|j G {1, 2, . . . , c(i)}}. There- 
fore, j G {2,3, ...,c(i)} 4^ A(j-l)ne(j)° ^ and A(j')n6(i)° ^_0. Since A(j) = 
A(j-l)nA(j), we know A(j-l)n0(i)° 7^ and A(j)n9(i)_° 7^ ^ A(j)n6(i)° 7^ 0. 

Assume A(j) n 8(i)° 7^ 0. Take any point ui G A(j) n 0(i)°. Let \ = b E(i)/N- + 
c(T,(S+(A v \V*)\V), j,E(i))b H/N , G A(j). We know that there exists a real number 
e with < e < 1 such that (1 — t)w + tx G A(j') n 8(i)° for any real number i with 
0< t < e, since [c(Z(S + (A v \V*)\V),2, E(i))\ < c(Y,(S + (A V \V*)\V), j, E(i)). It 
follows A(j) n 0(i)° 7^ 0. Therefore, A(j) n 8(i)° 7^ ^ A(j) n (0(i)° U 8(i)°) ^ 
0. □ 

17. Upward subdivisions and the hard height inequalities 

We define upward subdivisions of a normal fan of a convex pseudo polytope. We 
construct an upward subdivision by repeating basic subdivisions associated with a 
compatible mapping. For upward subdivisions, the hard height inequalities hold. 
These inequalities are essential in our theory. 

Let V be any vector space of finite dimension over R with dim V > 2, let N be 
any lattice of V, and let S be any rational convex pseudo polytope over N in V 
such that dim V)| > 2, where E(S| V) denotes the normal fan of S. 
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By <SJ 7 (Vi N, S) we denote the set of all pairs (H, <£>) of a regular cone H of 
dimension one over the dual lattice N* of N in the dual vector space V* of V and 
a flat regular fan $ over N* in V* such that dim$ > 2, if £ $1, $ is starry with 
center in if, |$| C |£(S|V0| and E(S , |y)nJ r (A) is ii-simple for any A G $ max . 

In this section we assume SF(V : N, S) 7^ below. 

Note that height (fl", $, 5) G (1 / 'den(S '/ 'N))Z for any (H , $) G 5J 7 (V, TV, S 1 ). 
Therefore, for any infinite sequence (H(i), $(«)), i G Zo of elements of SJ-^V, TV, 5) 
such that height(iT(i), S) > height(iJ(« + 1), $(i + 1), 5) for any i G Z , there 
exists ig G Z such that height (if (i), S 1 ) = height (fT(io), $(«o), S 1 ) f° r ari Y 
i 6 Zo with i > «o- 

Consider any (if, $) G SJ^V, AT, 5). 

By ST>(H, $, 5 1 ) we denote the set of all pairs (M, F) of a non- negative integer 
M G Zo and a center sequence F of $ of length M such that dimF(i) = 2 for any 
i G {1,2,...,M}, F(i) <£ |$- ($/fT)| for any i G {1,2,...,M}, and $ * F(l) * 
F(2) * • ■ ■ * F(M) is a subdivision of £(£|V)fl$. 

Below, we use induction on height(_ff, $, S), we will show that ST>(H, S) ^ 0, 
and we will define a non-empty subset UST>(H, <f>, 5) of SV(H, $, S 1 ). 

Consider any (if, $) G ST(V, N, S) with height (fl", S") = 0. By 0$ we denote 
the unique center sequence of $ of length 0. By Lemma [15.41 1 we know that <!> 
is a subdivision of S(5|F)n$ and therefore (0, 0$) G SV(H, $, S) ^ 0. We define 
{(0, 0$)} = USV(H, 5). Obviously / USV(H, $, 5) C SV{H, 5). 

Consider any (if, $) G 5J , (V, iV, S) with height(Jf, 5) > 0. 

By induction hypothesis we can assume that a non-empty subset USV(H, <&, S) 
of SV(H, S) is defined for any (H, $) G AT, 5) satisfying height (F, l>, 5) < 

height (77, $, S). Below we assume this claim. 

The characteristic function 7 : ($ — ($/f/))i -> Q of (H,$,S) is defined. 
Let to = E J Be(*-($/H)) 1 [7(^)1 G Z+ and to = Ee £ (*-(*/h))i Lt(-^)J e z o- 
Obviously to < to. 

Let £ denote the set of all compatible mappings E : {1, 2, . . . , to} — ► ($— ($/i?))i 
with £>. By Lemma Tl 5. 81 1 we know £ ^ 0. Consider any E £ £. 

Let F = F(V*,N*,H,$,m,E) and SI = n(V*, A^iT, $,m,E). We have a 
mapping 

F:{l,2,...,TO}^2 y *. 

By Lemma 113.11 4 and Lemma 113.11 2 we know that F is a center sequence of $ 
of length to such that dimF(i) = 2, F(i) C + H and £ |$ - 
for any % G {1,2,.. . ,to}. By definition H = $ * F(l) * F(2) * ... * F(m). By 
Lemma [13.21 1 we know that SI is a flat regular fan over N in V, dim SI = dim$, 
vect(|Sl|) = vect(|$|), SI is an iterated star subdivision of $, and |S1| = |$|. 
We have mappings 

H = H(V* , N* , H, to, E) : {1, 2, . . . , to + 1} ^ 2 y \ and 

SI = n(V*,N*,H,<f>,m,E) : {1,2,...,to + 1} ^ 2 2V * . 

By Lemma ri3.1l 2. Lemma ["13. 21 5 and Theorem ll6.1l 4.(c) we know that H(i) is a 
regular cone of dimension one over N* in V* , Sl(i) is a flat regular fan over N* in V*, 
dimSl(i) = dim<I>, vect(|Sl(?)|) = vect(|$|), H(i) G fi(i)i, Sl(i) is starry with center 
in H(i), n(i) G SI, |n(t)| G |S1| = |$| c |E(5|V0|, and height(if(i), n(<), S) < 
height(i?, $, S) for any i G {1, 2, . . . , to + 1}. 
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By Theorem [HI] 5 we know that = ^(i) = E(5|V)nfi(i) and 

is a subdivision of S(S'|V A )nr2(i) for any i G {1, 2, . . . , to}. 
Consider any element /x £ {to, m + 1, . . . , m + 1}. 
By induction we will show that there exist mappings 

M : {fh, fh + 1, . . . , /i} — > Z+, and 

F:{1,2,...,M( A/ )}^2 V * 
satisfying the following six conditions: 

(1) A/ (to) = to and M(i — 1) < M (i) for any i G {m + 1, fh + 2, . . . , /it}. 

(2) = for any j e {1, 2, ... , to}. 

(3) is a regular cone over A^* in V* and dimi^Q) = 2 for and any j <E 
{1,2,..., M(fj,)}, and F is a center sequence of <£> of length M(/x). 

(4) C |fi(«)| and F(j) (t - (Q(i) / H for any i £ {m + l,m + 
2,...,/i} and any j £ {M(i - 1) + l,M(i- 1) + 2, . . . , M(i)}. 

(5) $ * F(l) * F(2) F(M(p))\\n(i)\ is a subdivision of Z(S\V)f)Sl(i) for 
any i £ {1,2,...,^}. 

(6) Consider any I £ {to + 1, fh + 2, . . . , ^}. 

Denote = $ * F(l) * F(2) * • • • * F(M(i - 

Let_F(i) : {1, 2, . . . , M(i) -M(i- 1)} 2 y * denote the mapping satis- 
fying F(i)(j) = F(M(i -})+ j) for any j G {1,2, ... , M(i)_- M(i - 1)}. 
|$(*)| = (ir(<),$(i)) G SFfy^S), height(H(i),$(j),5) < height( 

and (M(i) - M(i- l),F(z)) G USV{H{i),${i), S). 

Consider the case fi = to. We define M(to) = m and -F 1 ^) = f (j) for any 
j G {1,2,..., to}. We know that mappings 

M : {to, m + 1, . . . , //} = {to} — > Z + , 

F = F:{1,2,...,M(//)} = {1,2,...,to}^2 v * 
satisfy the above conditions. 

Assume that \i> fh and there exist mappings 

M : {fh, fh + 1, . . . , p, — 1} — > Z + , 

F:{l,2,...,A/( A1 -l)}^2 y * 

satisfying the above conditions in which /i is replaced by fi — 1. We take mappings 
M : {m,m + 1, . . . ,n - 1} ->■ Z+, F : {1, 2, . . . , M(fi - 1)} -> 2 V * satisfying the 
above conditions in which /i is replaced by fi — 1. 

Let = $*F(1) * F(2) F(M(p - l))\|0(/x)|._We know that $(/-0 = 

n*F(M(fh) + l)*F(M(fh) + 2) *• • -*F(M(fj,- l))\|fi(/x)|, is a flat regular fan 
over A^* in 1/*, dim$(/i) = dim$, vect(|$(/x)|) = vect(|$|), $(//) is a subdivision of 
Q(^) and = Since E(S|V)fLF(8) is semisimple for any 9 £ Q(fj,) max , 

we know that Y,(S\V)f)F(@) is semisimple for any 9 £ $(/i) max 

Note that 

C|# -($/#)! U( |J |0(i)|) 

i£{l,2,...,/i-l} 

for any j G {Af(m) + 1, M{fh) +2,..., M(/u, - 1)}, 

(|$ - ($/F)| u ( |J |n(*)|)) n = Mv) (si^/h (»))], 

ie{l,2,.. .,/!-!} 
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and Q * F(M(m) + 1) * F(M(m) + 2) * • • • * F(M(fi - 1))\(|$ - {®/H)\U 
(U e{ i,2 is a subdivision of X(S\V). 

Let£ = ${je{M(m)+l,M(m)+2,...,M(»-l)}\F(j) c |fi(/i)-(fi(/i)/ir(/i))|} 
and let r : {1, 2, ... ,£} -> {M(m) + 1, M(m) + 2, . . . , M (/z - 1)} denote the 
unique injective mapping preserving the order and satisfying r({l, 2, ...,£}) = {j G 
{M(m) + 1, M(m) + 2,..., _M(/i - l)}|F(j) C We know 

that = * ^t(I) * Ft{2) Ft(£). Since Fr(j)_C - 
for any j G {1, 2, . . . , £}, we know that € ^(m) is starry with cen- 

tcr in H(ji), = - = - and 

height(H(/i), S) = height(£T(/i), S) < height(if, $, S*). 

Consider any 9_G ^(^) m _ ax . Z(S\V)nF(@) is semisimple. 9 G $(//)/#(//), 
and iJ(^) op |0 e — On the other hand, we know <t>(/x) — 

($(H)/H(n)) = - = * F(M(m) + 1) * F(M(m) + 2) * 

• : • * F(M(fi - - (fi(/i)/JT(/i))| - (fi * F(M(fh) + 1) * F(M(fh) + 2) * • • • * 

F(M(fi - 1))\(|$ - U (U <e{ i,2,..., M -i } l«(OI)))\l«(A*) - (W/tf (M))l, and 

/#(//)) is a subdivision of E^F). Therefore E(S|F)f\F(.ff(>) P|e) = 
J"(ff(>) op |e), and we know that E(S , |y)nJ"(e) is i?(/z)-simple. 

We know that (H (fi) , <5> (fi)) e 5J"(V, iV,S), height(ff(/i), 5*) < height(#, $, 
5), and a non-empty subset USV{H{p), <£>(n),S) of SV(H{p), $(/x), 5) is defined. 

Take any element (L,G) e USV(H(fi), $(//), 5). Put M(/i) = M (//- 1) + L, and 
put = G(j - M(/x - 1)) for any j e {M(/x - 1) + 1, M(/x - 1) + 2, ... , M (//)}. 
We obtain extended mappings 

M : {m,m+ 1, ...,//}->■ Z+, 

F:{1,2,...,M( A1 )}^2 V * 

satisfying the above conditions. 

By induction on /x we know that there exist mappings 

M : {to, to + 1, . . . , m + 1} -> Z+, 

F : {l,2,...,M(m + 1)} -> 2 y * 
satisfying the following six conditions: 

(1) M (to) = to and M(i - 1) < M(i) for any i G {m + 1, m + 2, . . . , m + 1}. 

(2) = for any j G {1, 2, . . . , to} 

(3) ^(j) is a regular cone over N* in and dimF(j) = 2 for and any j G 
{1,2,..., M(to + 1)}, and F is a center sequence of $ of length M(m + 1). 

(4) F(j) C |0(i)| and (£ - for any 16 {to + 1,to + 
2, . . L , to + 1} and any j G {M(i - 1) + 1, M(i - 1) + 2, ... , M(i)}. 

(5) $ * * F{2) * • • • * F(M(m + is a subdivision of Y,(S\V)nQ(i) 
for any i G {1, 2, . . . , to + 1}. 

(6) Consider any i G {to + 1, to + 2, . . . , to + 1}. 

Denote = $ * F(l) * F(2) * • • • * F(M(i - 

Let : {1, 2, . . . , M(i) - M(i - 1)} 2 y * denote the mapping satis- 
fying F(i)(j) = F(M(i -1) + j) for any j G {1, 2, . . . , M(i) -M(i - 1)}. 

|$(z)| = |fi(i)|, (H(i),$(i))eSF(V,N,S), height(tf(i),S,$(i)) < 
height(ff, $, 5) and (M(i) - M (i - 1), G USV(H(i),$(i), S). 
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Put 

USV(E,H,<S>,S) = {(M(m + 1),F)| 

M : {m, m + 1, . . . , m + 1} -> Z + , 

F :{l,2,...,M(m + l)}^2 y *, 

M and F satisfy the above conditions.}. 

We know that ^ USV(E, H, $, S) C SV(H, $, S*). 
Recall that E G £ is an arbitrary element. Define 

USV(H,$,S)= \JUSD(E,H,$,S). 

We know that ^ USV(H, $,S) C SD(H,$,S). 

Consider any (H, $) G S.F(V, iV, 5) and any (M, F) G USV{H, $, 5). We call F 
an upward center sequence of (if, $, 5), and we call $ * F(l) * F(2) * • • • * F(M) an 
upward subdivision of (if, <f>, 5). 

Theorem 17.1. Assume SF(V, TV, 5) 7^ 7 and consider any (H , $>) G SF(V,N,S). 

(1) USV{H,<S>,S) 7^0. 

(2) For any (M, F) € UST>(H,&, S), F is a center sequence of $ 0/ length 
M, dimF(i) = 2 and F(i) ^ |$ - ($/ff)| /or any i G {1,2,...,M}, and 
$ * F(l) * F(2) * • • • * F(M) is a subdivision of Y,{S\V)M>. 

(3) By 0$ we denote the unique center sequence of <& of length 0. The following 
three conditions are equivalent: 

(a) height(H,$,S) =0. 

(b) (0,0$) eUSV(H,$,S). 

(c) {(0,0$)} =USV(H,$,S). 

Consider any (M, F) G USV{H, $, S). We denote $ = $*F(1)*F(2)*- • -*F(M) 
/or simplicity. 

(4) For any Ae$ U $1, $\A = S(5|F)nF(A) = F(A). 

(5) $\|$ - ($/#)! = (S(S'|V r )n$)\|$ - ($/if)| = $ - (3>/ff). 

(6) Consider any subset <l 0/ <f> satisfying dim<i> = dim vect(|<l|) > 2, $ max = 

if G$i andl> = ($/if) fc . 

Let M = ${i G {l,2,...,M}|F(i) C |$|}, and r : {1, 2, . . . , M} 
{1,2,..., M} denote the unique infective mapping preserving the order and 
satisfying r({l, 2, . . . , M}) = {i G {1, 2, . . . , M}|F(z) C |*|}. 

T/ien, (if,$) G SF(V, N, S), (M, Ft) G USV{H,$>,S), and $\|*| = 
l> * Ft(1) * Fr(2) * • • • * Fr(M). 

(7) Consider any Ae$ 2 /A- 

|$\A| = |S(5|t/)nF(A)| = A. 

<j>\A is t/ie minimum regular subdivision of Y,{S\V)C\F{A) over N* in 
V* , in other words, the following three conditions hold: 

(a) 3>\A is a regular fan over N* in V* . 

(b) $\A is a subdivision o/£(S , |V)n.F(A). 

(c) i/S is a regular fan over N* in V* andS is a subdivision ofS(S\V)f)F(A), 
then 5 is a subdivision o/$\A. 

Below, we consider the case height(if, $, S 1 ) > 0. Assume height (if, $, S 1 ) > 0. 
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The characteristic function 7 : ($ — {$/H))i — > Qo of (H, $, S) is defined. Let 

m = T,Ee^-(^/H)h ME)] e Z + andm = Eb£(*-(*/j?)) 1 Lt(^)J G ^o- Obviously 
rh< m. 

(8) to < M. 

(9) TTiere exists uniquely a pair (E, M) of a compatible mapping E : {1, 2, . . . , 
to} -> ($-($/#)) 1 urai/i 5* and a mapping M : {m, to+ 1, . . . , to+I} — > 
satisfying the following three conditions. We denote 

F E = F(V*,N*,H,$,m,E) : {1,2,..., to} — > 2 y * 

tf B = H(V*,N*,H,<f>,m,E) : {1, 2, . . . , m + 1} -> 2 y * , and 

51 e = f2(F*,iV*,i2",$,777,.E) : {1, 2, . . . , m + 1} -> 2 2V " : 

(a) F(j) = F E (j) for any j G {1, 2, . . . , to}. 

(b) M (to) = m, M(m + 1) = M and M(i - 1) < M(i) /or any i e 
{to + l,m + 2, ...,to + 1}. 

(c) F(j) C and F(j) £ \Q E (i) - (n E (i)/ H E (i))\ for any ie{m + 
1,to+2, . . . ,771 + 1} and any j £ {M(i- 1) + 1, M(i- 1) + 2, . . ., M(i)}. 

We iafce i/ie unique pair (E,M) of a compatible mapping E : {1,2,..., to} — > 
($ — ($/i7))i with S and a mapping M : {to, to + 1, . . . , m + 1} — > Z + satisfying 
the above three conditions, and we denote 

F E = F(V*,N*,H, $, m, £) : {1, 2, . . . , m} -> 2 y * 
77^ = H(V*,N*,H, to, £) : {1, 2, . . . , to + 1} -> 2 y * , and 
£ = fi(V*, AT*, iJ, $, to, £) : {1, 2, . . . , to + 1} -> 2 2V * . 
We jrai M(«) = to /or any i € {0, 1, . . . , to — 1}. We obtain an extension M : 

{0,1, ...,777 + 1} -> Z+ O/M : {777, 777+1,..., 777+1} -> Z+. M(0) = TO, M(to+1) = 

M, M (i - 1) < M(i) /or any i e {1, 2, ... ,777 + 1}. 

Consider any i e {1, 2, . . . , to + 1}. We denote 3>(i) = $ * F(l) * F(2) * • • • * 
F(M(i - l))\\n E (i)_\. Let F(i) : {1,2,..., M(i) - M(i - 1)} -> 2 V * denote tfte 
mapping satisfying F(i)(j) = F(M(i—l)+j) for any j G {1, 2, ... , M(i) — M(i— 1)}. 

(10) For any i e {1, 2, . . . , to+1}, = |n B (*)l, 0M*)» *(*)) G SF{V, N, S), 
height (# E (7) ,_$(*), S) < height(ff, $, 5) and (M (i) - M (i - 1), G 
USV{H E {i),${i),S). 

(11) For any?: €_{1,2,. j .,to+_1} ; = ($ * F(l) * F(2) * • • • * F(M(i))) 
\\fl E {i)\ = * F(l) * F(2) * • • • * F{M_(i) - M(i - 1)). 

(12) For an?/ i e {1,2,..., to}, height (i? B (i), 5") = 0, M(i)-M(i-1) = 0, 
and = ($*F(1)*F_(2)*- • ■* J F(m))\|O jE (i)| = $(i) *F(1) *F(2) * 
• • • * F{M(i) - M(i - 1)) = = n E (i). 

(13) 

5 = ($ - ($/#)) u ( |J (($\|n B (i)|) - - 

»€{l,2,...,m+l} 

(* - (<&/#)) n - ($\|n B (i) - (n B (i)/^(*))|)) = 0, 

for any i £ {1, 2, . . . , to + 1}. 

(($\|n B (i)|) -(*\|fi B (0 - 
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for any i G {1, 2, . . . , m + 1} and any j € {1, 2, . . . , to + 1} wii/i i 7^ j . 
(14) J/r £ $i and T (f_ \$ — (®/H)\, then there exists uniquely i G {1, 2, . . . , m + 
1} satisfying c andT (£ - 

// r G *i, i G {1, 2, . . . ,m + 1}, T c a^rf r £ |fijs(i) - 

i/*en r £ |$ - ($/F)|. 
For any i € {1,2,..., m}, 

{r g *i|r c \n E (i)\,r<£ \n E (i) - (n E (i)/H E (i))\} = {H E (i)}. 

For any i G {to + 1, m + 2, . . . , m + 1}, 

{r g *i|r c |fi B (»)|,r t \n E (i) - (n E (i)/H E (i))\} = 

{H E (i)} U {R b F U)/N'\j € Z,M(i - 1) < j < M(i)}. 
For any i G {1, 2, . . . , m + 1}, 

#{r g *i|r c |n B (*)|,r ^ - = m(») - M(i - 1) + 1. 

Consider any (H, $) G ST{V, N, S) and any (M, F) G USV{H, $, 5). Wc denote 
$ = $*F(1)*F(2)*---*F(M) and $° = {r G $i|r ^ |$-($/F)|} for simplicity. 
We know flSj = M + 1. 

By induction on height(F, <&, S*) we define three mappings 

/(V,JV,ff,*,S,M,F):$;-^{l,2,...,M + l}, 
tf (V, N, H, $, £f, M, F) : -> 2 2V " , and 

*°(v, jv, fr, s, m, f) : $° -> 2 21 " 

such that *(V, iV, F, $, 5, M, F)(r) is a regular fan over TV* in and tf °(V, iV, if, 
$,S,M,.F)(r) C tf(V,JV,fr,$,S',M,F)(r) C $ for any T G 

Consider the case height(F, $, 5) = 0. 

We know M = 0, $ = and = {F}. We define 

/(V,JV,H,*,S,M,F)(H) = 1, 
^(V,N,H,$,S,M,F)(H) = $, 

Consider the case height (if, <&, S*) > 0. 

The characteristic function 7 : (<f> - (<&/F))i -» Q of (F, 5) is defined. Let 

m = Eb 6 (*-(«/h))i f7(^)l G z + and "» = Ese(*-(*/ff))i Lt(^)J G z o- Wc know 
to < to < M. 

We take the unique pair (F, M) of a compatible mapping F : {1,2,..., m} — > 
($ — ($/i/))i with 5 and a mapping M : {fh, fh + 1, . . . ,m + 1} — > Z + satisfying 
the following three conditions. We denote 

F E = F(V\N\H, $, m, F) : {1, 2, . . . ,ra} -> 2^* 
H B = H(V*,N*,H, $, m, F) : {1, 2, . . . , m + 1} -> 2^* , and 

n E = n(V*,N*,H, $, m, F) : {1, 2, . . . , to + 1} -> 2 2 "* . 

(1) F(j) = F s (j) for any j G {1, 2, . . . , to}. 

(2) M(to) = to, M(to + 1) = M and M(i - 1) < M(i) for any i G {m+ 1, fh + 

2,...,TO+1}. 
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(3) F(j) C \n E (i)\ andF(j) <£ \n E (i)-{fl E (i)/H E (i))\ for any i e {m + l,m+ 
2,...,m + 1} and any j e {M(i - 1) + 1, M(i - 1) + 2, . . . ,M(i)}. 
For any i € {0,1,..., m — 1}, we put M(i) = to. We obtain an extension 
M : {0,1,..., m + 1} ->• Z+ of M : {m, to + 1, . . . , m + 1} ->■ Z+. For any 
i e {l,2,...,m + l}, we denote = ($ *F(1) * F(2) * • • • * F(M(i— l)))\\£l E (i)\, 
and we take the mapping F(i) : {1, 2, . . . , M(i) — M(i — 1)} — > 2 V satisfying 
F(i)(j) = F(M(i - 1) + ?') for any j e {1, 2, . ._. , M(i) - M(i - 1)}. We know 

e s?(v,n,s), |$(»)| = |n B (*)|, - (*(i)/*r £ (i))| = - 

(n B (i)/ff B (i))|,height(fr B (i),$(i),5) <height(#,$,S), (M(i)-M(i-l),F(i)) e 
USV(H E (i),<f>(i),S), and <&(i) * F(l) * F(2) * • • • * F(M(i) — M(i — 1)) = 
for any i e {1, 2, . . . , to + 1}. We denote 

G E = G(V*,N*,H, $, to, F) : {1, 2, . . . , m} -> 2 y * . 

Consider any T € Take the unique i € {1,2,..., to+1} satisfying T C 
andT^ \n E (i)-(n E (i)/H E (i))\. We know T e * F(l) * F(2) * • • • * F(M(i) — 
M(i — l)))i and T ^ - By induction hypothesis we know that 

I(V, N, H E (i),*, S, M{i) - M(i - 1), F(i)){T), *(V, iV, $, 5, M(i) - M(t - 

l),F(i))(r) and *°(V,N,H E (i),&,S,M(i)-M(i-l),F(i))(r) are dehned. 

We define 

I{V,N,H,*,S,M,F)(T) = 

i - 1 + M(i - 1) - m + /(V, TV, flsW, £ Af (i) - Af (i - 1), F(i))(r), 
(V, iV, ff, $, 5, M, F)(T) = *(V, JV, H E (i), $(*), 5, M(i) - M(t - 1), F(i))(r). 
In case i ^ m + 1, we define 
*°(V,JV,H,$,S,M,F)(r) = 

{QG^ (V,N,H E {i),^{i),S,M{i)-M(i-l),F{i))(T)\e° C 
In case « = m + 1 , we define 

*°(V, N, H, $, S, M, F)(r) = *°(V, iV, $(*), S, M{i) - M(i - 1), F(i))(T). 

We call the mapping I(V, N, H,&, S, M, F) the H -ordered enumeration of $°. 
Lct^r e $°. We call the regular fan ^>(V, N, H,^, S, M, F)(T) the H-lower part 
of $ below r, and we call the subset *°(V, N, H, $, S, M, F)(T) the H-lower main 
part of $ below I\ 

Lemma 17.2. Assume SF(V,N,S) ^ 0. Consider any (H, $) e SF(V,N,S) 
and any (M , F) G USV{H,<b,S). We denote $ = $ * F(l) * F(2) * •• • * F(M), 

$? = {re$i|r^|$-($/F)|} ; 

J = /(V,iV,H,$,S,M,F):$f-^{l,2,...,M + l}, 
* = *(V, AT, if, $, 5, M, F) : $° 2 2V * , and 
*° = y°(y, N, H, $, 5, M, F) : $° 2 2V * . 

(1) T/ie mapping I is bijective. H e /(i?) = M + 1. 

(2) Consider any T e 

*(r) is a /Zaf regular fan over N* in V*. *(r) C dim*(r) = 
dim$ > 2. vect(|*(r)|) = vect(|$|). T e *(r)i. *(r) is starry with 
center in T. *(r) max C *°(r) C *(r). 
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(3) 



(4) 



(5) 



(6) 



(7) 



r e *°(r) & *°(r) = *(r) & r = H. 

|$| = |*-($/ff)|u( (J |*(r)/r|°). 

re*? 

for any r g |$ - (*/.ff)|ri |*(r)/iT = 0. 

For any Te $° and any f G $° withT^T, |*(r)/T|° n |*(f )/f |° 

$ = ($-($/ff))u( [J (*(r)/r)). 

For any V G $J, ($ - ($/fl"))Tl (*(r)/T) = 0. 

For any T G $f and any f G $° ™^ T ^ f , (*(r)/r) n (*(f )/f ) 

$ max = (J vi/(r) max . 

For any T G $J and any f G $° ™^ r 7^ f , *(r) max n *(f ) max = 

|$| = |J |*°(r)|°. 

re*? 

For any T G $J and any f G $° urcift r ^ f , |*°(r)|° n |*°(f )|° = 



$= (J *°(r). 

For any r G $° a « rf f G $° mift r 7^ f , *°(r) n *°(f ) = 0. 
For any i G {0, 1, . . . , M + 1}, we denote 

x(i)=|*-(*/ff)|u( |J |*(r)/r)ncr, 

re*°,i(r)<» 

Y(i) = [J |*°(r)|° c v*. 

re$j ,i(r)>» 

(8) x(o) = |$- x(M + i) = |$|. r(o) = |$|. y(M + 1) = 0. 

For any i G {1, 2, . . . , M + 1}, X(« - 1) c X(i), X(i - 1) ^ 

y(i — i) d r(t), and y(i - 1) ^ y(i). 

(9) For any i G {1, 2, . . . , M + 1}, 

X(i - 1) n l*/- 1 ^)! = I*/- 1 (i)| - 1*7-1 (i)//" 1 ^)! , 

(10) For any i G {0, 1, . . . , M + 1}, 

x(i) = |$-($/ir)|u( (J |*(r)|), 

re$°,/(r)<i 

K(0= U l*( r )L 
re*j,/(r)>i 

and and Y(i) are closed subsets of V* . 
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(11) Consider any subset <3E> of $ satisfying dim^ = dim vect(|$|) > 2, $ max = 

H G $i and® = ($/iJ) fc . 

Let M = G {l,2,...,M}|F(i) C |$|}, and r : {1, 2, . . . , M} {« G 
{1,2,..., M} denote the unique infective mapping preserving the order and 
satisfying r({l, 2, . . . , M}) = {i G {1, 2, . . . , M}|F(i) C |$|}. 

By Theorem \m\ 6 we know that (H, $) G SF(V, N, S), (M, Ft) G 
USV(H,$,S), and $\|$| = $ * Fr(l) * Fr(2) * • • • * Ft(M). 

(a) {r g ($\|*|)i|r ^ |* - = *;\|$|. 

We denote 

I = I{V, N, H, $, S, M, Ft) : $?\|$| -> {1, 2, . . . , M + 1}, 
$ = #(V,jV, M,Fr) : $?\|<l| -> 2 21 ", 

£° = y°(V,N,H,$,S,M,FT) : $?\|$| 2 2V \ 

(b) Let k : {1, 2, . . . , M + 1} — > {1, 2, . . . , M + 1} denote the composition 
mapping IlI^ 1 , where i : $°\|$| — > $° denotes the inclusion mapping. 
The mapping k is infective and preserves the order. k(M + 1) = M+l. 

(c) ForanyT <= $f\|$|, #(r)/r = (*(r)/r)\|$| and\^(r)/r\° = |#(r)/r|°n 

1*1- 

For anyY G Jf-($?\|$|), (*(r)/T)\|$| =0 and |*(r)/r|°n |$| = 0. 

(d) Foranyr g $j\|$| L #°(r) = *°(r)\|$| and |#°(r)|° = |* (r)|°n|$|. 
For re$j - ($°\|$|), *°(r)\|$| = and |* (r)|° n |$| = 0. 

(12) Consider any V € $°. 

J/9 G *(r)/r, A G $ and e C A, then H C A, and T C A. 
J/ 9 G *°(r), A G and 8cA, tfien T C A. 

7/ 6 G V°(T) and 9c|$- ($/#)!, toen T ^ 9, 9 + iJ G and 
6 r /AT. - G n vect(G). 

7/9 g *°(r), fene + re *°(r)/r. 

Below, we consider the case height(i7, $, S) > 0. Assume height(i7, $, 5) > 0. 
The characteristic function 7 : ($ — (<J>/i7))i — > Qo °/ (H,<&,S) is defined. Let 

171 = EEe(*-(*/H))i M-E)! e Z+ and m = Efe(*-(*/H))i Lt(^)J € Z . We /enow 
fh < m < M . 

We take the unique pair (E,M) of a compatible mapping E : {l,2,...,m} — > 
($ — (<$>/H))i with S and a mapping M : {fh, fh + 1, . . . , m + 1} — > Z + satisfying 
the following three conditions. We denote 

F E = F(V*,N*,H, m, E) : {1, 2, . . . , m} -> 2 y * 
ff B = H(V*,N*,H,<f>,m,E) : {1, 2, . . . , m + 1} ->■ 2 y *, and 

£ = ft(F*,7V*,i7,$,TO,F) : {1,2,..., m + l} -> 2 2V * . 

(a) F(j) = Fe(i) /or any j G {1, 2, . . . , to}. 

(b) M(fh) = m, M(m + 1) = M and M(i - 1) < M(i) /or any i G {to + 
1, m + 2, . . . , m + 1}. 

(c) F(j) C \n E (i)\ and F(j) £ \Sl B (i) - {tt E (i) / H E (i))\ for any i G {to + 
l,m + 2, ... ,m + 1} and any j G {M(i - 1) + 1,M(« - 1) + 2, . . .,M(i)}. 
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For any i G {0,1,..., m — 1} ; we put M(i) = m. We obtain an extension 
M : {0,1,..., m + 1} ->• Z+ of M : {m,fh + l,...,m + 1} Z+. for any 
ie {l,2,...,m + l}, we denote = ($* *F(2) * • • • * F(M(i - l)))\\Q, E (i)\, 
and we take the mapping F(i) : {1,2, ...,M(i) - M(i - 1)} -> 2 y * satisfying 
F(i)(j) = F(M(i - 1) + 7) /or any j G {1, 2, . ._. , M(i) - M(i - 1)}. We fcnow 
e SF{V,N,S), |$(i)| = \n E (i)\, - ($(i)/Jf £ (i))| = - 
(f2 B (i)/H B (i))|, height(HB(*),$(*),S) < height(7J,$,S) 7 (M(i)-M(i-1),F(*)) G 
USV(H E (i),$(i),S), and $(») * F(l) * F(2) * • • • * F(M(i) - M(i - 1)) = 
/or any t g {l,2,...,m + l}. We denote 

G E = G(V*,N*,H,$,m,E) : {1, 2, . . . ,m} -> 2 y *. 
For any ie {0, 1, . . . , m+ 1}, we put L(i) = i + M(i) — m. We obtain a mapping 
L:{0,l,...,m + l}->Zo. 

(13) L(0) = 0. L(m + 1) = M + 1. £(i - 1) < L(i) and L(i) - L(i - 1) = 
M(i) - M(i - 1) + 1 for any i G {l,2,...,m + 1}. L(i) = i /or any 
i G {0, 1, . . . , m}. 

(14) For any i G {1,2, ... ,m + 1}, JJs(i) G and I(H E (i)) = L(i). For any 
ie{l,2,...,m}, I(H E (i))=i. 

(15) Consider any T G $° an 2/ i G {1, 2, . . . , m + 1}. T C |^_e(«)| and 

r £ - (n £ (*)/ir B (*))| ^ l(i - i) < /(r) < L(i) ^ |*(r)| c 
I (»)[_«■ |*°(r)|° c \n E {i)\. 

(16) J/r e $f, * € {1, 2, . . . , m+1}, r c \Sl E (i)\ andT t \n E (i)-(n E (i)/H E (i))\, 
then I(T) = L(i - 1) + J(V, JV, JJ B (i), $(*), 5, M (i) - M(i - l),F{i))(T), 
and *(T) = *(V, iV, JJ B (i), $(«), 5*, M(i) - M(i - 1), F(i))(T). 

(17) //re*?, ie {1,2,..., m}, rc \Q E (i)\ andT <£ \Q E (i)- (Sl E (i)/H E (i))\, 
then^°(T) = {0 G V°(V,N,H E (i),<$>(i),S,M(i)-M(i-l),F(i))(T)\G° C 

|n B /G £ (i)|°}. 

J/r G r C |n B (m+l)| andT t \n E (m + l)-(n E (m + l)/H E (m + 
then *°(r) = *°(V, N, H E (m+l), $(m+l), S, M(m+1)-M(m), F(m+ 

i))(r). 

(18) For any « G {1,2, . „,m}, * (JJ £ (i)) = {6 G |0° C |^/Gfj«|°L 
and *(J?b(<)) = (($\|^(z)|)/JJ B (i)) fc . _ 

*°(iJ B (m + 1)) = ^(H E (m + 1)) = ($/iJ) fc . 

(19) Consider any T G $° an ^ a "?/ « G {1, 2, . . . , m + 1} satisfying T C |^b(«)| 
andr£|n B (*)-(n£(i)/ff B (i))|. 

J/6 G *(r)/r, A G $ and e C A, then H E (i) C A. 
J/9 G *°(r), A G $/JJ and C A, then H E (i) C A. 

Theorem 17.3. issume 57*(V,A^,5) 7^ 0. Consider any (JJ, $) G SF(V,N,S) 
and any (M,F) G USV{H,$,S). We denote $ = $ * F(l) * J 1 (2) * •• • * F(M), 

$; = {re $i|r g: |$ - ($/JJ)|} a«d 

*° = ®°(V,N,H,$,S,M,F) : $J -> 2 2V * . 

Consider any G $ mift ^ |$ - ($/iJ)|. 

(1) T/iere exists uniquely an element A G T,(S\V)f)$ satisfying 0° C A . 

(2) There exists uniquely an element A G $ satisfying 0° C A° . 

(3) There exists uniquely an element A G T(S + (0 V |T^*)) satisfying A(A, S + 
(Q V \V*)\V) = 0. 
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(4) There exists uniquely an element V G satisfying G ^>°(T). 

We take the unique element A <G Ti(S\V)f)^ satisfying 0° C A° 7 the unique 
element A G $ satisfying 0° C A°, the unique element A G + (Q V \V*)) 

satisfying A(A, S + (<d v \V*)\V) = and the unique element T G <f>° satisfying 
0G*°(r). 

(5) 0° C A C A°. A G $/H. dimA = dim A or dimA = dim A - 1. T C A. 

(6) dimA = dim V- dim©. S + (A V \V*) C S+ (0 V |F*). An (S + (A V |V*)) G 

+ (A V \V*)). A(A n(S + (A V \V*)), S + (A y \V*)\V) = A. 

(7) If dimA = dimA, then {to, a) — (u,b) for any uj G vect(A), any a G 
A n (5 + (A V |F*)) 7 and any 6 G A n (5 + (A V |F*)). 

(8) //dim A = dirriA-1, i/ien height (Zf, 5 + (A v |y*)) > and T G $i satisfies 
the following five conditions: 

(a) r c A. r £ vect(A). r g: a. r <£ 0. + r g *°(r)/r c <&. 

(b) vect(A) + T = vect(A) + ff. 

(c) 77ie su&set {(b r/N , , a)\a G A n (S + (A v | V"*))} of R is a non-empty 
bounded closed interval. 

(d) [The hard height inequality] 

max{(& r/Jv .,a)|a G A n (S + (A V \V*))} 

- min{(6 r/A r,,a)|a G A n (S + (A V \V*))} 
<height(H,S + (A v |y*)). 

(e) The equality 

max{(& r/JV «,a)|a e AO (S + (A V \V*))} 

- mm{(b r/N ,,a)\a e AO (S + (A v |y*))} 
= height(#, S + (A y \V*)), 

holds, if and only if, c(S + (A V \V*)) = 2 and the structure constant of 
T l (S\V)f)J r (A) corresponding to the pair (2,E) is an integer for any 
E G J 7 (A)i - {H}. 

(9) If dim A = dimA — 1 and the equivalent conditions in 8.(c) are satisfied, 
then = A and Y = H . 

Below we consider any rational convex pseudo polytopes T and U over N in V 
satisfying T + U = S. 

(10) E(T\V)ftE(U\V) = '£(S\V). (H, <f>) G SJ-(V,N,T). (H, $) G SF(V, N, U). 

(11) If dimA = dimA - I, then A G S(T + (A v |F*)|y) 1 or A G £(£/ + 
(A v |y*)|F) 1 . 

(12) Assume dimA = dimA - 1 and A G S(T + (A v |y*)|V r ) 1 . 

height (iJ, T + (A V \V*)) > 0. T/iere exists uniquely an element At G 
T(T+ (A V \V*)) satisfying A(A T ,T + (A v \ V*)\V) = A. 

FKe take the unique element At G J-(T + (A v \V*)) satisfying A(At,T + 
(A v \ V*)\V) = A. The element T G <&° satisfies the following three condi- 
tions: 

(a) TTie subset {(br/N* , o)\a G At} of is a non-empty bounded closed 
interval. 
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(b) [The hard height inequality] 

ma,x{(br/N* , a)\a £ At} 

- min{ (b T / N ,,a)\a £ A T } 
< height(ff, T + (A V \V*)). 

(c) Let r v = c{U + {A V \V*)) £ Z+. If max{(b r/N ,, a)\a £ A T } - 
mm{(b r/N *, 

a)\a £ At} — height (H,T + (A V |V*)) and the structure constant of 
Ti(U +(A V \ V*)\V) corresponding to the pair (i, E) is an integer for any 
i £ {1,2,..., ru} and any E £ .F(# op |A)i, then c{T+{A y \V*)) = 2, 
the structure constant o/S(T+ (A 7 )!^*)^) corresponding to the pair 
(2,E) is an integer for any E £ J"(ff op |A)i and 9 = A. 

Proof. We show only claim 8 and 9. 

Assume ST{V, N, S) ^ 0^Consider any (H, $) £ SF{V, N, S) and any (M, F) £ 
USV(H,<S>,S). We denote $ = $ * F(l) * F{2) * ••• * F{M), = {r £ $i|r (t 
|3> - ($/#)]} and = V°(V,N,H,$,S,M,F) : 2 2 "\ 

Consider any 9 € $ satisfying 9 £ |$ - ($/H)\. 

We take the unique element A £ £(5|V)fl$ satisfying 9° c A°, the unique 
element A £ $ satisfying 9° C A°, the unique element A £ T(S + (<d v \V*)) 
satisfying A(A,S + (<d v \V*)\V) = 9 and the unique element T £ $J satisfying 

9e*°(r). 

By 5 and 6 we know that 9° C A° c A°, A £ dim A = dim A or 

dimA = dimA-l, T c A, dim A = dim V - dim 9, S+(A V \V*) c S + (O v \V*), 
An(S+(A v \V*)) e T(S+(A V \V*)), and A(An{S+(A v \V*)), S+(A V \V*)\V) = A. 

Furthermore, assume dim A = dim A — 1. 

Note that H £ J r (A)i_and E(5 + {A y \V*)\V) is F-simple, since A £ Let 
E(S + (A V \V*)\V) 1 = {Ae T,{S +{A y \V*)\V) 1 \K° c A°}U {ff op |A} denote the 
ff-skeleton of S(5 +_ (A V |1/*)|T/). We know A £ E(S + (A v |V r *)|F) 1 , A ^ ff°P|A, 
c(5 + (A v |l/*)) = U£(S+ (A v |l/*)|1/) 1 >2, andheight(£T,S+(A v |y*)) > 0. 

We consider the ff-order on E(S* + (A y \V*)\V)°. Let A : {1,2, ... ,c(S + 
(A V |T/*))} S(5 + (A V \V*)\V)° denote the unique bijective mapping preserv- 
ing the /f-order. Let £ = dim vect(A) v |V* £ Z and let A : {1,2, ... ,c(S + 
(A v |y*))} — > J r (S+(A v ))i denote the unique bijective mapping satisfying A(A(i), 
S + (A v |V")|V0 = A(i) for any i £ {1,2, ... ,c(S + (A v |^*))}. For any i £ 
{1,2,. . .,c(S+ (A V |V"*))>, we take any point a(i) £ A(i). 

We consider the #-order on t(S + {A V \V*)\V)\ Let A : {1,2, ... ,c(S + 
(A V \V*))} -> £(£ + (A v l^) 1 denote the unique bijective mapping preserv- 
ing the ff-order. We take the unique element i A £ {2,3,..., c(S + (A V \V*))} 

satisfying A(i A ) = A. 

Now, by 5 we know T C A. 

By Lemma[IZ2112 we know 9 + T £ #°(r)/T C *°(r) C $. 

Since A(An(S+(A v \V*)),S+(A x '\V*)\V) = A = A(t A ) - A(i A ) nA(i A - 1) 
and A C A°, we know that ^ n (S + (A v |y*)) = conv(i(i A ) U A(i A - 1)) = 
conv({a(i A ), a(i A - 1)}) + (vect(A) v |^*). Therefore, if vect(A) + T — vect(A) + H, 
then (b r/N «,a(i A )) < (b r/N *,a(i A - 1)}, {(6 r/7V , , a)|a € 4 n (5 + (A V |F*))} = 
{< £ R\(b r / N , ,a(i A )) < t < (br/N* ,Sl{i a — 1))}, and the subset {(6r/jv* , o)|o € 
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An (S + (A V |V*)) of R is a non-empty bounded closed interval. If T C vect(A), 
then (b r/N *,a(i A )) = (6 r/iV .,a(u - 1)), {(b r /N* , a) |a € A n (5 + (A V \V*))} = 
{(6 r /Ar»,a(zA))}, and the subset {(b r/N ,,a)\a G A n (5 + (A V |V™)) of R is a non- 
empty bounded closed interval. If T <f_ vect(A) and vect(A) + T ^ vect(A) + H, 
then (br/N*,&(i A )) > (&r/tf.,a(*A-l)>, {(^r/jv , «> |a € ^ n (S + (A V |F*))} = 
{i G E|(6 r /jv«, «(*a)) > * > (br/N',a(iA — 1))}, and the subset {(6r/A* , a) |a G 
A n (5 + (A v |l/*)) of R is a non-empty bounded closed interval. 

We know that the subset {(b r /N* , a) |a eifl (5 + (A V |V*)) of R is a non-empty 
bounded closed interval. 

Let M = (J{i G {l,2,...,M}|F(i) c A} G Z . We take the unique injective 
mapping r : {1,2, ...,M} —> {1,2, ...,M} preserving the order and satisfying 
r({l,2,...,M}) = {i G {l,2,...,M}|F(i) C A}. By Therem EU6 we know 
that (H,T(A)) G ST{V,N,S), (M,Ft) G USV(H,F(A),S), and $\A = J"(A) * 
Ft(1) * Ft(2) * ■ ■ ■ * Ft(M). 

We denote ^(A) = J 7 (A)*Ft(1)*Ft(2)*- ■ -*Ft(M), J*(A)J = {f g J"(A)i|f £ 
H°p\A} and *° = *°JV, 2V, if, J"(A), S, M, Ft) : F(A)\ -> 2 2 ^ . 

Since r C A, T G J*( A )i and *°(r) = *°(r)\A. Since 9 C A, 9 G £°(T). 

For any j G {1, 2, . . . , c(S + (A V \V*))} and any E G 7"(lf op |A)i, we denote 
the structure constant of E(5 + (A v |V*)|V r ) corresponding to the pair (j, 25) by 
c(S(5 + {A y \V*)\V),j 1 E). 

Letm^J2 B&nHoplA)i \c(j:(S+(A y \V*)\V),2,E^ G Z+ and 

™ = E£ e ^ (H o P | A) Jc(£(S+(A v |y*)|y),2,27)J eZ o- We know that m < m < M. 

We take the unique pair (E, M) of a compatible mapping E : {1,2,..., to} — > 
J°(H op \ A)i with 5 and a mapping M : {to, to + 1, . . . , rh + 1} — > Z + satisfying the 
following three conditions. We denote 

- F(V*,N*,H, F(A), rh, £) : {1, 2, . . . , to} -> 2 y * 
=H(V*,N*,H, F(A),rn,E) : {1, 2, . . . , to + 1} ->• 2 V " , and 

fi^. = 0(F*, iV*, 22, J"(A), m, 2?) : {1, 2, . . . , to + 1} -> 2 21 " . 

(a) Ft(j) - Fg(i) for any j G {1, 2, . „ , to}. 

(b) M(m) = m, M(m+1) = M and M(i-l) < M(i) for any i G {m + l,m + 

2,...,TO+1}. 

(c) Fr(j) C and Fr(j) £ |%(£) - for any i G {to + 
1,to + 2, ... ,to + 1} and any j G {M{i - 1) + 1, M(i - 1) + 2, . . .,M(i)}. 

For any i G {1, 2, . . . , to + 1}, we denote A(i) — |0^(i)| C A and A(i) = 
H^(i) op \A(i) C A(i). For any i G {0, 1, . . . , m — 1} we put M(i) = rh. For any 
i G {1,2,..., to+1}, let i>(i) = .F(A)*fY(l)*fY(2)*- • -*Fr(M(i-l))\A(i) and let 
F(i) : {1, 2, . . . , M(i) - M(i - 1)} 2 y * denote the mapping satisfying = 
Fr(M(i-l)+j) for any j G {1,2,.. . , M(z) -M(z- 1)}. Note that we have |$(z)| = 
A(i), (H 6 (i),$(i)) eST(V,N,S), (M(i)-M(i-l),F(i)) eUSV(H e (i),*(i),S), 
hdght(ff^(i),$(i) s 5) = hoight(^(i),5+ (A(i) v |y*)) < height (ff, 5 + (A v |y*)) 
for any i G {1, 2, . . . , m + 1} by Theorem [T7TTJ 10. 

There exists uniquely «r G {1,2,...,to + 1} satisfying T C A(ir) and T 2^ A(ir). 
We take the unique i? G {l, 2, . . . , rh + 1} satisfying T C A(ir) and T ^ A(ir). 
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By Lemma EH17 wc know 6 G *°(T) c #°(V, N, H$(ir), $(ir), S, M(«r) - 
M(*r - i),F(i r ))(r), and 9 C |$°(T)| c |*°(V, A^(i r ),$(i r ),S,M(i r ) - 
M(i r - i),F(i r ))(r)| C |$(ir)| = A(i r ). Consider the case « r = m + 1. 9° c 
A(i r ) n A = A(i r )° U A(i r )°. Consider the case i v ^ m + 1. We denote 

G £ = G(V* , N* , H, F(A), m, £) : {1, 2, . . . , m} -> 2 V * . 

By Lemma[TL2:L7 6° C \F(A(i r ))/G^(i r )\° = A(i r ) - (G^(i r ) op |A(i r )). There- 
fore, 9° C (A(i r ) - (G^( lr )° p |A(z r ))) nA°= A(i r )° U A(i r )°. 
We know 6° C A(i r )° U A(i r )°. 

Since 9 € J?(A), {A(£ r ), A(i r )} C J"(A) *Ft(1) *Ft(2) * • • • *Ft(?7i), and JF(A) 
is a subdivision of J-"(A) * Ft(1) * Ft(2) * • • • * Fr(m), we know that 9° C A(ir)° 
or 9° c A(i r )°- 

We take the unique element A G <S>(i r )/Hg(i r ) satisfying 9° C Afj U (H^(i r ) op 

|A )°. 9° C A(i r )°, if and only if, 9° C A°. 9° C A(* r )°, if and only if, 
9° c (^(»r)°P|A ) . 

Since 9 € ^°{V, N, H^(i r ),^(i r ), S, M(i r ) - M(i r - i), F(i r )){T) and 9 C A , 
we know T C A . height (H & (i r ), S + {&$\V)) < height {H & (i T ), *(i r ), 5) < 
height(iJ, S* + (A V |F*)). A n A G S(S*|l/)n$n$(i r ) = S(5|^)n$(i r ). 7^ 9° c 
A n (A(i r ) Q U A(i r )°). 9 c A n A . 

Let s = s(V*,N*,H,J : (A),m,E) : {0, 1, . . . , to} x F{H°p\A) 1 -> Z . 

Assume that ir 7^ to + 1. By Theorem 116.11 15 we know m — to > 1, ir G 
{to + 1, to + 2, . . . , to}, since A n (A(i r )° U A(i r )°) 7^ 0- Since A = A(i A ) and 
An (A(* r )° U A(i r )°) 7^ 0, we know c(E(S* + (A v |V r *)|V r ), i A , E{i r )) < [c(S(5 + 
(A v |t/*)|t/),2,i?(ir))l = s(i r ,E(i r )) by Theorem [TSU 17. 

It follows that if ir 7^ m + 1, then H^(ir) <JL vect(A) and vect(A) + Hg{ir) — 
vect(A) + H. Obviously, if iv = m + 1, then H^(i r ) = Zf, Hg(ir) <t vect(A) 
and vect(A) + H^(i r ) = vect(A) + H. We know that H^(i r ) <£. vect(A) and 
vect(A) + Hg(ir) — vect(A) + H. Furthermore, it follows that dimA n A < 
dim Ao — 1. 

We have two cases. 

(1) 9° c A(t r )°. 

(2) 9° c A(t r )°. 

We consider the case 9° C A(i r )°. 9° c A° . A n A G Z{S\V)nF(A ). 
9° c A° n A° = (A n A Q )°, 7^ 9° c (A n A )° n Ag. Since Z(S\V)nF(A ) is 
ffg,(ir)-simple, we know dim(A n Ao) > dim Ao — 1, dim(A n Ao) = dim Ao — 1 
and vect(A n A ) = vect(A) n vect(A ). 

Since height (H M (i r ), S + (A%\V*)) < height (H, S + (A y \V*), by induction on 
height we know that the following claims hold: 

(a) rcA .r^ vect(A n A ). 

(b) vect(A n A ) + T = vect(A n A ) + H & (i T ). 

(c) The subset {(b r/N ., a) \a G A(1(S+(Aq\V*))} of R is a non-empty bounded 
closed interval. 
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(d) 

max{<6 r/Jv .,a)|a e An (S + (A v |y*))} 

- mm{(b r/N , , a) \a e A n (S + (A£ \V*))} 
<height(H e (i r ),S + (A%\V*)) 

Since T C A C vect(A ) and T <£ vect(A n A ) = vect(A) n vect(A ), we know 
T ct vect(A). Since 9 C A C vect(A), we know r qL A and T (t Q. 

Note that A = vect(A) n A. Since Hg(ir) (f. A and H^(i r ) C A, we know 
Hfi(i T ) <f_ vect(A). Since vect(A n A ) + T = vcct(A n A ) + H^(i r ) and vect(A n 
A ) C vect(A), we know vect(A) + T = vcct(A) + H^(i r ) = vcct(A) + H. 

Since A C A, we know that A n (S + (A V \V*) C A n (S + (A%\V*), 
max{(6 r /jv*,a)|a € An {S + (A v \V*))} < max{(& r /jv* , a)\a € An (S + (&%\V))}, 
mm{(b r/N , , a) \a e A n (S + (A v \V*))} > mm{(b r/N , , a) \a e A n (S + (A£ \V*))}, 
max{(b r/N ,,a)\a e An (S + (A v |F*))} - mm{(b r/N » , a) \a € An (S + (A v \V*))} < 
max{{b r/N *,a)\a £ An(S + (A^\V*))}-min{{br /N ,,a)\a e An(S+(A^\V*))} < 
height(iT f (i r ),S+(A^F*)) < height(tf, S+ (A V |V*)), and 

ma,x{(b r/N ,,a)\aeAn(S+(A v \V*))} 

-mm{(b r/N ,,a)\a e A n (5 + (A v |V*))} 
< height (if, S + (A v |y*)) 

We consider the case 6° C A(ir)°. 

6 e $\A(i r ) = ($\A(ir))\A(i r ) = (${i r )*F{i r )(2)*F{i r )(l)*- • ■*F(i r )(M(i r )- 
M(i r - l)))\A(i r ) = $(«r) - ($(«r)/-ff^(ir)) and we know Q + H 6 (i r ) £ $(i r ). 

Since 9 = i/ i j(?; r ) op |(e + H^(i r )), we know A = 6 + H^(ir) and dim 9 = 
dim Ao — 1. 

Since 9 c A n Aq, dim A - 1 = dim 9 < dim A n A < dim A - 1, dim 9 = 
dimAnAo = dim A -l, vect(9) = vect(AnA ) and AnA C vect(An A )n A = 
vect(9) n A = vect(9) n (9 + H & (i v )) = 9. We know 9 = An A . 

Since T <£ A(i r ) and 9 C A(i r ), we know r <£. 9. Since r <£ 9 = A n A 
and T C A , we know r <f_ A. Since r <f_ A = vect(A) n A and T C A, we know 
r £ vect(A). 

Since T° U H^(i T )° C A - (H^(i T ) op \A ), we know vect(A) + T = vcct(A) + 
h e(^) = vcct(A) + H. 

We know vect(A) + T = vect(A) + H, (&r/jv*> S(i A )) < (&r/jv*> S(i A — 1)), 
{<& r/JV *,a)|a e An(S+(A v |l/*))} = {te E|(6 r/W ,,a(u)) < * < (&r/A- , o(i A - 
1))}, and max{(6 r /Ar-,a)|a € in (5+ (A V |V*))} - min{(& r/A r« , a) |a € A n (S + 
(A v |y*))} = (& r/iv *,a(u - 1)) - <&r/A* , a(i A )). 

By Lemma [T7T21 12 we know b H .( ir y N * - ^r/w* € iV* n vect(9) C vect(A) = 

vect(A(u))- Since {a(u-l),a(u)} C conv(l(u-l)uA(i A )) € J r (S'+(A v 
and A(conv(i(« A - 1) U A(i A )), 5 + (A^\V*)\V) = A(i A ), we know (b B (i r)/N . - 
b r/N ,,a(i A - 1)) = (b H& ( ir y N . - b r/N ,,a(i A )). We know (b r/N .,a(i A - 1)) - 
(6 r/ jv*,a(z A )) = (b He (i r )/N*,a(iA- 1)> - ^>H 6 {i v )/N-,a{i\)). 
We have two cases. 

(1) A 7^ A(ir). 

(2) A = A(* r ). 
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Consider the case A 7^ A(ir). 

Since A(i A ) = A ^ A(i r ) = ff^,(i r ) op |A(i r ), we know A(i A )nA(i r )° ^ 0, A(i A - 
l)nA(ir) + 0, {i(ir),i(ir-l)} C F(S + (A(i r ) v \V*))i, and (6 H fi(ir)/Jv . , a(z A - 
1)) - (6ff 4 ( ir) /Ar.,a(iA)) < hcight(^(i r ),S + (A(i r y\V*j) < height^, S + (A v | 

We know that max{(& r/Ar ,, a)|a G An(5+ (A v |^*))} - min{(b r / N , , a) \a G 
An (S+ (A V \V*))} < height^, S + (A V \V*)). 
Consider the case A = A(ir). 

If *r = m+1, then H$(ir) = H and (&H a (i r )/iv*,a(iA-l))-(&H ft (ir)/iV* ) a(u)) = 
(b H/N ,,a(i A - 1)) - (b H/N .,a(i A )). 

We consider the case i r 7^ m + 1. b Hj . {lr)/N , - b H/N , = b Gj . {lr]/N , G A(i r ) = 

A = A(i A ). Therefore, (b H6 ( ir y N * -bn/N*, a(i A -l)) = (bn A (i r )/N* -&h/jv*, a(i A )), 
and (6ij e (i r )/iv«,a(iA-l))-^H ft (ir)/iv*,a(jA)) = (bH/N*,a(i A -l)}-(b H /N*,a(i A )). 

We know that {b Hjj ,( ir y N * -b H/N *,a(i A - 1)) = (&ffg(i r )/iv* -b H /N*,a(i A )}, and 
(t>H 6 (i r )/N*,a(i A - 1)) - (&H£(i r )/iV*>6(u)) = (bn/N*,a(i A - 1)) - (b H / N ,,a(i A )). 

Note that (b H/N ,,a(i A - 1)) - (b H/N , ,a(i A )) < (b H/N , , o(l)) - (b H/N *,a(c(S + 
(A v |^*)))) = height^, 5 + (A v |^*)) and (& ffyW .,a(i A - 1)> - a(u)) = 

(6 H/W . , o(l)) - (bfj/N* , a(c(S + (A v |^*)))), if and only if, c(S + (A V |F*)) = * A = 2. 

We know that max{(6 r/A r» , a) |a € ifl(S+ (A V |F*))} - min{(6 r/A r,, a)|a G 
An (5 + (A v |y*))} < height (i?, 5 + (A V |T/*)), and that max{(6 r/A r,,a)|a 6ifl 
(S + (A v |^*))}-min{(& r/A r,,a)|aG An (S + (A v |T/*))} - height (fT, S+(A V |F*)), 
if and only if, c(S + (A V |F*)) = i A = 2. 

Now, by the arguments so far we know that the inequality max{ (6r/Ar* , a)\a G 
Af]{S + (A V \V*))} - min{(& r/A r.,a)|a £ Af] (S + {A V \V*))} < height (H, S + 
(A V \V*)) always holds, and the equality rxiax{(& r/w ,, a) \a € An (5 + (A V |V™))} - 
min{(& r/JV ,,a)ja G An (S + (A y \V*))} = height (ff, 5 + (A y \V*)) holds, if and only 

if, 6° c A(i T )°, A = A(i r ) and c(S + (A V \V*)) = i A = 2. 

Assume 6° C A(i r )°, A = A(i r ) and c(S + (A v |y*)) = i A = 2. We have 
A(2) = A(i A ) = A_= A(i r ), and for any E G J"(F op |A)i = J"( A )i - {H}, 
c(i:(S\V)f}T(A),2,E) = c(?,(S + (A y \V*)\V),2,E) = l(i r -l,E) G Z. 

We know that if max{(& r / A » , a) \a G A n (5 + (A V |F*))} - min{(6 r / A r,,a)|a G 
An (5 + (A v |y*))} = height(£T, S + (A V |F*)), then c(S+ (A V \V*J) = 2 and the 
structure constant of T,(S\V)r\J r (A) corresponding to the pair (2,E) is an integer 
for any E G T(A) - {H}. 

Convesely, assume that c(S+(A v \V*)) = 2 and the structure constant of £(5|y) 
r)J-(A) corresponding to the pair (2, E) is an integer for any E G F(A) — {H}. By 
Theorem 116.11 20-26 we know that m = rh = M, i A = 2, ir = rh + 1, 8 = A = 
A(2) = A(m + 1), r = H and the equality max{(6 r/Ar », a) \ a G An(5 + (A V |V^*))}- 
mm{(b r/N *,a)\a G A n (S* + (A V \V*))} = height(iJ, S + (A V \V*)) holds. 

Claim 12 follows from similar arguments as in claim 8 and 9 and Theorem l 16.11 27- 
32. □ 

18. Schemes associated with fans 

We review the toric theory (Kempf et al. [19], Fulton [8], Cox [7]) and arrange 
our notations for the toric theory. 
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Let k be any algebraically closed field, let V be any vector space of finite dimen- 
sion over R, let N be any lattice in V and let E be any strongly convex rational 
fan over N in V. Associated with the quadruplet (k,V, N, E), the toric variety 
X = X(k, V, N, E) is defined. It has the following properties: 

(1) X is a separated reduced irreducible normal scheme of finite type over k. 
dim A — dimV. 

(2) X is completed |E| = V. X is smooths E is regular. 

(3) Associated with any A £ E, an affine open subset U (A) = U (k, V, N, E, A) 
of X, an locally closed subset 0(A) = 0(k, V, N, E, A) of X and a closed 
subset V(A) = V(k, V, N, E, A) of X have been defined. 

(4) A structure of a group scheme over k isomorphic to G^ lm v has been defined 
on the affine open subset T = U({0}) of X, where G m = Spec(k[x,l/x\) 
denotes the multiplicative group over k. 

X has an action TxX ^ X oiT extending the action TxT ->• T of T 
on T itself. 

(5) For any A £ E the following holds: 

(a) U(A), 0(A) and V(A) are T-invariant, non-empty and irreducible. 
0(A) is a T-orbit. V(A) is the closure of 0(A) in X. 0(A) = V(A)n 
U(A). 

(b) dim 17(A) = dimV. dimO(A) = dimF(A) = dimV - dim A. 

(c) 

U(A)= |J 0(A), V(A)= |J 0(A). 

AeS^AcA AeE,ADA 

(6) 

X = U U(A) = |J 0(A). 

AGS AeE 

(7) For any As S and any A £ E the following holds: 

(a) U(A n A) = E7(A)n 17(A). 

(b) A = A [7(A) = C/(A) «• 0(A) = O(A) 0(A) n 0(A) ^ ^ 
F(A) = V(A). 

(c) A c A U(A) c 17(A) ^ 0(A) c 17(A) O(A) n ?7(A) ^ ^ 
V(A) n f/(A) ^ V(A) D V(A). 

(8) An isomorphism x : A^* — > Hom(T, G m ) of groups from the dual lattice 
N* of N in the dual vector space V* to the group Hom(T, G m ) of group 
homomorphisms from T to G m (the group of characters of T) has been 
defined. 

(9) We have natural inclusions Hom(T, G m ) C O x (T) x C O x (T), where 
Ox (T) denotes the ring of regular functions over T, and Ox (T) x denotes 
the set of invertible elements in Ox (T) . 

For any regular function <p € Ox{T) over T, there exists a finite subset 
I of N* such that <f> is a linear combination of x( TO ): m £ I over fc. For any 
finite subset I of A*, elements x(m),m € I are linearly independent over 
k. 

(10) For any A £ E, T = ?7({0}) C C/(A) and the ring O x (U(A)) of regu- 
lar functions over U(A) is the fc-vector subspace of Ox(T) generated by 
X(m),m£ A*nA v . 
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(11) We consider the the group Hom(G m ,G m ) of group homomorphisms from 
G m to G m and the group Hom(G m ,T) of group homomorphisms from 
G m to T (the group of one parameter subgroups of T). The composi- 
tion of group homomorphisms defines a map Hom(G m , T) x Hom(T, G m ) — > 
Hom(G m , G m ). There exists uniquely a group isomorphism Hom(G m , G m ) — > 
Z sending idc m G Hom(G m ,G,„) to 1 e Z, where idc m denotes the iden- 
tity morphism of the scheme G m . The composition of these two mappings 
defines a mapping 

( , ) : Hom(G m , T) x Hom(T,G m ) -> Z. 

An isomorphism A : N — > Hom(G m ,T) of groups from the lattice N to 
the group Hom(G m ,T) has been defined. 

For any m G N* and any n G N, the equality (m,n) — (A(n), x( m )) 
holds. 

Below, we consider the case where £ is a flat regular fan with dimE = dimV. 
By 2, X is smooth. 

(12) For any A e S°, the following holds: 

(a) dim A = dimV, vcct(A) = V, {b E/N \E <= J"(A)i} is a Z-basis of AT, 
it is an R-basis of V and A = convcone({b E / N \E G J-"(A)i}). 
We denote the dual basis of {b E/N \E e J"( A )i} by {&£ /A r^|£ G J"(A)i}. 
For any D G J"(A)i and any £ G J r (A) 1 . 



(t>D/N A , b E / N ) — 



1 if D = E, 
if D ^ E. 



(b) dim A v = dimV, vcct(A v ) = V*, {b E , N y A \E G JYA)i} is a Z-basis of 
Af*, it is an K-basis of V* and A v = coiwcone({b E/NA \E G J*(A)i}). 

(c) Ox(U(A)) is a polynomial ring over k with variables {x{b E /N A )\E G 
J"(A)i}. In other words, Ox(U(A)) is a fc-algebra generated by the 
finite subset { X (b E/N v A )\E G .F(A)i} and { X (b E/N v A )\E G JYA)i} is 
algebraically independent over k. 

(d) Consider any A G £ with A C A. Note that A is a face of A and 
J 7 (A)i c J 7 (A)i. 

U(A) is the open subset of U(A) defined by x(&e/JV a ) 7^ for any 
Ee/fAJi-^A)!. 

V(A) n f/(A) is the closed subset of U(A) defined by = 

for any E G J"(A)i. 

0(A) = U(A) n V(A) is the locally closed subset of U(A) defined by 
x(b D /N V A ) ¥= for any D G .F(A)i - J"(A)i and x(b E /N V A ) = for any 
E G J"(A)i. 

(13) For any A G S, V(A) is a smooth irreducible closed subset of X with 
dim V(A) = dimT^ — dim A and it is a local complete intersection. 

(14) Assume dimS = dimV > 1. 

We denote D = Er eSl ^( r )- 

The pair (X, D) is a normal crossing scheme over k. 
comp(D) = {V(r)|r G Si}. 
{D) -U AeE oO(A). 
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If a e (£>)o, A e E° and {a} = 0(A), then U(X,D,a) = U(A) and 
comp(£>)(a) = {V(T)\T e J"(A)i}. 

Consider any a e (D) . We take A e E° with {a} = O(A). We define 
a mapping £ Q : comp(D)(a) — > Ox(U(X, D, a)) by putting £ a (F(r)) = 
xC&r/ivX) e Ox(f/(A)) = Ox(l/(I,D, a )) for any T e -F(A)l 

We put £ = {<£a|a € (D) }. 

The triplet (£(£>), D, £) is a coordinated normal crossing scheme over S. 
We consider morphisms between toric varieties. 

We consider any algebraically closed field k, any vector space V of finite dimen- 
sion over R, any lattice N in V, any strongly convex rational fan £ over TV in V, 
the toric variety X = X(k, V, N, £) associated with the quadruplet (k, V, N, £), any 
vector space V"' of finite dimension over R, any lattice N' in V', any strongly convex 
rational fan E' over N' in V', the toric variety X' = X(k, V', N', E') associated 
with the quadruplet (fc, V, AT', E') and any homomorphism fi : V — > V of vector 
spaces over R. 

If ju(iV) C A/ 7 and if for any A e E there exists A' e E' with /x(A) C A', then 
there exists uniquely a morphism a : X — »■ A"' of varieties over fc with the following 
properties: 

(1) Consider T = U(k, V, N, E, {0}) C X and T' = U(k, V , N', £', {0}) C AT'. 
c(T) C T' and the induced morphism u : T — > T" by er is a morphism of 
group schemes. 

(2) Let ct : Hom(G m ,T) — > Hom(G m ,T') denote the group homomorphism 
induced by u. 

Recall that we have group isomorphisms A : N — > Hom(G m ,T) and 
A' : N' -> Hom(G m , T') by II above. 

The composition A' _1 ctA : N N' coincides with p, : N — > N' , where /x 
denotes the group homomorphism induced by (i. 

Below, we assume that ^(N) C N', for any A e E there exists A' e E' with 
/x(A) C A' and the morphism a : X — > X' of varieties over fc has the above 
properties. 

The following holds: 

(1) a is propers A^Hl^'l) = 

(2) If A e E, A' g E' and /x(A) c A', then a(U(k, V, N, E, A)) c U(k, V , N 1 , E', 
A'). 

(3) For any A e E, A*(A°) = m(A)° and there exists uniquely A' e E' with 
At(A°) c A'°. 

(4) If A e E, A' e E' and^(A°) c A'°, then a(0(k, V, N, E, A)) c 0(fc, V', N', 
E',A'). 

(5) For any A' e E', 

tr _1 (l/(jfe,V",JV / ,E / ,A / ))= |J l7(fc,V,JV,£,A)), and 

AeS.AcA' 

f 7- 1 (0(fc,F',Ar',E / ,A'))= (J 0(fc,V,JV,£,A)). 

A6SA CA'° 

Below, we consider the case where V — V , N — N' and \i = idy. In this case E 
and £' are any strongly convex rational fans over N in V. Obviously idy(AT) C N, 
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and for any A <G £ there exists A' e E' with idy(A) C A', if and only if, £ is a 
subdivision of £'. 

In case where £ is a subdivision of £', we denote the above morphism 

a : X(k, V, N, £) -> X(fc, V, TV, £') 

by the symbol cr(fc, V, iV, E', E) or cr(£', E) and we call it the subdivision morphism 
associated with the pair (E, £'). 

Note the order of E and E' in the symbol a(k, V, N, E', E). 

CT(fc,V,JV,E',E) : X(k,V,N,-£) -> X^.V.iV, E'). 

The following holds: 

(1) For any strongly convex rational fan E over N in V, a(k, V, N, E, E) = 
idx(fc,y.Af.s): where idx(k,v,N,T,) denotes the identity morphism of the scheme 
X(k,V,N,E). 

(2) If E, E' and E" are any strongly convex rational fans over N in V, E is a 
subdivision of £' and E' is a subdivision of £", then E is a subdivision of 
E" and a{k, V, N, £", E')a(fc, V, iV, E', E) = cr(fc, V, N, E", E). 

Below, we assume that E and £' are any strongly convex rational fans over N in 
V, and E is a subdivision of E'. We denote X = X(k, V, N, E), X' = X(k, V, N, E'), 
and a = a{k, V, N, E', E) : X -> X'. 

The following holds: 

(1) For any A e E n E', a(U(T,, A)) = [/(£', A) and the morphism a : 
[/(£, A) — > [/(£', A) induced by tr is an isomorphism of schemes. 

(2) If E is a subset of £', then a is an open immersion. 

(3) If £' is regular over N, A' € E', dim A' > 1, and E = E' * A', then 
E is regular over TV and the morphism a : X — »■ X' coincides with the 
blowing-up of X' with center in V(E', A'). 

(4) Assume that E' is a flat regular fan with dimE' = dimV^, m € Z , F is a 
center sequence of E' of length m and E = E' * F(l) * F(2) * ■ ■ ■ * F(m). 

Refer to claim 14 two pages before. 

We denote D = £ reSl ^<X r ) an d D' = Eres; ^( s ', r )- 
Consider any a e (£>) . We take A e E° with {a} = 0(E, A). We define 
a mapping £ Q : comp(D)(a) -> Ox(U(X, D, a)) by putting £ a (V(E,r)) = 
X (for/ArX) G Ox(f/(E,A)) = O x (U(X,D,a)) for any T e ^(A)l 
We put £ = {£ a \a G (D)o}. 

Consider any a e (D') . We take A' e E'° with {a} = 0(E',A'). 
We define a mapping ^ : comp(D')(a) — »■ Ox'(U(X' , D', a)) by putting 
&(V(E',r)) = X'(&r/jvl,) G Ox'(C/(E', A')) = O x >(U(X',D t ,a)) for any 

ref(A')i. 

We put £' = {£> G (£>')o}- 

(a) E is a flat regular fan with dim E = dim V. 

(b) The morphism a : X — »■ X' is an admissible composition of blowing- 
ups over D'. If dimF(i) = 2 for any i e {1, 2, . . . , m}, then cr is an 
admissible composition of blowing-ups with center of codimension two 
over D 1 . 

(c) comp(D) = comp(cr*D') 

(d) a((D) ) = (D') . If a G (D) 0) A e E°, {a} - 0(E, A), A' e E'°, 
A C A', then {a(a)} = 0(E', A'). 
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(e) £ = o*£'. 



19. Proof of the main theorem 
We give the proof of our main theorem Theorem 14.11 

Let k be any algebraically closed field, let R be any regular local ring such that R 
contains k as a subring, the residue field R/M(R) is isomorphic to k as fc-algebras 
and dimP > 2, let P be any parameter system of R, and let z € P be any element. 

Consider any <j> 6 R such that </> ^ 0, r + (P, </>) is ^-simple, and <j) satisfies one of 
the following two conditions: 

(1) inv(P, z, <f>) > 0, r + (P, t/j) has no z-removable faces, where ip denotes a 
main factor of (P, z,<f>). 

(2) inv(P, z, (j>) — 0, inv2(P, z, <fi) > 2 and z divides <j>. 

Let D = Spec(R/ Y[ xe p xR), which is a normal crossing divisor on Spec(P). 
We define a coordinate system £ : comp(P) — > R of the normal crossing scheme 
(Spec(P),P>) at M(R) by putting £(Spec(P/a;P)) = a; for any x G P. The triplet 
(Spec(P), P, {£}) is a coordinated normal crossing scheme over k. 

We denote 1/ = map(P,R), N = map(P,Z), S = L+(P,0) and E = Z(S\V). V 
is a vector space of finite dimension over R. dim V = dim R. N is a lattice of V. S 1 is 
a rational convex pseudo polyhedron over N in V with dim S = dimV. stab(S') = 
map(P, Mo) is a regular cone over N in V with dim stab (5) = dimF. V(S) C 
N n stab(S). den(5/iV) = 1. For any (if, *) e &F(V, 2V, S), height(F, 5) G Z . 
The normal fan E of S is a flat rational strongly convex fan over N* in V* with 
vect(|E|) = V*. The support |E| of E is a regular cone over N* in V* . dim|E| = 
dimV. |E| =stab(S') v |y. 

The set {/f |x G P} is a M-basis of V. It is a Z-basis of N. stab(S) = 
convcone({/ P |x G P}). The dual basis {/ Pv |a; G P} of {/ P \x G P} is a M-basis of 
V*. It is a Z-basis of N*. |E| = convcone({/ pv |a; G P}) = map(P,R ) v |^- 

We denote H = K /f v G J"(|E|)i. S and E are P-simple. (P,J"(|E|)) G 
S.F(V,iV,S) 7^ and U&D(H,F(\E\),S) ^ 0. We denote the P-skeleton of E by 
E 1 . 

Let ip G R denote a main factor of (P, z, <fi). tp ^ 0. We denote 5^ = T + (P, 
and E^, = H(S^\V). and E^, are P-simple and {inv(P, z, </>)/ p } is the P-top 
vertex of S^. z does not divide ip and inv(P, z, (f>) = height(P, S^). We denote the 
P-skeleton of E^, by Si . 

We take u G P x , a mapping a : P — {z} — > Zq, a finite subset f2 of M(R) and a 
mapping 6 : VL — > Z + satisfying the following three conditions: 

(1) = z o(x) )(rUn ^ 6(w) )^- 

(2) For any uj G £1, ui is of order one and du/dz G P x . 

(3) If w 6 f!, w' 6 0, u S P x and w = uu/, then u = 1 and uj = uj' . 

Consider any uj G ft. We denote S u = r + (P,u;) and E w = E(S W |V). S w 
and E w are P-simple, and {/ p } is the P-top vertex of S u . height(P, S u ) < 1. 
ord(P, / 2 PV , w) < 1. height(P, S u ) + ord(P, / 2 Pv , w) = 1. We denote the P-skeleton 
of E w by c(S* w ) < 2. c(^) - 1 ^ height(P, S„) = ^ ord(P, / Pv , w) = 1 
z divides uj. For any i G {1, 2, . . . , c(S' LJ )} and any E G J r (PZ" op | |S|)i), the structure 
constant of E w corresponding to the pair (i,E) is an integer. 
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If inv(P, z, 4>) > 0, then ip G M(R) and has no z-removable faces. If 
inv(P, z,(j>) — 0, then ip G P x , jjfl = inv2(P, z, (f>) > 2 and z divides ui for some 
we!]. 

Note that 5 = E* e p-{ z } a(a;)r+(P, z)+£ wen fcM^+S*, S = (fWoE w )flE^ 
andE 1 = (U^E^uS*. 

Take any (M , P) € UST>(H, J r (\'E\),S). Let E* = P(|E|)*F(1)*F(2)*- • -*F(M). 
E* is a fiat regular fan over N* in V* with vect(|E*|) = V*. It is an upward 
subdivision of (H, P(|E|), S). It is a subdivision of P(|E|), it is a subdivision of E 
and |E*| = |P(|E|)| = |E|. ' 

Let X = X(k,V*,N*,E*), Y = X(k,V*,N*,F(\E\)) and & = a(k, V*,N*, 
J"(|S|),S*) : X — > Y. X is the toric variety over fc associated with the regular 
fan E*, Y is the toric variety over k associated with the regular fan J"(|E|) and 
a is the subdivision morphism over k associated with the pair (E*, P(|E|)). Since 
dimP(z) = 2 for any i G {1,2, ... ,m}, a is a composition of blowing-ups with 
center in a closed irreducible smooth subschems of codimension two. 

Y = £/(P(|E|), |E|) is an afhne scheme. The ring of regular functions Oy{Y) = 
(9^(£/(P(|E|), |E|)) over Y is a polynomial ring over k with variables {x{bE/N*^)\ 
E G J"(|E|)i} = {x(fx)\ x e p }- B y the injective homomorphism Oy{Y) -> R of 
fc-algebras sending x{fx) e ^y(^) to x G P for any i e P, we regard (9^>(Y) as 
an subring of R. \{fx) = x for an y x e P. Oy{Y) = k[P] C R. Y = Spcc(fc[P]). 
The inclusion ring homomorphism k[P] — > R induces a morphism 7r : Spec(P) — > Y 
of schemes over fc. 

Let D = Spcc(k[P]/ Y[ xe p xk[P]), which is a normal crossing divisor on Y. 
D = n*D. We define a coordinate system £ : comp(D) — > fc[P] of the normal 
crossing scheme (Y, P) at fc[P] n M(R) by putting |(Spec(fc[P]/xfc[P])) = x for 
any x £ P. The triplet (Y, I), {£}) is a coordinated normal crossing scheme over k. 
For any (7 G comp(P), tPC 1 G comp(P) and n*£(C) = £tt*(C). 

The triplet (X , a* D , a* {£}) is a coordinated normal crossing scheme over k. 
(a*D)o = U SeS »oO(E*, H). For any c € {a*D) , if we take the unique S G E*° with 
{c} - 0(E*,S), then comp(a*D)(c) = {Y(E*,P)|P e P(S)i}, (<7*{<£}) C (F(E*, 
P)) = x(&B/JVa) for any P e P(£)i, and thus {(a*{i}) c (C)\C G comp(a*P)(c)} = 
{x(6 £ /jv^)|P e P(S)i}. 

Consider the fiber product scheme X = X x^Spec(P) of X and Spec(P) over Y, 
the projection 7r : X — > X and the projection it:I-> Spec(P). <77r = 7rcr. X is the 
toric variety over Spec(P) associated with the fan E* and a is the toric morphism 
associated with E* and it is an admissible composition of blowing-ups with center of 
codimension two over P. 7r induces an isomorphism 7r : Xx Spoc ( jR )Spec(P/M(P)) = 
a-\M(R)) ^ X x Y Spec(k[P}/(k[P]nM(R))k[P}) = a-\k[P}nM(R)). For any 
affine open subset U of X, 7r _1 (P) is an affine open subset of X. 

The triplet (X, a*D, <x*{£}) is a coordinated normal crossing scheme over k. 
(cr*P)o = 7r _1 ((o-*P)o). For any c G (<r*P)o, if we take the unique S G E*° with 
{tt(c)} - 0(E*,S), then comp(<7*P)( C ) - {tt*Y(E*, E)\E G P(S)i}, (<t*{£}) c ( 
tt*V(Z*,E)) = n*( X (b E /N*l)) for any P G P(£)i, and thus {(a*{<£}) c (C7)|C7 G 
comp(<7*P)(c)} = {n*(x(b E /N*l))\E G P(S)i}. 

Consider any closed point a G X with er(a) = M(R). 
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n(a) G X and we have a homomorphism 7r* : O x w ^ — > Ox, a of local fc-algebras 
induced by tt. We have n*(M(O x n ^))O x , a = M(O x , a )- Wc take the unique 
9 6 S* with n(a) G 0(E*, 6), we take the unique A G E with 9° C A°, and wc 
take any /i G 9°. 

Since 7r(a) G 0(E*,e), tr(o) = M(P) and {fc[P] n M(P)} = 0(P(|E|), |E|), wc 
know air(a) = k[P] n M(P) and 6° C A° C |E|°. Since E is //-simple, dimA = 
dimE or dimA = dimE — 1. 

Let 

e*° = {r g E*|r <£ p° p ||e|}, 

* = V{V,N,H,F(\E\),S,M,F) : E*° -> 2 2V *, and 
*° = \I> (V, AT, H, .F(|E|), 5, M, F) : E*° -> 2 2V ". 

We take the unique L G £*° such that 6 belongs to the P-lower main part 
*°(r) of E* below T. P-lower part *(r) of E* below T is a fiat regular fan 
with vcct(|*(r)|) = V*. T G *(L), *(r) is starry with center T and 9 G 
*°(r) C *(r) C E*. Wc take any A G *(T) max = *(r)° with 9 + T C A. 
A G E*°. dimA = dimV. A° c |E|°. T G P(A)i. 9 G J*(A). P(6)i C P(A)i. 
tt(o) G 0(E*,9) c f/(E*,A). 

The ring of regular functions O x (U(E* , A)) over {/(E*, A) is a polynomial ring 
over k with variables {x(b E / N * y ^\E G J"(A)!}. <3(E*,9) is the locally closed 
subset of [/■(£*, A) defined by x(bE/N* V A ) 7^ for an y E e ^(^i - -^X )! and 
x(bF/N* V A ) = for any F G P(©)i. Denote c E = x(bE/N*^)n(a) G fc for any 
E G J"(A)i. c E ^ for any P G P(A)i - J*(6)i and c F = for any F G F(9)i. 

Denote P = {x(bE/N' A ) — ce\E G F(A)i}. P is a parameter system of the 
local ring O x , a) of X at n(a). Let P = {tt*x(&£/;v« ^) - c e\E G P(A)i}. P is a 
parameter system of the local ring Ox, a of X at a. 

Let 6 € 1 be the unique closed point in 0(E*,A). b G 0(E*,A) C f/(E*, A). 
<r(S) = fc[P] HM(P). S G (er*£>) . U(X,a*D,b) = P(E*,A) 9 tt(o). Let P = 
{x(&b/at*^)|P G P(A)i}. P is a parameter system of the local ring O x g of X at 
b and P = {(a*{|}) g ((7)|C G comp(a*P)(S)}. 

Let b G X be the unique closed point in A" with 7r(6) = b. b G 7r _1 (P(E*, A)). 
= M(P). 7t*ct*P = <j*tt*D = <j*D. b G TT-^fr'DJo) = (cr*P) . The num- 
ber of components of the normal crossing divisor cr*P> on X passing through b 
is equal to dimP = dimA". a G it' 1 {U {X , a* D ,b)) = U{X,a*D,b). The point 
a belongs to the complement U(X 7 a*D 7 b) in X of the union of all components 
of <t*D not passing though b. Let P = {^x^e/m* a )\E € P(A)i}. Since 
7T*(M(C^ g))Ox,6 = M(0x,b), Po is a parameter system of the local ring Ox,b 
of X at b and_P = {(o-*{£})b(C)|C g comp(cr*P)(6)}. 

We know P = {(<r*{0)6(C) - (<7*{<£}) 6 (C)(a)|C7 G comp(cr*P)(&)}. 

comp(<7* £>)(&) - {tt^IC G comp(CT*P)(6_)} = {ir*V{Y,*, E)\E g P(A)i}. Re- 
call F G P(A)i. Let C — 7r*F(E*,r). C is a component passing through b 
of the pull-back a*D of the divisor D by <r. C G comp(cr*P)(6). Let z = 
- (a*ti}) b (C)(a) = n*x(br/N*l) - c r G P. 

We consider the fc-algebra homomorphism a* : R — > Ox, a induced by cr. Since 
cr is a composition of blowing-ups, cr* is injective. We have Ox, a ^ cr*(0) 7^ 0. 
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By the isomorphism map(P, R) — > V of vector spaces over R sending 
fx&B/N*i)-cx e map(P ! R) to b E/N , v A G V for any E G J"(A)i, we identify 
map(P,R) and V. Pairs map(P,Z) and AT, map(P,R ) and A V |V* are identi- 
fied. 

Consider any 6 G 8 and any £ G P. Since 9cA = map(P,R ) v |map(P,R) C 
|E| = map(P,R ) v |y, elements ord(P, (9, <7*(0) G R , ord(P,6>,C) € Ro, in(P,0, 
cr*(C)) € 0^ ia , and in(P, 9, G P c are defined. c B = for any E G F(Q)i. 

It follows that ord(P, 9, a*(Q) = ord(P, 0, () and in(P, 9, a*(()) = cr*(in(P, 6», C)) 
for any 9 G 8 and any ( E R. 

We consider the case dim A = dimE. 

A G E°. We take the unique A G V(5) with A({A},S|V0 = A. Note that 
A G V(5) C stab(S) n AT and (6, A) G Z for any (9 G |E| n AT*. Recall n G 6° C 
A° = A°({A},5|^). It follows ord(P,//,0) = i>,A) and in(P, = nr*x(A) 
for some unique r G fc — {0}. We take the unique r G k — {0} with in(P, 0) = 
r7r*x(A). It follows ord(P,^i, cr* (</>)) = ord(P,^i, 0) = (ju, -A) and m(P,n, a* (</))) = 
CT*(in(P,^,0)) = cr*(r**x(j4)) = r7r*x(A)_. We know that supp(P, tt*x(A)) = 
Supp(P,r7r* X (A)) C supp(P,cr*(0)) C T+(P, a*{<j>)). 

Now, 

X(A)= X ( £ <^,A)& B/ ^) = [] x(^ A ) <b ^*' A> 

E£J(A)i £6.F(A)i 

n (w^d-^+cb)^-^ n x(^ a ) (&b/n *' a> - 

EeJ r (A) 1 -j^(e) 1 Be/(e)i 

Since CjE 7^ for any E G P(A)i - P(8)i and P = {^*x{b E/N ^)-c E \E G P(A)i- 
F{Q)x} U {v* X {b E /N* y A )\E G J-(e)!}, we know J2 EeHe)l {b E/N *,A)b E/N , v A & 
supp(P,7r*x(A)). 

Let A = J2EeT(e h ( b E/N',A)b E/N ,l G (A v |^*)niV. A G su PP (P, tt* x (A)) c 
r+(P,a*(0)). 

< ord(P,6 £/ j V .,CT*(< ? ! ) )) < (b E/N .,A) = for any E G J"(A)i - J"(8)i. Thus, 
ord(P,6 B/w ,,a*(0)) = (b E / N .,A) = for any P G .F(A)i - P(8)i. 

ord(P,6 B/A ,,,cr*(0)) = ord(P, 6 B/JV . , </>) = (b E/N .,A) = (b E/N ,,A) for any E G 
■F(0)i, since & B/iV * G_P C 8 C A = A({A}, S_\V). 

We know that r + (P,a*(<p)) = {A}+map(P, R ), c(T + (P, a* ((/>))) = 1 and cr*(0) 
has normal crossings over P. 

It follows that r + (P,cr*(0)) is of z-Weirstrass type, dui/dz G for any 

divisor cj of cr*(c/>) of order one such that any x G P — {z} does not divide w, 
mv(P,z,a*((f>)) = and inv2(P, z, <r*(<f>)) < 1. If inv(P, z, 0) > 0, then inv(P, z, 
cr* (</>)) = < inv(P, z, (p). If inv(P, z, = 0, then inv2(P, z, (p) > 2 by our assump- 
tion and inv2(P, z, a*{4>)) < 1 < 2 < inv2(P, z, 0). 

We conclude that Theorem 14.11 holds, if dim A = dimE. 

We consider the case dim A = dim E — 1 . 

By Theorem [TT3l 8.(6) we know that vect(A)+T = vcct(A) + P. Thus vect(vect( 
A) + T)) = vect(vect(A) + H) = V* ^ vect(A) and T (£ vect(A). Since 8 C A C 
vect(A), we have r 8, T ^P(8)i, T G P(A)i -P(8)i and c r ^ 0. 

Since A° C |E|°, A G E 1 . Since E is P-simple, there exist uniquely Si G E°, 
S 2 G E° such that A = Si n 3 2 , A + (-H) = Si + (-H) and A + H = S 2 + H. 
We take Si G E° and S 2 G E° satisfying this condition. We take the unique 
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Ai £ V(S) with Si = A({Ai},S\V) and wc take the unique A 2 £ V(S) with 
S 2 = A({A 2 },S\V). (b H/N ,,A! - A 2 ) > 0. It follows (b T / N *,Ai - A 2 ) > 0, since 
vect(A) + T = vcct(A) + H and A = Si n S 2 . (b E / N *,Ai) = (b E/N ,,A 2 ) for any 
E £ J"(0)i, since b E/N , £ E C 6 C A = Si n S 2 for any E £ J"(0)i. Note that 
{Ai, A 2 } C V(S') C stab(S') n N and (0, A t ) £ Z for any 6 £ |E| n iV* and any z e 
{1,2}. Let F = conv({Ai L yl 2 }). F £ F(S)i. Recall /i£0 o c A . F = A(ji,S\V) 
and A = A(F, S\V). ord(P, /x, a*((f>)) = ord(P, 0) = <Ji, At) = (ji, A 2 ). We know 
that there exists uniquely a mapping r : FC\N — > k with in(P, ji, <f>) = ps(P, P, cj>) — 
Y^BeFnN r (B)n* x(B)- We take the mapping r : F n A" — > k satisfying this equal- 
ity. We know r(Ai) ^ and r(A 2 ) ^ 0. in(P, n, a* ((f))) = cr*(in(P,^») = 
P*(EBeFn N r(B)TT* X (B)) = £ S£Frw r{B)v*x{B). Now, for any B £ F n JV, 

x(P)=x( £ (^/iv.,S)6^.X)= J] x(^ A ) fe /- B> 

B£J(A)i E£j r (A)i 

n ((x(b E/ N*i)-c E )+c E )^»- b ) n xfe/jv-i)^-^ - 

EeJ r (A) 1 -F(B) 1 BeJ(9)i 

Since c_e 7^ for any P e P(A)i - J*(0)i, T £ P(A)i - P(6)i and P = 
{7r*x(^/ivX)-c B |P e P(A)i-P(e)i}U{7r*x(^/A^)|P e P(0)i} and (b r/N ,, 
Ai) > (b F /N*,A 2 ), we know J2 E eT(&)i ( b E/N* , Ai)b E / N * V A + {b r / N , , A^br/N'^ € 
supp(P,in(P,/x,<7*(</»))). 

Let A = Z Ef ^ {e)l (b E /N;A 1 )b E/N .l + (b r/N , , AJbr^l e (A V |V/*) n JV. 
A G supp(P,in(P,/x,<7* (</»))) C supp(P,a*(0)) C L+(P, a* (</>)). 

< ord(P,6 B/Ar ,,a*(0)) < (b E/N ,,A) = for any E £ P(A) X - (P(0)i U{L}). 
Thus, ord(P,& B/Jv .,a*(<£)) = {b E/N .,A) = for any P e P(A) X - (P(0)i U {L}). 

ord(P,6 B/A r»,CT*(0)) = ord(P, & B/JV . , 4>) = {b E /N*,Ai) = (b E/N *,A) for any 
P e P(6)i, since b E/N , ePc0cAcSi = A({Ai}, S\V) for any P e P(0)i-_ 

Since OTd(P,b E/N ,,a*((f>)) = (b E/N ,,A) for any P e P(A)i - {L}, I e L+(P, 
cr*{4>)) and z = 7r*x(^r /jv* A ) — Cr, it follows that T +{P , a* (<j))) is of z-Weirstrass 
type. 

We examine each factor of 4> one by one. 
u£R y and a*{u) £ <D Xa . 

Consider any x £ P — {z}. It is easy to see that <J*(x) £ Ox,a has normal 
crossings over P and ord(P, b E /N* , cr*(x)) = for any P e P(A)i — P(6)i. 
Consider any lo £ O. We have three cases. 

(1) z divides ui. 

(2) z does not divide w and A E* . 

(3) z does not divide w and AgEJ,. 

We consider the first case. Assume that z divides u>. Since ord(cj) = 1, there 
exists uniquely an element v £ R x with uj — vz. It is easy to see that a*(co) £ Ox, a 
has normal crossings over P and ord(P, b E / N *, <t*(lj)) — for any P £ P(A)i — 
P(6)i. 

We consider the second case. Assume that z does not divide co and A ^ E* . 
height(P, 5 W ) = 1 and jJE^ = c(6' w ) = 2. Let A w be the unique element of E^ 
different from P op ||E|. Since A £ E 1 D Ej, and E and E w are P-simple, we know 
that A n A° = and there exists uniquely S £ E° with A C S°. We take the 
unique S £ E° with A° C S°. Since fi £ 0° C A° C S°, we can apply the same 



122 



TOHSUKE URABE 



reasoning as in the case dim A = dim£ and we know that cr*(uj) G Ox,a has normal 
crossings over P and ord(P, b E / N * , <t*(uj)) — for any E G .P(A)i — J"(0)i. 

We consider the third case. Assume that z does not divide to and A G S^. 
heighten, S w ) = 1, flE* = c(S u ) = 2 and Ej, = {A,£T op ||E|}. 

Let Si € E° and S 2 € £° be elements with P op ||E C Si and P C S 2 . Since 
c(Su) = 2 and E w is P-simple, we know Si ^ S 2 , E° = {Hi,S2}, A = Si n 
S 2 , A + (-H) = Si + (-H) and A + H = S 2 + P. We take the unique A x G 
V(S U ) with Si = A({Ai},S u \V), and we take the unique A 2 G V(S U ) with S 2 = 
A({A 2 },S' w |y). We know (b H/N *,Ai - A 2 ) > 0. Since vect(A) + T = vect(A) + P 
and A = Si n S 2 , it follows (b r / N ,,A 1 — A 2 ) > 0. Since doj/dz e P x , we know 
Ai = /f and (b H /N*iM) = 0. Note that {Ai,A 2 } C stab(S w ) n N = stab(S') n N, 
and (9,Ai) G Z for any 6" € |£| n N* and any i G {1,2}. Since 6 C A = 
Si nS 2 , (b E / N , , A\) — (b E / N , , A 2 ) for any £7 G J-"(0)i. Since E* is a subdivision 
of E w , T C A G E*° and vect(A) + T = vcct(A) + P, we know A C S 2 , and 
(b E/N ,,Ai - A 2 ) > for any E G J"(A)i - Let F = convcone({Ai, A 2 }). 

F G and A = A(F, S U \V). Recall /i6 6°c A°. We know F = AQi, S U \V). 

Now, by Theorem HEfl 12(6), (6 r/iv .,Ai - A 2 ) = (&r/JV*,^i) - (&r/iv*,^2) = 
max{(6 r /jv.,c)|c G F} - min{(6 r / Ar . , c) |c G P} < height (jj, 5 W ) = 1. Since 
{br/N* , Ai - A 2 ) G Z, we conclude (b T /N* , A\ — A 2 ) = 1. 

We know that there exist uniquely ri G fc— {0} and r 2 G fc— {0} with in(P, fi, ui) = 
ps(P,P,cj) = riTr*x(Ai) + r 2 TT* X (A 2 ). We take nek- {0} and r 2 G fc - {0} 
satisfying this equality. We have 

in(P,/i, - a*(in(P,^)) = = 
ri7T* X (^i) +r 2 7r*x(^ 2 ) = 

(ri( II ^x(^I) <bE/N *" 4l - A2> Kx(fcr/Ar-I) + r2) 

£e^(A) 1 -(^(e)iu{r}) 

( II K*x(bE/N- v A ) {bE ^' A2) )- 

B£f(A)i 

We put ^ = (£^ (e)l <&B/JV.,^a>&B/0 + fer/jv^ G (A v |y*) n JV. We know 
A G r + (P,<7*(w)), ord(P,6 B /^-,<T*M) = {b E /N*,A) for any P G P(A)i - {L} 
and (b E/N *,A) = for any P G P(A)i - (P(9)i U {L}). 

We know that there exists uniquely an element ui G Ox.a with cr*(cj) = 
(TlEeTfe)! rK *x{bE/N- y A ) { - bE/N "' ,A2 ' } )^- We take the unique element u G Ox,a satis- 
fying this equality. We know br/N* A G r + (P,w). 

Since z = Tr*x(br/N* A ) — cp, we know that either ui G O x a , or w G JV/(Oj, a ) 
and du/dz G 0^„. 

By the reasoning so far we know that the following claim is true: There exists 
u G Ox.a, a mapping a : P — {z} — > Zo, a finite subset of 0x,a and a mapping 
b : Cl — > Zq satisfying the following conditions: 

(1) ^n^(n, e p- w ^ (x) )(n. e n^ ) ))=«(n^p-m^ (s) )(n oe o 

(2) u> is of order one and duj/dz G O x for any u> G fi. 

(3) If (D G fj, cj' G f2, v G O^- _ and Q = vtj', then v = 1 and a) = a)'. 

(4) < (t{w G does not divide lo and A G 

We take u, a, Cl and 6 satisfying the above conditions. 
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We consider the case inv(P, z,4>) = 0. Recall that ip £ R is a main fac- 
tor of {P,z,<p) and = u(U xeP _ {z} x a ^)(ll uen uj b ^)tp. We have a*{<f) = 

«(rW- {z - } x m )(Il a enU m )<r*(Tp)- Since inv(P, z,<£) = 0, "0 G R x and tr*(^) G 
C^ a . We know that doo/dz £ Xa for any divisor Q £ Ox, a of cr*(</>) of order 
one such that any x £ P — {z} does not divide (D, any main factor of cr*(</>) is an 
invertible element of Ox,a and inv(P, z, <J*((f>)) — 0. 

By our assumption inv2(P, z, (f>) = (JO > 2 and z divides <p. It follows that z di- 
vides oj for some w £ il. Thus, inv2(P, z, a* (</>)) = ftfj < G f2|z does not divide 
u; and A G E* } < (|Q = inv2(P, z, 0). 

We conclude that Theorem 14.11 holds . if dim A = dimE — 1 and inv(P, z, (f) = 0. 

Below, we assume inv(P, z, (f) > 0. It follows that has no z-removable faces 
from our assumption. 

We consider the main factor tp of (P, z,<fi). 

(n w6 n w6(w) ))- We have S = + T, T, = E^nE(T|V) and E(T\V) = f\, e nE w , 
where E(T|"K) denotes the normal fan of T. Since E is P-simplc, it follows that S^, 
and E(T|T^) are P-simple and that E w is P-simple for any wefl. It is easy to see 
that any structure constant of E w is an integer for any w G f2, since dui/dz £ R x 
for any cj G f2. We know that any structure constant of E(T|y) is an integer, and 
we can apply Theorem 117.31 12. (c) in our situation under consideration. 

cr*(0) = u(Y\ se p~{z} ia(S) )(n iSG f2^ ( ' S) ) cr * '(# lt follows that any main factor 
of (P, z, cr*(ip)) is a main factor of (P, z, cr* (</>)). 

We have two cases. 

(1) a^e;. 

(2) A G £i . 

We consider the first case. Assume A £" E^,. Let A^, be any element of E^,. 
Since A G E 1 D Ei and E and E^ are Pf-simple, we know that A° n A3, = and 
there exists uniquely S G EjJ, with A° C 5°. We take the unique S G E° with 
A° C S° . Since [i £ 0° C A° C S° , we can apply the same reasoning as in the case 
dim A = dimE and we know that a*(ip) £ Ox, a has normal crossings over P and 
ovd(P,b E/N ,,a*^)) = for any E £ T(A) 1 ->(e) x . 

We consider the second case. Assume A G E^,. 

Since E^ is PT-simple, there exist uniquely Si G E°, S 2 G E° such that 
A = Si n Sa, A + (-H) = Si + (-H) and A + H = S 2 + H. We take Si G E° 
and S 2 G E° satisfying this condition. We take the unique A\ £ V(S^,) with Si = 
A({Ai},S0|V) and we take the unique A 2 £ V(S^) with S 2 = A({A 2 } , S^\V) . 
(b H/N *,Ai - A 2 ) > 0. It follows (b r/N *,Ai - A 2 ) > 0, since vect(A) + T = 
vect(A) +H and A = S x n S 2 . (b E / N *,Ai) — {b E / N ,,A 2 ) for any E £ P(0)i, since 
b E/N , £ E c 6 C A = Hi n S 2 for any E £ P(6)i. Since {0}/9cAnA, 
r C A G E*°, E* is a subdivision of E^ and vect(A) + T = vect(A) + P, we 
know A C S 2 and (b E / N *,Ai - A 2 ) > for any E £ P(A)i - P(6)i. Note 
that {A x , A 2 } C V(Sip) C stab(SV>) n N = stab(S) n N and (0, A4) £ Z for any 
9 £ |E| H N* and any i G {1,2}. Let F = conv({A x , A 2 }). F G_P(5 v ,)i- Re- 
call n £ 6° c A°. P = AO^y) and A = A(F,S^\V). ord(P,/i,cr*(^)) = 
ord(P, ^i, V') = (^1^1) — (n,A 2 ). We know that there exists uniquely a map- 
ping r-.FHN^k with in(P, M ,V) = ps(P,P,V0 = EseFnN r(B)n* X (B). We 
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take the mapping r : F n N — > k satisfying this equality. We know r(A\) ^ 
and r(A 2 ) £ 0. m(P,fj,,a*(ip)) = cr*(m(P,[i,ip)) = <J*(E B eFnN<B)ir*x(B)) = 
EseFnN r{B)ir* X (B). Now, for any B € F n N, 

X(B)=X( E (^/iv.,S)6 B/ ^X)= II x{b E /N*l) {hB "<" B) 

E£J(A)i £€.F(A)i 

n ((x(^/iv.i)-c B )+ CB )^/-*^ n x^/^x)^*^ 

E€^(A)i-^(e)i E£J-(9)i 

II ((x(b E /N'l) c E )+c E )< b */»" B - A >K 

E£^(A) 1 -^(0) 1 

Since cb ^ for any £ G J*( A )i - J"(6)i, V G J"(A)i - J"(6)i and P = 
W*x(b E /N*l)-c E \E G 7-(A)i-7-(e)i}U{7r*x(6 B /ivX)l B e ^(©M and ( fo r/^, 
-4i) > (6r/iv«,^2), we know X) Be-F(e)l ( & £/a* , M)b E / N » A + (br/N*, -4i>&r/Jv*X G 
SUpp(P\_in(P,/i,<7*(^))). 

Let A = J2EeF(e )l ( b E/N*,A 1 )b E/N , v A + (b r/N ,,A 1 )b r/N , v A G (A V |F*) n iV. 

A G supp(P, in(P, M , <j*(V))) C supp(P, <7*(^)) C r+(P, 

< ord(P, & £/JV , , < (b E/N , , A) = for any £ G J"(A)i - (J"(©)i U {r}). 

Thus, ord(P,& B/JV ,,a*(V0) = (b E/N .,A) = for any £ G .F(A)i - (-F(0)i U {r}). 

ord(P,b E/N *,(T*(ip)) = ord(P,b E/N ,,ip) = (b E/N ,,A-i) = (b E/N ,,A) for any 
E G J"(6)i, since & B/JV . G£c6cAc£i = A({Ai}, S^|V) for any £_<G J"(9)i_. 

Since ord(P,& B/JV ,,<7*(V>)) = (b E/N .,A) for any £ G_.F(A)i - {r}, A G L+(P, 
cr*(ip)) and z = 7r*x(6 r / A r»^) — cr, it follows that r+(P, cr*(ip)) is of z-Weirstrass 
type, and there exists uniquely an element ip G Ox, a with 

n ((x(^d- CB )+c B )^/«*^> n x^/a-d^"*^ 2 ^. 

BeJ c '(A) 1 -jc-(e)i BeJ(9)i 
We take the unique -0 G Ox, a satisfying this equality. Note that Y\ EeJ :^ i-.f(0)i (( 
x(b E/N *l)-c E ) + c E )< b z/»*^ G 0* a and ord^V-Il^ej.xfe/rl 
) (6 E/N „A 2>) = {bE/N ,, A2 ) = (b E/N .,Ai) = (b E/N ,,A) for any E G ^(e)i. 

in(/W*(V0)= J! ((x(^/Ar. A )-c B ) + CB )^/-^ 

£eJ r (A) 1 -jr(e)i 

II x{b E /N^) {bE/N " M) HP^M 
EeF(<e>)i 

m(P,VL,$)= < B ) II ((x(b E/ N'l)-c E )+c E )^^" B - A ^. 

BeFnN E£j(A)i-J(6)i 

It follows that r+(P, V>) is of z-Weierstrass type and (b r / N *,Ai — A 2 )b r / N * A G 

r+(p,in(p, M ,vi))cr + (p,vi). 

Let h = {b T/N ,,Ai - A 2 ) G Z+, let 
^0= E II c { » E/N *' B - A2 \z + c r )^*' B -^eO x , a , 

BeFnN Ee^(A)i-(^(©)iU{r}) 
and let <5 = Ei?e^(A) 1 -{r} 6 £/a* e AnN*. 
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h = (&r/iv*, Ai) - (br/N-,A 2 ) = max{(b r/N , ,c)\c € F} — mm{(b r/N . , c) \c e F}. 
4>q is a polynomial with coefficients in k with variable z of degree h. ipo — 
in(P,* ,in(P,/*,^)) = m(P,<5 o ,0). < ord(P, 6 r/Jv . , 0) < ord(P,6 r/JV , , < 
/i. {ord(P, b r / N ,, ipo)br/N*^} is the z-top vertex of r+(P,$). height(z, L + (P, 
tr*(V>_))) = heightfo r+(P,$)) =ord(P,^r/iV.,V'o)-ord(P,6r/iV.,^) < ft. height(z, 
r + (P, <j*(^))) = h, if and only if, ord(P,b r / N ,,ip) = and ord(P, &r/jv* , $o) = h. 
By Theorem 1101 12. ffr) we know h < height (P, S^) = wv(P,z,<j>). Let <E O x ,a 
be any main factor of (P, z, a*(ip)). t/S is a main factor of (P, z, cr*(</>)). It follows 
inv(P,z,a*(0)) = height^, r+(P,^)) < height^, T + (P, a* (0)))- 

It follows inv(P, z, er*0)) < inv(P, z, «/>). 

Assume that inv(P, z, cr* ((/>)) = inv(P, z, 0). It follows height(z, L + (P, a*(ijj))) = 
ord(P, br/N* > "00 ) = height(B, S^,) = /i. By Theorem 117.31 12. (c) we know that 
c(S^) = 2 and any structure constant of E^, is an integer. Since c(S^) = 2, 
{Ai,A 2 } C V(«0), (/ Z PV ,A! - A 2 ) > 0, {Ai, A 2 } = V(^), A a is the z-top vertex, 
and A 2 is the z-bottom vertex. Since x does not divide ip for any a: G P, we 
know Ax = fc/f , and (/ 2 PV ,A 2 ) = 0, height(B, S^) = h = (b r/N ,,A 1 - A 2 ). 
Since any structure constant of E^, is an integer, from Lemma ll2.2U 8.f f) it follows 
that A 2 /h = (A 2 - A%)/h + /f € JV n stab (5) n (vect(P) v |^*). Since is of 
P-Weierstrass type and inv(P, z, 0) > 0, A 2 ^ 0. 

Let P = A 2 /h, let C = (Ai - A 2 )//i e N and let 

Bejr(A) 1 -(^(e)iu{r}) 

P e A r nstab(5)n(vect(P) v |y*)-{0}, C = -B + f? e N. FHN = {A 2 + iC\i e 
{0,1,..., h}}. A 1= A 2 + hC. (f™,C) = (b T/N *,C) = l. A 2 +iC = (h-i)B+if? 
for any i G {0, 1, . . . , h}. 

h 

^o = $>(A 2+l CK(z + C ry. 

z=0 

Since ord(P,6r/w,^o) = K ^ - KA^c^. E'U r ( A 2 + ^C)c l (z + c r y = ^ = 
r(Ai)c' l z' 1 = E 4 =oK^i)c^)(-cr)' l ~ 4 (z + c r ) 4 . We know that r(A 2 + iC)c l = 
r(A 1 )c h (';)(- Cr )' 1 - ! and r(A 2 +iC)=r(A 1 )(1)(~cc r ) h - 1 for any % e {0, 1, . . . , h}. 
Thus, 

( 7*(in(P,/x,V))=in(P,/i,T*(0))= ^ r(B)ir* X (B) = 

BGFnN 

r(A 2 + zC)tt* X (A 2 + iC) = ]T r(A x ) V X ((h - »)B + iff) = 

i=0 i=0 ^ ' 

K^i)(£ (^)(-cc r ) ?i -V*x(P) ,l - i )7r*x(/i 3 ) < = 

< 7*(r(A 1 )((7T*x(/f ) - cc r r X (B)) h ) = o*{r{Ai)(z - cc r n* X (B)) h ), 

and ps(P,A(/i,S^|V),V) = in(P,M,0) = r(Ai)( 2 - ccr**x(5)) fc - -cc r vr*x(P) € 
M(R'), where P' denotes the localization of fc[P — {z}] by the maximal ideal 
k[P - {z}} n M{R) = (P - {z})/c[P - {z}]. -ccr7r*x(P) 7^ 0. We know that 
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the face A(p,S^\V) of S$ is a z-removable face, which contradicts that 5,/, has no 
z-removable faces. 

We conclude inv(P, z, cr* (</>)) < inv(P, z, cf>). 

We conclude that Theorem 14 . 1 1 holds . if dim A = dimS — 1 and inv(P, s, (j>) > 0. 
We conclude that Theorem 14 . 1 1 holds in all cases. 

20. Proof of the submain theorems 

We give the proof of our submain theorems Theorem l4.2[ Theorem l4.41 Lemma FOl 
Corollary 14.61 and Corollary 14.71 

Let k be any algebraically closed field, let R be any regular local ring such that R 
contains k as a subring, the residue field R/M(R) is isomorphic to k as fc-algebras, 
R is a localization of a finitely generated fc-algebra and dimP > 2, let P be any 
parameter system of P, and let z £ P be any element. 

Let R' denote the localization of k[P — {z}] by the maximal ideal k[P — {z}] fl 
M{R) = (P - {z})k[P - {z}}. The ring R' is a regular local subring of R. The set 
P — {z} is a parameter system of R'. 

We give the proof of Theorem 14.21 

Assume dimi? > 2. 

Consider any element w £ M(R C ) with dw/dz £ R cx . We denote P w = {w} U 
(P-{z}). (LemmaP) 

The bijection P w — > P sending w £ P w to z £ P and sending any xeP„- {w} = 
P — {z} to x £ P — {z} itself induces an isomorphism map(P, R) — > map(P lu , R) of 
vector spaces over R. By this isomorphism we identify map(P, R) and map(P„, R). 

Consider any element if) £ R such that ip ^ 0, T + (P,i/j) is of z-Weierstrass type 
and any x £ P — {z} does not divide We take the unique non-negative integer 
h such that {hf^} is the unique z-top vertex of T + (P, ip). 

Recall that T + (P,ip) C map(P, R) and {f^\ x S P} is an R-basis of the vec- 
tor space map(P, R). Let U = {a £ map(P, R)| {f£ v , a) < h} and V = {a £ 
map(P,R)|(/f v ,a) = 0}. We put p(a) = (a - (f^,a)f^)/(h - (/f v ,a)) £ V for 
any a £ U and we define a mapping p : U — > V . 

Note that V is an R- vector subspace of map(P, R) with dim^ = dimmap(P, 
R) — 1 and the set {f^\ x £ P — { z }} is an R-basis of V. Using the isomorphism 
map(P — {z},R) — > V of vector spaces over R sending fx ^ £ map(P — {z},R) 
to f£ £ V for any x £ P — {z}, we identify map(P — {z}, R) and V. 

We identify the dual vector space V* of V with the vector subspace {uj £ 
map(P, R)* | (ui, ff) = 0} in the dual vector space map(P, R)* of map(P, R). Under 
this identification (map(P,R ) n U) V |U = (map(P, R ) v |map(P, R)) H V*. 

1. It follows from Lemma l9^4l 2. 

2. We take the unique pair of an invertible element u £ R cx , and a z-Weierstrass 
polynomial tp £ R c over P with ip — uip. 

Consider any \ £ M(R' C ). The following lemma holds. See Lemma 19.41 and 
Proposition 19.61 

Lemma 20.1. (1) stab(T + (P 2+x , ip)) = map(P,R ). 

(2) T + (P Z+X ,ip) is of (z + x)~Weierstrass type. The unique (z + x)-top vertex 
of r+(P z + x , ip) is equal to {hf^}. 

(3) p(r + (p z+x ,v) n u) = r+(P z+x ,v) n u = e> ord(P z+x ,/ 2 pv , V) > 

h & ord(P 2+x , /f v , t/,) = h & j> = (z + X f- 
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Below, we denote 

T + (P z+x ,iP) = p(T + (P z+x ,iP)nU), 
and we assume T + (P Z+X ,ip) ^ 0- 

(4) t_ + {P z+x ^) = p((convcone(r + (P, +x , V) + {-fc/f }) + {hfi}) n C/) and 
r + (P z+x , is a rational convex pseudo polytope over the lattice map(P, Z)n 
V in V_with stab(f + (P Z+X , VO) = map(P,R ) n V. 

f+(P z+x , ^) C map(P,R ) n V. 

(5) Consider any face F of T + (P Z+X , ip) satisfying hf z G F and F n [/ 7^ 0. 

p(FHU) is a face off + (P z+x ,ip). 

dim F > 1 and dim p(F n U) = dim F - 1 . 

7/dimF = 1, fften stab(F) = {0}. 

Consider any u> G map(P,Ro) v with F — A(u>, r+(P z + x , ip)). If we take 
the unique pair of elements to G map(P, Mo) v nl / * and t G Mo satisfying lu = 
u>+tf PV , thenp(FnU) = A(u>, f +(P Z+X , ip)) and t = ord(u>, T + (P Z+X , ip)). 

Consider any ui G map(P, M ) v fW* with p{FC\U) = A (a), T + (P Z+X , ip)). 
Ift = ord(w,f+(P z+x ,-0)) G M , f/ierc to + tf Pv G map(P,R ) and F = 

A(^ + t.ff v ,r + (p z+x ^)). 

(6) The mapping from the set of all faces of T + (P Z+X ,ip) satisfying hf z G F 
and F (~)U 7^ to the set of all faces o/f + (P Z+X , ip) sending F to p(Fn U) 
is bijective and it preserves the inclusion relation. 

(7) Consider any face F of r+(P z + x , ip). 

F is a (z + x) -removable face, if and only if, hf z G F and there exists 
X G M(R' C ) satisfying ps(P z+x , F, ip) = (z + x + X) h and x^O. 

(8) Any (z + x)-removable face F of T + (P Z+X ,ip) satisfies hf z G F, and F n 

udfhv 7^0. 

(9) IfT + (P z+x ,ip) has a (z + x) -removable face, then it has a (z + x) -removable 
face of dimension one. 

(10) Assume that T + (P Z+X ,ip) has a (z + \) -removable face and consider any 
(z + x)-removable face F of dimension one of T + (P Z+X ,ip). 

(a) p(Ff] U) is a vertex ofT + (P z+x ,ip). 

We take the unique point c(F) G f + (P z+x , ip) with {c(F)} = p(F n U). 

(b) {c(F)} is a vertex ofT+(P z+x ,ip). c(F) G map(P,Z ) n V - {0}. 

(c) There exists uniquely an element 7(F) G fc — {0} satisfying ps(P z+x , F, 
VO = (* + X + 1(F) IUp- {z} x«rAF)))h. 

We take the unique element 7(F) G k — {0} satisfying ps(P z+x , F, ip) = 
(z + x + 7(F) U x eP-{z} x( f * V ' c ( F V) h and we denote 

X(F) = 7(F) J[ X V^'> C{F » G M(R' C ) - {0}, and 

xeP-{z} 

$0 = — ^(map(P,R ) v nU*)/map(P,Z)* 

xeP-{z} 

G (map(F,M ) v nF*)°nmap(F,Z)*. 

(d) V s(P z+x ,F^) = (z + x + x(F)) h . 

(e) c(F) g T + (P z _ +x+x{Fh iP) C_r+(F Z+X ,^). Any face G of T+(P z+x ,iP) 
with c(F) ^ G is a face ofT + (P z+x+x ^,ip). 
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ord(P- {z},S ,x(F)) = (So,c(F)). in(P - {z},~5 , X (F)) = X (F). 
supp( 

P-{z}, X (F)) = {c(F)}. 

Below, we use the above notations f + (P z+x ,^) = cr(r + (P 2+x , ip) n U), c(P) G 
(map(P,Z )nV r )-{0}, 7 (F) G fc-{0},x(P) G M (P' c )-{0} and 5„ € (map(P, M ) v 
ny*)°nmap(P,Z)*. For any w G Af(P c ) with<9w/<9z € P cx we denote T+ (P„ , ^) = 
a(T + (P w ,i>)nU). 

We consider the following algorithm starting from Step 0. 

In Step we put x(0) = 0e M(R' C ) and proceed to Step 1. 

Consider any positive integer i. In Step i, ifT+(P z+x -n_i\, ip) has no (z+x(i— 1))- 
removable faces, then we finish the algorithm. In Step i, if r + (P z+ ^( i _ 1 ) , ip) has 
(z + x(z — l))-removable faces, then we choose any (z + \(i — l))-removable face P(i) 
of dimension one of r + (P z+ ^( i _ 1 ), ip) satisfying (6o,c(F(i))) = min{(5o, c(F))\F is 
a (z + x(i — l))-removable face of dimension one of r+(P z+x u_i\, ip)}, we put 
X(i) = x(i - 1) + x(F(i)) G M (P' c ) and we proceed to Step i + 1. 

Consider the case where we finish this algorithm in finite steps. Assume that the 
algorithm has finished in Step i for some positive integer i. X (i — 1) G M(R' C ) and 
r + (P z+x ( i _ 1 ), -0) has no (z + x(i — I ))-removable faces. By Lemma [20.1I I0.fe) above 
weknowsupp(P-{z},x(*-l)) C {c(F(j))\j G {1, 2, . . . , i - 1}} C f+(P» - 
r_j_(P z+ ^(j_ 1 ), ^). We conclude that there exists xo G M(R lc ) such that r + (P z+Xo , 
^i) has no (z+xo)-removable faces and supp(P—{z}, xo) C f+(P, ip)— f + (P z+Xo , ip). 

Consider the case where this algorithm has infinite steps. By Lemma[20lTJlO.(e) 
and I0.(b) we know that x(F(i)) G M (P' c ), ord(P-{z}, S , X (F(i))) = (S ,c(F(i))), 
c(F(t)) G map(P,Z )n^-{0}, and X (i) = J2] =1 X (F(j)) G M(P' C ) for any i G Z + . 
By Lemma l20.IU 0.fe) we know that c(F(i)) ^ c(F(j)) for any i G Z + and any 
j G Z + with i 7^ j. 

Since {e € map(P, Zq) fl V|(<5o, e) < m} is a finite set for any m G Zo, we know 
that lim^oo (<5o, c(P(i))) = oo and the sequence X (i), i G Z + converges. We put 
Xo = Iim^oc x(<) = E<=i X(^(*)) € M(R' C ). 

By Lemma EEllO.(e) we know supp(P - {z}, xo) C {c(F(i))|i G Z+} c T+(P, 

^)-(n. iez+ f+(p 2+xW ,v)). 

Assume that r + (P z+Xo , ^) has (z + xo)- rem ovable faces. We will deduce a con- 
tradiction. T + (P Z+Xa ,ip) 0. Take any (z + xo)-removable face F of dimen- 
sion one of T + (P z+Xo ,ip). Take any Q G (map(P,K ) v H with {c(P)} = 
A(w,f+(P z+Xo ,^)). Put i = ord(w,f+(P z+Xo ,^)) G Mo and u = Q + tff e 
map(P,M ) v - We know that P = A(w, r + (P z+X0 , -0)), i = (w,c(P)) and in(P z+X0 , 
= ps(P z+Xo ,F>) = (z + Xo + X (F)) h . 

Since Q G (map(P,R ) v n V"*)°, {e G map_(P,Z ) n V|(u),e) < t} is a finite set. 
Take any i G Z + such that (J , c(P(j))) > (<5 ,c(F)) and (u>,c(F(j))) > t for any 
j G Z_|_ with j > i. 

ord(P z+XQ ,w,z + xo) = = t. (z + Xo)-(^ + xOO) = E^i+i x(F(j))- For 

any j G Z+ with j > i + 1, ord(P z+Xo , w, x(P(j))) = °rd(P - {z}, w, x(F(j))) = 
(u>,c(F(j))) > t. Therefore, ord(P z+Xo ,w, (z + xo) - (z + x(«))) = ord(P z+Xo , u, 
T^i+iX(F{j))) > i and ord(P z+Xo ,w,z + xo) = ord(P z+Xo , u, z + X (i))- We know 
that ord(P z+X0 ,w,C) = ord(P z+x(l) , oj, () and A(in(P z+Xo , oj, ()) = in(P z+x(l ), w, () 
for any £ G P c , where A : R c — > P c is the isomorphism of fc-algebras satisfying 
A(x) = a; for any x G P — {z} and A(z + xo) = lxl (Pz+x(i)' UJ > z + Xo) = z + 
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X{i). Thus, in(P a+je(i) ,w,$ = (z + x(i) + x(F)) h , F = hconv({/f , c(F)}) = 
conv(supp(P z+xW ,in(P z+xW ,cj,'0))) = A(u,T+(P z+x (i),ip)) € .P(T + (P z+xW , 0)) 
and F is a (z + x(i))-removable face of dimension one of r+(P z _|_ x (i), tj)). Since 
(Sq, c(F(i + 1))) = min{(5o,c(P))|P is a (z + x(«))-removable face of dimension one 
of r+(P 2+ _ xW ,V)}, we have (S ,c{F(i + 1))) < (6 ,c{F)). 

Since (So,c(F(i + 1))) > (5q,c(F)), we get a contradiction. 

We conclude that L + (P z+Xo ,"0) has no (z + xo)- rem ovable faces. 

By similar reasoning we know that for any vertex G of r + (P z+Xo , 0), there exists 
i e Z+ such that G is a vertex of r+(P z+x (j) , ip) for any j e Z+ with j > i and 
G is a vertex of n iGZ+ f + (P z+x(i) , Thus, f + (P 2+Xo , ip) = n ieZ+ f + (P 2+xW , ?/>) 
and supp(P - {z}, X o) C f+(P» - f+(P z+Xo ,^). 

We know that there exists xo G M(R' C ) such that r + (P z + Xo , 0) has no (z + xo)- 
removable faces and supp(P — {z}, xo) C f + (P, ip) — f + (P z+Xo , ip) in all cases. 

We will show the uniqueness of xo after the proof of claim 3 and claim 4. 



Below, we assume xo € M(R' C ), L+(P 2 + Xo , ip) has no (z + xo) -removable faces, 
and supp(P- {z},xo) C f+(P,ip) - f+(P z+Xo , 0) and that v € P cx , /i G Af(P' c ) 
and w = w(z + /i). It follows r+(P tu ,^>) = r+(P z+M , ip). 

3. Consider the case where T + (P Z+Xa ,ip) = f + (P Z+Al , 0) =0. = (z + xo)' 1 = 
(z + ^i)' 1 by Lemma [20313, ^- Xo -0 and T+(P - {z}, M - X o) = 0- ?+(P w ,iP) = 
f +(P 2+M0 » = = conv(f +_(P Z+X0 , V) U T+(P - {z}, M - xo))- 

Below, we assume either r + (P z + Xo , ip) 7^ or L + (P 2+A1 ,0) 7^ 0- 

Consider any Q € map(P, Ko) v fl V^* and put 

t = min{ord(w,r + (P - {z},fi - Xo)), ord(u, f + (P z+Xo , 0)), 
ord(w,L+(P 2+AI ,0))} eR , 

and put w = a) + i/f € map(P, Ro). 

Assume that t — ord(w, L + (P— {z}, jit— Xo)) < nun{ord(u>, L + (P 2+Xo , ip)), ord(u), 
f + (P 2+AI , 0))}. We will deduce a contradiction. 

It follows ord(P 2 + xo ,cj,0) = ht, in(P 2+X0 , u, ip) = (z + xo) 71 , ord(P 2+A1 , w, 0) = 
fa, and in(P 2+A1 , oj, ip) = (z + n) h . 

We have t = ord(P 2 + Xo ,u,z + xo) = ord(P z + /1 , to, z + /i). On the other hand, t = 
ord(w,r + (P-{z},/i-xo)) = ord(P-{z},cj,xo-^) = ord(P 2+Xo , w, ^- Xo)- Thus 
ord(P z+Xo ,w,z + /i) = ord(P z+Xo ,w,z + xo + (A t -Xo)) = * and in(P z+Xo ,o;, z + fi) = 
^ + Xo + in(P-{z},w, /i-xo)- Since m(P z+fl ,u,ip) = (z + fi) h = (z + xo + - Xo)) h , 
we have (z + xo)' 1 = in(P z+Xo , u), ip) = (z + xo + in(P - {z},u, fi - Xa)) h , and 
in(P — {z},w,^ — xo) = 0. On the other hand, Ro 9 t = ord(P — {z},w,^ — xo), 
in(P — {z}, uj, /i — xo) 7^ and we get a contradiction. 

We know t = min{ord(a), f+(P z+Xo , ip)), ord(a), f + (P z+Al , ^))} < ord(w, 

r + (P-{z}, M -xo))- 

Assume that t = ord(w, r + (P z+Xo , -0)) < ord(w, r+(P z+M , -0)). We will deduce a 
contradiction. 

Let G = A(l),T + (P z+X0 ,i/})). G is a face of L + (P 2+Xo ,-0) which is not (z + xo)- 
removable and GfMI 7^ 0. Sincet t < ord(w, L + (P 2+Al , -0)), we have ord(P 2+M , w, 0) = 
ht, and in(P z+Al ,o;, -0) = (z + n) h . Note that f < ord(a), L+(P - {z},^ - xo)) = 



130 



TOHSUKE URABE 



oid(P z+ ^ ,uj 7 p - xo)- We put 

_ = fin(P - {z},u,p- xo) if t = ord(P-{z},w,^~Xo), 
fI \0 i{t^OTd{P-{z},w,n- X o).' 

p, e M(R' C ). in(P z+Xo ,uj,z + fi) = m(P z+Xo ,u},z + xo + (v-Xo)) = z + xo + M- We 
have (z + xo + P) h = m (P z + Xo > w > V') = P s (Pz+xo > C> V0> p, 7^ and it follows that 
G is (z + xo) _remova ble, which is a contradiction. 

We know t = ord(u), f + (P Z+A( , VO) < min{ord(<I>, f + (P Z+X0 , V')), ord(w, T + (P - 
{z},p- Xo))}- 

Assume that t = ord(u), r + (P z+jU , ip)) < min{ord((I>, r + (P z+Xo ,ip)), ord(d>, r+( 
P-{z},n- X o))}. 

It follows in(P z+Xo ,cj, ip) = (z + xo) h , m(P z+/J ,,u), ip) 7^ (z + A*)' 1 , in(P z+Jll , w, z + 
Xo) = in(P z+A1 ,w,z + ^i- (/i-Xo)) = z + ^i, and in(P z+M , w, -0) = (z + p) h . We get 
a contradiction. 

We know t = ord(u>, f + (P Z+M , -0)) = min{ord(w,f + (P z+Xo , V)), ord(w, - 
{2;},^- xo))}- 

Since to € map(P, K ) v n is an arbitrary element, we know F + (P w ,ip) = 
T+(P z+li , V) = conv(f +(P Z+X0 , 0) U L+(P - {z}, xo - /*))• 
We continue our reasoning. 

By the above we have t < ord(u), L + (P — {z}, /x — xo) = ord(P — {z}, u>, fi — xo)- 
Let p, G M(R lc ) be the same as above. in(P z+Xo ,ti;, z + p) = z + xo + P- Let 
A : P c — > P c be the isomorphism of fc- algebras such that A(z + /x) = z + xo + M an d 
X(x) = x for any x € P — {z}. 

Assume i = ord(w, f +(P Z+M , V>)) = ord(w, L + (P z+Xo , -0)). 

We have A(ps(P z+M , A(w,r+(P Z+M , V))>^)) = A(in(P z+M ,w,^)) = in(P z+Xo ,w, 
V>) = P s(P z+Xo ,A( w ,L+(P z+Xo ,0)),0). Since the face A(w, L+(P z+Xo , 0-)) of L+( 
P z+Xo ,ip) is not (z + xo)-removable, it follows that the face A(w, L + (P Z+At , ip)) of 
L + (P z+M ,-0) is not (z + /^-removable. 

Assume i = ord(w, f +(P Z+M , V>)) < ord(ui,T + (P z+Xo , ip)). 

Wehavein(P z+Xo ,^) = (z + X o)'\ A(ps(P z+M , A(w, L+(P Z+Ai , 0)), = A(in( 
P z+(U ,o;,V)) = in(P z+Xo ,w,7/>) = (z + xo) 71 , ps(P z+AJ , A(cj, L + (P Z+M , 0)), i/>) = (z + 
/U — /u)' 1 , and p ^ 0- It follows that the face A(w, L + (P Z+M , 0)) of T + (P z+fl ,ip) is 
(z + /i)-removable. 

Since Q € map(P, Mo) v H is an arbitrary element, we know that for any face 
F of r + (P w ,ip) with hfP e F and F n t/ 7^ 0, P is w-removable, if and only if, 

P (pn(7)np(L + (p z+xo ,0)n;7)-0. 
4. 

(a)-O-(b) It follows from the former half of 3. 
(a)<*=>(c) I It follows from the latter half of 3. 

We show the uniqueness of the element xo m 2 here. 

Assume that xo € M(P' C ), L + (P z+Xo ,-0) has no (z + xo) -removable faces, 

su PP (p-{z},xo) c p(T + (p^)nu)-p(r+(p z+X0 ^)nu), p a g m(r' c ), l+(p z+W) , 

ip) has no (z + /i )-removable faces and supp(P — {z},/i ) C p(T + (P,ip) C\ U) — 

p(r + (p z+ ^,ip)nu). 

By 4, (c)=Ka), we have p(L+(P z+Xo , V) n f/) = p(r+(P* +Mo , V) n U). By 4, 
(c)=>(b), we have supp(P — {z},/i — xo) C p(T + (P z+Xo , ip) n ?7). By assumption 
supp(P - {z},p - xo) C supp(P - {z},p ) U supp(P - {z},xo) C p(T + (P,ip) n 



NEW IDEAS FOR RESOLUTION OF SINGULARITIES 



131 



U) - p(T + (P z+X0 ,i>) n U) = p(r+(P,V) n U) - p(T + (P z+tl0 ,tP) nU). We have 
supp(P - {z}, j ip - x o) = and xo = Po- 

5. By Lemma [2HU3, p(T + (P z+X0 , tp) fl P) = 0, if and only if, tp = (z + xo) h - 
Assume -tp = (z + Xo) ■ We have -0 = u(z + Xo)' 1 and u G P cx . Since tp E R 
and P is a UFD, we know by analytic unramifiedness (Matsumura [21] . page 236, 
THEOREM 70 and page 240, THEOREM 72.) that there exist u G R x and 
A G M(P) with V = uA' 1 . 

Conversely assume that u E R x , A E M(R) and ^ = uA h . If ft = 0, then tp = u E 
P x , and p(F + (P z+Xo ,-</;) n P) = 0. We assume ft > below. We have L + (P z+Xo , 
tp) = ftF + (P 2+Xo , A). Since T + (P z+Xo ,tp) is of (z + xo)- Weierstrass type and 
{hf^} is the unique (z + Xo) _ top vertex, we know that T + (P Z+Xa , A) is of (z + xo)~ 
Weierstrass type and {f z } is the unique (z + xo)-top vertex. It follows that there 
exist v G R cx and p G M(R' C ) with A = u(z + xo + A*)- We take v G R cx 
and fj, E M(R' C ) with A = v(z + Xo + aO- V> = ™ h O + Xo + m)' 1 - If /i ^ 0, 
then r + (P z+X0 ,-i/>) is (z + xo)-removable face of F + (P Z+X0 , i/0- Since L + (P Z+X0 , V) 
has no [z + xo) _rem ovable faces, we know that p = 0, tp = uv h (z + xo) h and 
p(T + (P z+Xal tP) n U) = by Lemma E0U3. 

6. We consider the case p(T + (P z+Xo ,tp) n P) = first. If ft, = 0, then xo = G 
M(R' h ). We assume ft > below. By Lemma [20~Tl 3. we have V = u(z + Xo)' 1 - By 
5, t/j = u\ h for some u E R x and some A E M{R). We take u E R x and A E M(R) 
with ^ = uX h . Since P c is a UFD, we know that A = v(z + xo) for some v E R cx . 
We take v E R cx with A = v(z + xo)- Since A E R C R h , by Henselian Weierstrass 
Theorem (Hironaka [17].). we know xo G M(R' h ) and v E R hx . 

We consider the case /o(r + (P z+Xo , r/;) n P) 7^ 0. 

Consider any x e M(P" 1 ) with supp(P-{z},x) C p(L + (P>)nP)-p(F + (P z+Xo , 
tP) n P). By 3, we have p(F + (P,0) n P) D conv(p(L+(P z+Xo , 0) n P) U L+(P - 

M, x - xo)) = p(f + (p z+x >) n P) d p (l + (p z+xo , ^) n p) + and ft > o. 

Consider any P e P(p(r + (P z+Xo , ^HP)) 1 . We take the unique pf E map(P, R 
) v ny*nmap(P,Z)* withP = A(^ F ,p(r + (P 2+X0 , V)HP)) andQ MFnmap(P,Z)* = 
"LqPf- Let t F = ord(p,F, p(T+(P z+x ,tp) fl P)) € Q and let pf = Pf +tpf z y G 
map(P,M ) v - We have ord(^ F , p(F+(P, 0) n U)) <t F < ord(/2 F , p(r+(P z+Xo , tP) n 
P)) G Qo and ord( MF ,r + (P z+x >)) = fti F . 

By 3, we know the following: 

(1) If i F = ord(p F ,p(T + (P z+Xo ,tP)nU)), then the face A(p F , T+(P Z+X , tp)) of 
T + {P Z+X .tjj) is not (z + x)-removable. 

(2) If t F < ord(/i F ,p(L + (P z+Xo , ip)r\U)), then t F E Z Q and the face A(p F ,F + ( 
P z+ X i$)) oiT +( P z+x^) is ( z + x)- rem ovable. 

Note that F(p(£ + (P Z+Xa , tp) n P)) 1 is a finite set. Let 

m x = #{P G P(p(F+(P z+Xo ,0) n P)) 1 !^ < ord( MF ,p(L + (P z+Xo >) H P))} G Z . 

Consider the case m x = 0. In this case we have p(T + (P z+x , tp)f]U) = p(T + (P z+Xo . 
tp) n P). By 4, (a)=>(c) we know that T + (P Z+X ,tp) has no z-removable faces. By 
the uniqueness in 2, we have xo = X G M(R' h ). 

Consider the case m x > 0. We take any G E J r (p(T + (P z+Xo ,tp) n P)) 1 with 
t G < ord{p Gl p{T + {P z+X01 tP) n P)). to E 1 and G = A(p G ,T+(P z+Xl tP)) is a 
(z + x)-removable face. We take xi G M(R' C ) with ps(P z + x , G, tp) = (z + Xi) h - 
Since utp — tp E M(R) C M(R ), by Henselian Weierstrass Theorem, we know 
G M(P h ) and {z + X i) h = ps(P z+x ,G,tp) - in(P, +x , fi G , j>) G A/(P /l ). By 
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analytic unramificdncss wc know that (z + xi) h — U2X2 f° r some 112 G R and 
some A 2 € M{R h ). We take u 2 G R hx and A 2 G M(R h ) with (z + xi) 71 = u 2 A£. 
Since P h is a UFD, we know hat A 2 = ^3(2 + Xi) f° r some u 3 G R cx . By Hensclian 
Weierstrass Theorem wc know xi e M (R' h ). 

su PP (p - {z},xi - x) c A(/2 G , P (r + (p, +x » n u)) c p(t + (p,^) n p) - 

p(r+(P z+X0 ,iP)nU). supp(P-{z}, X i) Csupp(P-{z},x)Usupp(P-{z},xi-x) c 

P (r+ (P, v) n u) - P {T + (p z+xo , V) n c/) . 
P (r+ (p z+x » n p) - G d P (r+ (P z+X1 , v>) n c/) d P (r+ (p z+xo , v>) n c/) . 

t G < ord( MG , p(r + (P z+Xl , V)nC/)) < ord^c, p(r + (P z+Xo , 0)nP)). For any F G 
F{p{T + {P z+X0 ^)C\U)y with P^G, t F =ord(p F ,p(T + (P z+Xl ,^)nU)). There- 
fore, if ord(/iG,p(r+(Pz+ Xl , V) n P)) = ord(p G ,p(T + (P z+Xo ,ip) n P)), then m Xl < 
m x and by induction on m x we can conclude xo G M(R' h ). If ord(/ZG, /o(r + (P z+Xl , 
V>) n P)) < ord(/XG, /9(T + (P z+Xo , -0) H P)), then m Xl — m x and by induction 
on ord(^G: /°(r+(P z + X0 , V') H P)) — ord(^i G > p(r + (P z+x , "0) H P)) we can conclude 
Xo € M{R' h ). 

We conclude xo G M(R' h ) in all cases. 
7. Assume moreover, that either /?(T + (P z+Xo , -0) H P) has at most one vertex, or 
dim R < 3. 

We consider the case p(T + (P z+Xo , ip) n U) = first. If ft = 0, then T + (P,tp) = 
map(P, R ) and T + (P,ip) has no z-removable faces. We assume ft > below. By 
5, we know that = uw^ for some u G P x and some w\ G M(R). We take w G P x 
and w\ G M(R) with ?/> = wuij 1 . By the proof of 5, we know dwi/dz G R x . Since 
T+(P Wl , V) = r+(P 1 , 1 , uiof) = {/i/ P } + map(P, R ), we know that T+(P Wl , V) has 
no wi-removable faces. 

We consider the case where p(r + (P z+Xo , -0) n P) has only one vertex. Since 
p(T + (P z+Xo ,ip) n P) ^ 0, we have ft > 0. 

Consider any u> G M(R) with dw/dz G P x , and consider any a; G P — {z}. We 
denote 

t x = ord(/f v ,p(r+(P tu ,0-) n U)) G Q , and 

m w = «{x G P - {z}\t x < ord(/ x P v , p(r+(P z+Xo , </>) n P))} G Z . 

We have ord(/ x PV , p(r+(P, ^) nf/))<t,< ord(/ Pv ,p(r+(P z+Xo ,0-) n P)). 

Since p(T + (P z+Xo , -0) n P) has only one vertex, by 4, = 0, if and only if, 
p(r+(P w ,V) n P) - p(r+(P z+X0 ,V) n P), if and only if, T + (P w ,i/>) has no un- 
removable faces. 

Consider the case m w > 0. We denote Po = {x G P — {.z}|tc = ord(/ Pv , p(T + ( 
P z+X0 , V) n P))} and r = HP . P ^ P - {z}. We take any y G P - ({4 U P ). 
We have t y < ord(.f Pv , ( o(r+(P z+Xo , 0) n P)) and ^ G Z . Let p y = ,/ Pv + 
t y f z v G map(P, Ro) v and let F y = A(p y ,T + (P w ,ip)). F y is a w-removable face of 
T + (P w ,ip), p(F y n P) is a face of p(T + (P w ,tp) n P), and any vertex of p(F y n P) 
belongs to map(P,Z ) n V. We have ord(/ Pv ,p(P y n P)) =( 9 eZ and < 
ord(/ Pv , ( o(P y n P)) for any x G P , since t x = ord(/ Pv , p(T+(P w , fl P)) < 
ord(/ Pv , ,o(P y n P)) G Z for any a; G Po- We take the unique pair u G P cx 
and A G M(R' C ) such that in(P w ,p y ,ip) = ps(P w , F y , ip) = u(w + X) h and A ^ 0. 
ord(P - {z}, / Pv , A) - ty and ord(P - {z}, / Pv , A) > [i x ] for any x G P . 
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Let x\,X2, ■ ■ ■ ,x r be all the elements in Pq. Let to = Ei=il~^il) +*» e ^o- We 
define a mapping E : {1, 2, . . . , m} -> P(map(P, Ro) v H V*)i by putting 

~ m = f«oC if EU r*x»l < * < ELi 1***1 , 

for any i G {1, 2, . . . , m}. 

We consider the basic subdivision 

Q = fi(map(P,R)%map(P,Z)*,R /f v , P(map(P, R ) v ), to, P) 

of J r (map(P, Ro) v ) associated with the pair (m, P). fHs an iterated star subdivision 
of P(map(P,R ) v ) and is a flat regular fan over map(P, Z)* in map(P, R)*. |0| = 
map(P,R ) v . 

Let i" = X(fc,map(P,R)*,map(P,Z)*,rj), f = X(k, map(P, R)*, map(P, Z)*, 
P(map(P,R ) v )), ando- = er(fc, map(P, R)*, map(P, Z)*, P(map(P, R ) v ), ^) : -£ -> 
y. X is the toric variety over k associated with the regular fan £1, Y is the toric vari- 
ety over k associated with the regular fan P(map(P, Ro) v ), and b is the subdivision 
morphism over k associated with the pair (f2, J-"(map(P, Ro) v ). 

Y = P(P(map(P, R ) v ), map(P, R ) v ) is an affine scheme. The ring of regu- 
lar functions O y (Y) = O y (P(P(map(P, R ) v ), map(P, R ) v )) over Y is a polyno- 
mial ring over k with variables {x(fx)\ x ^ P}- By the injective homomorphism 
Oy{Y) -> P of fc-algebras sending x(/D e Oy(y) to x G P for any x G P - {z} 
and sending x(fz) e ^y(^) to w G P, we regard O y (Y) as an subring of P. 
O y (y) = fc[Pm] C P. y = Spcc(fc[P 1) ]). The inclusion ring homomorphism 
k[P w ] — > P induces a morphism 7r : Spec(P) — > y of schemes over A;. 

Consider the fiber product scheme I = I Xj> Spec(P) of X and Spec(P) 
over y, the projection 7r : X — > X and the projection a : X — > Spcc(P). Let 
P = Spcc(P/ Il^eP X R)- P is a normal crossing divisor on Spec(P) and o is an 
admissible composition of m of blowing-ups with center of codimension two over 
D. 

We take the unique element A G fi° with Ro/ Pv C A , the unique closed point 
a G X with {a} = V(Q, Aq) and the unique closed point a G X with 7r(a) = a. 
We consider the homomorphism a* : R — > Ox. a of local fc-algebras induced by cr. 
We know P — {z} C Ox, a and er*(x) = x for any x G P — {z}. We denote w = 
^H/WILePo^ 1 andPj = (P - {z})U{w}. We know wG M(Ox,a) and 
Pw is a parameter system of Ox, a - We consider the homomorphism a* : R c — > O x a 
between the completions induced by a*. We denote A = a* (A) / ((IlxePo x^ tx ~^)y ty ). 
We know A G X a - yO x ^ and m(P^, a*{^)) = a*(in(pj, fx y , V)) = 

CT *( u )(IL G p a^V"^ + X)\ Let (9 : x , a Ox ja /yO x ,a denote the canon- 
ical surjective homomorphism to the residue ring. It induces the homomorphism 
^ • ®x a ~^ (Ox,a/yOx.a) c between the completions. We know that there exists 
uniquely an element ip G Ox, a with a*(ip) — y hty ip. We take the element tp G Ox, a 
with a*(ip) = y ht yip. We know ip G O x . a - y£>x,a and 0(ip) ^ 0. We know that 
exists uniquely an element ip G Ox,a/yOx,a with 6(ip) — (Y\ xePo x^ 1 ^ )ip. We 
take the element r/> G Ox,a/yO x ,a with 6>(V>) = (H x€Po x' 1 ^* 1 )^- ( Note th at there 
does not exist ^ G Ox, a with $ = (n^ePo x' 1 !"*^ )^ , if trr ^ Z for some x G Pq.) 
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We know ip = 9a* (u)9(w + A) . By analytic unramificdnss, we know there exist 
v G (Ox.a/yOx,a) x andwi G Ox.a/yOx,a with = vwi- We know that there exist 
v G X a and w G O x . a with a*{i>) - i((U xe p x^y^w^f G i/ w » +1 O x , . We 
take t) G Xa and u; G O x , a with a*(V>) - «((IL e p )y t yw ) h G 2/' l *" +1 Ox,a. 

Now, by induction on m, we know that there exists v n G 0^ a and w G R 
with dlxePo ^ )y*"^o = vq<j*{wq). We take u € Oj a and w G P with 
(^Pe^V^o = «o<r*(«;o). We have a*(0) - twJ<r*'(t«o) fc G y ht * +1 O x ,a- 
Therefore, in(P w , p y ,wo) — uo (w + \) for some uoo G P cx , wo G M(R), dwo/dx G 
P x and t„ < ord(/ PV ,p(r + (P„, o ,0>) n P)) < ord(.f Pv ,p(L + (P z+Xo ,0) n U)). 

Since dlxePo V'^o = v a*(wa), if we take u a G P cx and A G M(R' C ) 
with i«o = mo(^ + Ao), then ord(P — {2;}, / Pv , A ) > \t x ~\ > t x for any x € Po and 
ord(P - {z},/ Pv , A ) - V By 3, we have t x = ord(/ PV , p(r+(P Wo , 0) n (7)) = 
ord(.f Pv ,p(L + (P z+Xo ,0) n (7)) for any x G P . 

Consider the case m Wo < m w . By induction on m w , we can conclude that there 
exists w\ G M(R) such that dwi/dz G P x and r+(P lUl ,^) has no wi-removable 
faces. 

Consider the case m Wo > m ffi . In this case we have tti Wq — m w and ord(/ Pv , p( 
L+(P, o ,0)nP)) >ord(/ Pv ,/0r + (P„,0)nP)). By induction on r rd(/ PV , p(r+( 
Pz+ Xo , 0) H P))] — [ord(/ Pv , p(T+(P w , 0) n {/))] , we can conclude that there exists 
w\ G M(R) such that dwi/dz G P x and r + (P tUl , -0) has no wi-removable faces. 

We conclude that our claim 7 holds, if /o(r + (Pj +x , 0)flP) has at most one vertex. 

Note that if dimP = 2, then p(T + (P z+x , 0) n P) has at most one vertex. 

We consider the case dimP = 3 and p(T + (P z+x , 0) (~l U) 7^ 0. 

We consider P(p(r+(P z+Xo ,-0) n P)) 1 . Since dim/0r + (P z+Xo , -0) n U) = 2, 
we have two of non-compact faces of p(T + (P z+Xo , 0) n P) of codimcnsion one. 
Let Po,Pi G J 7 (p(T + (P z+Xo , 0) n P)) 1 be the two non-compact faces. Any F G 
P( / 9(r+(P z+Xo ,0)nP)) 1 -{P ,Pi} is compact. {stab(P ), stab(Pi)} = P(map(P, 

Ko) n v) 1 . 

Consider any w G M(R) such that dw/dz G P x . Since / 9(r + (P tu , -0) n P) D 
/9(r+(P z+x , V) n P) ^ 0, we have h>0. 

Consider any F G J- (/0r + (P2 +Xo , 0)nP)) 1 . We take the unique /2 F G map(P, R 
) v n^*nmap(P, Z)* withP = A(p F ,p(T + (P z+Xo , 0)nP)) andQoMpnmap(P,Z)* = 
Z n pp. Let t F = ord(/2i?, p(r + (P tu , -0) n P)) G Qo and let pp = pp + tpf z v G 
map(P,R ) v . We have f F < ord( / u i r,p(r+(P z+Xo , 0)nP)) G Q and ord(^ F , L+(P 1) , 
0)) = 

Now, repeating the reasoning in the above case where p(L + (P z+x ,0) n P) has 
only one vertex, we know that there exists w\ G M(P) such that dwi/dz G P x 
and r + (P u)1 ,'0) has no non-compact u>i-removable faces. We take wi G M(R) such 
that dwi/dz G P x and T + (P tOl ,'0) has no non-compact wi-removable faces. By 
replacing P by P^ we can assume t Fi = ord(/i Fi , p(r + (P z+Xo , 0) n P)) for any 
i G {0, 1}. We assume this condition below. 

Consider any P G T(p{T + (P z+Xo , -0) n P)) 1 with t F < ord(p F , p(T + (P z+Xo , -0) n 
P)). We know that P is compact, < t F , the face P = A(/x F , T + (P W , ip)) of 
r + (P u) , 0) with p(PnP) = P is compact and m(P w ,pp, 0) G k[P w ] C P. Since P is 
to-removable, by analytic unramifiedness we know that in(P w , pp,ip) = up(w+\p) h 
for some up G k — {0} and some A F G (P — {z})k[P— {z}} — {0}. Using this fact and 
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repeating reasoning in the proof of claim 6, we know that there exists w% G M(R) 
such that dwi/dz G R x and T+(P Wl , tp) has no wi-removable faces. 
We know that Theorem I4.2I holds. 

Note here that dim R' — dim R — 1 < dim R, and any <j>' G R' with </>' ^ has 
normal crossings over P' if dimi? = 2. Therefore, we decide that we use induction 
on dimi?, and we can assume the following claim (*) whenever dimi? > 2.: 

(*) For any (fjf G R' with <j)' ^ 0, there exists a composition a' : X' — > Spec(i?') 
of finite blowing-ups with center in a closed irreducible smooth subscheme 
such that the divisor on X' defined by the pull-back a'* ((/>') G Ox'(X') of 
(/)' by a 1 has normal crossings. 
Claim (*) is true, if dimi? < 2. 

Let a' : X' —> Spec(i?') be any composition of blowing-ups with center in a closed 
irreducible smooth subscheme. The scheme X' is smooth. We consider a morphism 
Spec(i?) — > Spec(i?') induced by the inclusion ring homomorphism R' — > i?, the 
product scheme X — X' x$ pe c(R') Spec(i?), the projection a : X — > Spec(i?), and 
the projection tt : X —> X' . We know the following (Lemma 13.51 ): 

(1) The morphism a is a composition of finite blowing-ups with center in a 
closed irreducible smooth subscheme. The scheme X is smooth. 

(2) We consider the prime divisor Spec(i?/zi?) on Spec(i?) defined by z G R. 
The pull-back cr*Spec(i?/zi?) of Spec (R/zR) by a is a smooth prime divisor 
of X, and cr*Spec(i?/zi?) D a- x (M(.R)). 

(3) The projection tt : X —> X 1 induces an isomorphism er*Spec(i?/zi?) — > X' . 

(4) For any closed point a G X, any w G M{R h ) with dw/dz G R hx and any 
parameter system Q' of the local ring X ', v (a) 01 X' a t ^(a), cr(a) = M{R) 
and {a*(w)} U tt*(Q') is a parameter system of the Henselization 0\ of 
the local ring Ox,a of X at a with ir*(Q') C Ox,a, where a* : R h 
0\ a denotes the homomorphism of local fc-algebras induced by a on the 
Henselizations of local rings and 7r* : Ox\Tr( a ) ~> Ox, a C 0\ a denotes the 
homomorphism of local fc-algebras induced by tt. 

The lemma below plays the role of a key in our proofs below. 

Let X be any finite set. We define a partial order on map(X, M). Let e G 
map(X, R) and / G map(X,R) be any elements. We denote e < / or / > e, 
if e(x) < f(x) for any x G X. Obviously the relation < is a partial order on 
map(X,R). We denote e < / or / > e, if e < / and e ^ f. 

Lemma 20.2. (Bierstone and Milman [3], p. 25, Lemma 4.7) 

Let a G map(P, Zo), /3 G map(P, Zo) and 7 G map(P, Zo) 6e any mappings from 

P to Zo and let u G R cx , v G R cx and w G R cx be any elements. 
If 

u J| -«J] x' 3 ^) = iy J| x 7(;r) , 

16P xeP xeP 

then, either a < ft, or, j3 < a with respect to the partial order < on map(P, R). 

We give the proof of Theorem 14.41 
Assume the above (*) and dimi? > 2. 

Consider any element 4> G R and any w G M(R h ) such that <fi 7^ 0, dw/dz G R hx , 
and T + (P w ,(f>) is of w-Weierstrass type, where P w = {w} U (P — {z}). By tp we 
denote a main factor of (P w ,w, (f)). 
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We take the mapping a : P—{z} — > Zo and ft £ Zo such that {J2xtP-{z} a ( x )fx™ + 
hfz™} is the unique w-top vertex of T+(P W , 4>). We take uj £ R with <f> = 
rixeP-{z} x ° w - r+(Pto, w) is of w-Weierstrass type and the unique w-top vertex 
of T+(P w ,lj) is {hf^}. 

By Henselian Weierstrass Theorem (Hironaka [17].). we know that there exist 
uniquely u € R hx and a mapping a/ : {0,1,..., ft — 1} — > M(R' h ) satisfying 
w = u(w h +J2'i=n oj'{i)w l ). We take u £ i?' ix and a mapping u/ : {0, 1, . . . , ft— 1} -» 
MCR*) satisfying w = + 

We denote I = {i & {0, 1, . . . , ft — 7^ 0}. / C {0, 1, . . . , ft - 1}. We put 

w'(ft) = 1 e i?" 1 . 

Note that for any integers j, k, I with < k < I < j, j\/(j — k) € Z+, 

-f)£Z + and j!/(j - k) < j\/(j - I). 
For any j £ I U {ft} we denote 

K(j) = {(k,£)\k £l,i£l,k< £<j, 
We put 

4>"= n ^n^'w 

ieP-{z} iei 

11 l[ ( w / (fcy ! /(i-fe) w '(j)(j!/(i-^))-0-V(i-fc)) _ w '(*)i'/C*-0). 
ie/u{ft,} (k,£)eK(j) 

<j)" e A^i?" 1 ). 0" 7^0. 

By Lemma 12.11 8. we know that there exist 0' £ M(R') such that = 
(4>"R' h ) n i?' and cj)' ^ 0. We take 4>' £ M(R') such that <j>'R' = f>" ' R' h ) n i?' 
and 0' 7^ 0. 

By (*) we know that there exists a composition a' : X 1 — > Spcc(i?') of finite 
blowing-ups with center in a closed irreducible smooth subscheme such that the 
divisor on X' defined by the pull-back a'*(4>') £ Ox'(X') of (j)' by a 1 has normal 
crossings. We take a composition a 1 : X' —> Spec(i?') of finite blowing-ups with 
center in a closed irreducible smooth subscheme such that the divisor on X' defined 
by the pull-back a'*(4>') £ Ox'(X') of (j)' by a' has normal crossings. 

We consider a morphism Spec(i?) — ¥ Spec(i?') induced by the inclusion ring 
homomorphism R' — > R, the product scheme X — X' x Spcc ( fi /) Spec(_R), the pro- 
jection (j : X —> Spec(i?), and the projection tt : X —> X' . The structure sheaves 
of the schemes X and X 1 are denoted by Ox and Ox 1 respectively. 

Consider any closed point a £ X with a(a) — M(R). We have the homomor- 
phism (j* : R — y Ox, a of local fc-algebras induced by a from R to the local ring Ox,a 
of X at a, the homomorphism tt* : Ox> ,n(a) ~^ Ox, a of local fc-algebras induced 
by tt from the local ring Ox'.^( a ) 01 X' at 7r(a) to Ox, a and the homomorphism 
a'* : R' — > Ox'.w(a) of local fc-algebras induced by a' from R' to Ox',-K(a)i and a* in- 
duces a homomorphism a* : R h —> 0\ a of local fc-algebras from the Henselization 
R h of R to the Henselization 0\ a of O x ,a- 

a* and a'* are injective and we have a* ((f)) 7^ and a'* ((j)') 7^ 0. 

We take any parameter system Q of X '.-K( a ) such that <j'*{4>') £ X ',-K(a) has 
normal crossing over Q. We denote P w = {<j*(w)} U tt*(Q) and by ip we denote a 
main factor of (P w , a* (w) , a* ((f>)) . 
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1. For any x £ P w - {w}, cr'*(<fi') £ a'* (x)<D X ' ,-n( a ) by definition of </>'. Thus, 
cr'*(x) has normal crossing over Q for any x £ P w — {w} — P — {z}. 

2. We consider the element ct*(lj) £ Ox,a- 

h-l 

g*(uj) = a*{u){a*(wf + ^ a* {uj' {i))cr* {w) 1 ). 

i=0 

We know that the Newton polyhedron T + (P W , a*(ui)) is of a* (lu)-Weierstrass type, 
and the unique <7*(u>)-vertex of T + (P w ,a*(uj)) is equal to {ft/^L,}}- 
Consider any i £ I. 

^ a* (««/(»)) £ M{O h x , Ma) ). Since a'* {<}>') € a'*(u'(i))O x , Ma) by definition of 
4>' , a'*(uj'(i)) has normal crossings over P w — {a*(w)}. We take the unique pair of 
an element v(i) £ {O x , „.r a \) x and a mapping c(i) : P w — {a*(w)} — > Z satisfying 

<t'*{oj'(i)) = v(i)UxeP w -{**(.w)}X EmS) - We know ^ 0, since a'*{uj'(ij) £ 
M(O h x , Ma) ). 

We put c(ft) = £ m&p(P w - {<r*(w)}, Z ). a-'*(u/(ft)) = 1 = 

Assume that a non- negative integer m with m < §1 and a mapping : {0, 1, ... , 
to} — > J U {ft} satisfying the following five conditions are given: 

(1) v is injective and it reverses the order. 

(2) i/(0) = ft. 

(3) If to > 0, then for any i £ {1, 2, . . . , m} and for any j £ I with z/(i) < j < 
v{i - 1), - 1) - - 1) - + (U ~ "(*))/("(* - 1) - 
i/(»)))ci/(i - 1) < c(j). 

(4) If m > 0, then for any j e {1, 2, . . . , m} and for any j £ I with j < v(i) : 

((^(*-i)-j)/(^(»~i)-^)))^W + ((j-^W)/(K*'-i)-^W))c^-i)< 

(5) i/(m) 7^ min(JU {ft}). 

Note that if m = 0, then there exists uniquely a mapping v : {0, 1, . . . , m} — > 
I U {ft} satisfying four conditions except the last one of the above five. If m = 0, 
a mapping v : {0} = {0,1,..., to} — > I U {ft} satisfying i/(0) = ft satisfies four 
conditions except the last one of the above five. This mapping satisfies the above 
five conditions, if and only if, 7^0. 

Consider any (k,£) £ Kv(m). < k < £ < v(m). 

<r'*(<fi') £ CT'*(w'(fc)^ (m)! /^ (m)_fc) cjV(m) (l/(m)!/(l ' (m)_f))_ ^ (m)! / (,y(m ^ fe:i) - 
j^y(rn)\/(u( m )-i)^ h^ by definition of </>', and the element a'*( 

w /^\i/(m)!/( l /(m)-fc) a; / I/ / m \(j/(m)!/(i/(m)-f))-(i'(m)I/(j'(m)-fc)) _ u lrgy(m)l/tv(m)-t)\ 

G C^,, has normal crossings over P tt — {er*(w)}. By Lemma [20.21 we know 
that either (c(k) — cv(m)) / {v{m) — k) < (c(£) — cv(m)) / '{v(m) — £) or (c(£) — 
cV(to)) j '(y(m) — £) < (c(k) — cv (m)) / (y(rri) — k) holds. 

Consider any (k,£) £ I x I such that < k < £ < v(m) and (k,£) £ Kv(m). 

We know ff'*(£j'(jfc) y ( TO )V(«(TO)-fe) w /^^ m ^(y(m)!/(i/(m)-^))-(i/(m)!/(i'(rn)-fe))_ 

^^yimy./Wim)-^ _ o and [c{k)-cu{m))/[y{jn)-k) = {c{£)-cv{m))/{v(m)-£). 

For any (k,£) £ I x I with < fc < £ < v(m), either {c{k) — cv(rn))/{v{m) — k) < 
(c(£) — cv(m)) j '(y(m) —£) or (c(£) — cv(m)) / (v(m) — £) < (c(k) — cv{m)) / {v{m) — k) 
holds. 
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Note that {(c(fc) — cv(m)) / {v{m) — k)\k £ I,k < v(m)} ^ by the last condition 
of the above five. We know that the set {{c{k) — cv(m))/{v{rn) — k)\k £ I,k < v{m)} 
has the minimum element min{(c(fc) — cv(m)) / (v(m) — k)\k £ I,k < is(m)} with 
respect to the partial order <. 

Putting 

v{m + 1) = min{j £ I\j < v(m), (c(j) — cv{m)) / (v{m) — j) = 

min{(c(fc) — cv(m)) / (y(m) — k)\k £ I , k < v(m)}}, 

we define an extension v : {0, 1, . . . , m + 1} lL){h} of v : {0,1,..., m} — > lU{h}. 
v(m + 1) < v{m). 

Consider any j £ I with v(m + 1) < j < v{m). By how to choose v{m + 1) we 
know (cV(m + l) — cv(m)) / (v(m) — v{m + l)) < {c{j) — cv{m))/(v{rn)—j). It follows 
((V(m) — j) j (i/(m) — v{m + l))cv{m + 1) + ((j — i>(m + l)) / (v(m) — v{m, + l))cv{ni) < 
c(i). 

Consider any j £ I with j < v{m + 1). By how to choose v(ra + 1) we know 
(cv(m + 1) — cv(m)) / (y(m) — v(m + 1)) < (c(j) — cv(m)) j '{v{m) — j). It follows 
((v(m) — j) j (y(m) — v(m+l))cv(rn+l) + ((j — v(m + l)) / (y{m) — v(m-\-\))cv{m) < 
c(j). 

We know that if v(m + 1) ^ min(J U {h}), then the extension v : {0, 1, . . . , m + 
1} — > / U {h} satisfies the above five conditions. If v(m + 1) = min(7 U {h}), then 
the extension satisfies the four conditions except the last one of the above five. 

By induction we know that there exists uniquely a pair of a positive integer m 
and a mapping v : {0, 1, . . . , m} — > I U {h} satisfying the following five conditions: 

(1) v is injective and it reverses the order. 

(2) i/(0) = h. 

(3) For any i £ {l,2,...,m} and for any j £ I with u(i) < j < v(i — 1), 

((^(*-i)-j)/(^(^i)-K*)))^W + ((j-^W)/(K*-i)-^W))cK*-i)< 

(4) For any i £ {1, 2, . . . , m} and for any j £ I with j < v(i) : {{v(i — 1) — 
j)/(u(i - 1) - i/(i)))a/(i) + ((j - - 1) ~ - 1) < 

(5) i/(m) = min(JU {h}). 

We take the unique pair of a positive integer m and a mapping v : {0, 1, . . . , m} — > 
J U {/i} satisfying the above five conditions. 

We know that {cv(i) - cv(i - l))/(v(i - 1) - v{i)) < (cv(i + 1) - ci/(i))/(i/(i) - 
v(i + 1)) for any i £ {1, 2, . . . , m — 1}, if to > 2. 

By Lcmma l9. 121 15 we know that the Newton polyhedron T + (P W , a*(u>)) is a*(w)- 
simple. 

By 1, we know that there exists u £ 0\ and a mapping a : P w — {a*(w)} — > 1$ 
with ct*(0) = uri2e_p -{o-*(«>)} x a ^(T*{uj). We know that the Newton polyhedron 
T + (P w ,<j*(<f>)) is cr*(w)-simple. 

3. We take v £ R x , a mapping a : — {w} — > Zq, a finite subset A C M(R) and 
a mapping & : A — > Z + satisfying the following three conditions: 

(1) <t> - «(nx e p ra - { .} ^xiUa a" (a) )^. 

(2) aA/9w; e R h / for any A e A. 

(3) If A G A, A' £ A, s £ R y and A = sA', then s = 1 and A = A'. 
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By 1, we know that there exist v € 0\ a and a mapping a : P w — {a*(w)} — > Zo 

with <r*(v(ll x _ e p w - {w} x a{x) )) = HI\ x eP w - { v*( w )}X a{S) )- We take v e 0\ a and a 

mapping a : P w — {a*(w)} —> Zo satisfying this equality. 

We have o*(<f>) = «(IW,„- { '-(™)> ^KILeA **(A) 6(A VW0- 

Since <9<7*(A)/<9cr*(» = a*(dX/dw) e C^ x a for any A e A, we know that the 

main factor r/> of (P w , a*(w), a*{4>)) is a main factor of (P^, (T*(w), a*(il>)). Thus, 

we have mv(P w ,a*(w),a*(<j>)) = deg(P w , a*(w), tp) < deg(P w ,a*(w),a*(ip)) = 

deg(P w ,_w,ip) = mv(P w ,w,4>). 

mv(P w ,<j*(w),a*((j>)) — mv(P w ,w,^)), if and only if, <r*(ip) — sip for some s G 

O x X al if and only if, T + {P W , a*(V>)) = T+{P W , 

4. Assume that im^P^, (?*{<t>)) = mv{P w ,w,(j)) and r + (P to ,-0) has no ir- 
removable faces. 

We have r + (P w ,a*(ip)) =_T+(P w ,tp). T+(P w ,a*(ip)) has no cr*(»-rcmovablc 
faces, if and only if, r+(P w ,i[)) has no a* (w)-removable faces. 

We denote ft — inv(P w ,a*(w),a*((j))) G Z . {ft/^™)} is the unique a*(w)-top 
vertex of T + (P w ,a*(ijj)). 

Assume moreover, that T + (P W , a*(ip)) has a <7*(u>)-removable face. We will 
deduce a contradiction. 

It follows h > 0. Take any cr*(u>)-removable face F of dimension one of T + (P W , 
a*{ip)). stab(P) = {0}. A°(F,T + (P w ,a*('tp))) C (map^, K ) v )°- Take any A e 
(map(P™,M ) v )n£ se p ro _ {CT » M} R/^ v such that A+/^ } e A°(P, r+(P„„ <j*(V> 

)_))• e ^ and ord(P to , A + = (A + f^ w) M^ (w) ) = h. Take 

/3 G fc — {0}, 7 e fc — {0} and e G map(P„, — {cr*(w)},Z ) satisfying in(P„,,A + 

/2-(V*wo) = P s(p w ,p,<7*w) = ^*H+7n, e p,„- {CT . W} ^) ft = ^ + 

Eti (t)7 4 n se P„- {CT .(.) } ^a*( W ;) S -. 

We define an element A e map(P,„, Ro) v H J^eP^-l™} R/J™ V by putting (A, 
= ord(P„ - {a*H},A,a*(x)) e M for any x € P w - {w}. A + e 
map(P tu ,M ) v . Wc denote F = A(A + /£» v , r+(P w , V)) € F(T + (P W ,^)). Since 
<r'*(a;) has normal crossing over Q for any x G P M — {w}, ord(P„,, A + f^ wV ,ip) = 
ord(P u; ,A+/^ ) , ( 7*(V)) = ft and a*(in(P w , A+/£» v , V)) = m(P„, A+/%, 

)) = + eL (!)fn ie p„- { ,. W} ^ ) ^w E -)- 

We take u a e P cx and a mapping ip' : {0, 1, . . . , h — 1} — > M(R' C ) satisfying 

^ = «o(w R + £,-= y »«>')■ 

We know that ft/^*" € P and ord(P to — {w}, A, ^'(ft — i)) > i(X,e) for any 
i € {1,2,..., ft}. We put 

- - _ f in(P u , - { W }, A, V'(ft - i)) if ord(P w - {w}, A, tf(h - i)) - i<A, e), 
[ %) \0 if ord(P w - {w},X,ip'(h-i)) > i(X,e). 

We have in(P w ,A + /^ v ,^) - in(P w ,A + f^\u a )(w n + Eti ^ ~ 

and cr*(in(P, A + /^ V ,V)) - <7*(m(P,A + fW, u ))(a*(w) h + E£=i *W " 

OJa*^) 5 "*). It follows that ( rix e p„ ^ = ~ *)) for an Y 

ie{l,_2,...,ft}. 

By 1 e fc we denote the identity element of the field k. 
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We consider the case where the characteristic number of the field k is equal to 

0. 

(^)l = hl^0. We put x = i>{h - 1)/(M) G M(R' C ). We have 

We consider the case where the characteristic number of the field k is positive. 
By p we denote the characteristic number of the field k. The integer p is a prime 
number. We take the unique pair of 5 £ Zo and h £ Z + such that h = p s h and 
h is not a multiple of p. (£)l = hi ^ 0. We have (7 n 2e p ro -{ CT *(™)} = 
cr*(^(ft-j>*)/(M)) and <ij)(h-p s )/{hl) G Af(i?' c ). 

For any complete regular local ring A such that ^4 contains A: as a subring and the 
residue field A/M(A) is isomorphic to k as fc-algebras, we denote A p = {s p \s G A}. 
A p is a local fc-subalgebra of A. 

m^-WW^f G °xl kh-p S )/(hl) G ^-H^J- Now, since a 
is a composition of finite blowing-ups, cr* _1 (C^ : p a ) = R cp . We know that there 
exists uniquely an element x G i?' c with x p = — p l5 )/(/il). We take the 
unique element % G i?' c with % p = — p s )/{hl). Since — p 5 )/(hl) G 
Af(i?' c ), we know X G A/(i?' c ). We know (tIIj^-kw}^/ = ff'Ofc"') and 

7lW„-{a-(«» i8(S) =**(*)■ 

We conclude that there exists \ £ M(R' C ) satisfying 7riseP„,-{cr*(uj)}} ^ e ^' = 
cr*(x) in all cases. We take any x G M(R' C ) satisfying 7nseP -{tr*(w)\ — 

We have a*(in(P„,A + /f 7 ,^)) = m(P w ,A + /f,<7*(V0) = (a*H+ 

7rix e p lu -{^w}^ (2) )' 1 = + = °*u w + Since ct * is in J ec - 

tive we have ps(P w ,F, ip) — in(P w , X + /jf v , ip) — (w + x) h and we know that the 
face F of T + (P w ,ip) is w- removable. 

Since the Newton polyhedron T+(P w ,ip) has no w- removable faces, we obtain a 
contradiction. 

We conclude that the Newton polyhedron T + (P w ,-ip) has no a* (ui)-removable 
faces. 

5. Assume that irw(P Wl a* (w), a* ((p)) = irw(P w , w, </>) and w = z + xo where 
Xo G M(R ! ) is the unique element in Theorem 14.21 2. 

Since T + (P w ,cr*(<p)) is a* (to)-simple by 2 and ip divides a*(<j>), T + (P w ,-ip) is also 
a* (ui)-simple. 

By 4, r + (P u ,,^/j) has no cx*(u>)-removable faces, since T+(P w ,ip) = T + (P z+Xo ,ip) 
has no w-removable faces. 

We denote h = iav(P w ,a*(w),a*((p)) G Z . {hf^ w ^} is the unique cr*(u;)-top 
vertex of T + (P w ,ip). 

Recall that T + (P w ,rp) C map(P w ,]R) and {f^™\x G P w } is an R-basis of the 
vector space map(P,„,R). Let U — {a G map(P„, M)|(/ o .™,\, a) < ft.} and V = 

{a G m a p(P w ,R)\(f^ wy a) = 0}. We put p(a) = (a - a)f% a) )/(h - 

{f a »r w y a}) £ V for any a £ U and we define a mapping p : [/ —¥ V . 

Since r+ (P w , ip) is cr* (w)-simple, the convex pseudo polytope p(T+(P w ,ip) fit/) 
in V has at most one vertex. 
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By Theorem l4.2l 7. we know that there exists an element w £ M(Ox,a) such that 
dw/da*(w) £ Xa and if we denote Pw = {w} U ir*(Q), then P w is a parameter 
system of Ox,a and r + (P tB ,^) has no w-removable faces. We take any element 
w £ M(Ox,a) satisfying these conditions and we denote P ffi — {w}Lin* (Q) . We have 
mv(Pu,,w,a*((p)) — mv(P w ,cr*(w),(T* (</))) = 'mv(P w ,w,<j>) by Lemma l2.2l 7.fb'). 
6. Assume mv(P w ,w, <fi) = 0. It follows ip £ R x . By 3, we know mv(P w ,a*(w), 
a*(4,))=0. 

We take v £ R x , a mapping a : P w — {w} — > Zq, a finite subset A C M(R) and 
a mapping b : A — > Z + satisfying the following three conditions: 

(1) <t> = v(H x e Pw - {w} x a{x) )(IlxeA>> b{X) )- 

(2) dX/dw £ R hx for any A £ A. 

(3) If A £ A, A' £ A, s £ R x and A = sX', then s = 1 and A = A'. 

By definition j}A = mv2(P w , w, 4>). 

By 1, we know that there exist v £ O x and a mapping a : P w — {a*(w)} — ¥ Zo 

with <J*(v(i\ x _ ePm _ {w} x^)) = v(U,eP^-{a' {w )} 2m )- We take S e and a 

mapping a : P w — {a*(w)} —> Zo satisfying this equality. 

We have cx*{cj>) = v(U^P w - { ^( w )}^ {S) )(IlxeA^W hW )- 

Consider any A £ A. da* (A) / a* (w) = a* (dX/dw) £ O x . By condition 2 above, 
we know that there exists uniquely an element v\ £ R cx and fix £ M(R' C ) with 
A = v x (w + fj, x )- We take v\ £ R cx and fi\ £ M{R' C ) with A = v\{w + fi\) for any 
A G A. 

It follows from condition 3 above that if A £ A, A' £ A, and fix = fix 1 , then 
A = A'. 

Assume that A G A, A' G A, s £ O x a and a*(X) = sa*(X'). We have 
a*(vx)(a*(w)+a*(nx)) = sa*(v x ,)(a*(w) °*{vx) £ n*(M(O x , Ma) )) 

and a*(fj,x') £ tt*(M(O x , n r a \))- By Weierstrass' Preparation Theorem, we have 
a*(nx) = c*(A t A')- Since a* : R c — > O c x is injective, we have fix = fJ-X' and A = A'. 

It follows mv2(P w ,a*(w),a*(<f>)) = (JA = wv2(P w ,w,<j>). 

Obviously, if w divides (f>, then a*(w) divides a* (cj>). 

We know that Theorem 14.41 holds. 

We give the proof of Lemma 14.51 

Consider any <j> £ R with <fi ^ 0. Let h — ord(0) G Zo. 

Let S a = Exep/f V G (map(P, R ) v )° n map(P,Z)* and let 4> = in(P, <$<,,<£) G 
k[P]. ord(P, Sq, x) = 1 for any x £ P. is a homogeneous polynomial of degree h. 

Since k is an algebraically closed field and k is an infinite field, there exists 
a mapping a : P — {z} —> k such that 9 a (4>) ^ 0, where 9 a : k[P] —> k is a 
homomorphism of fc-algebras such that 9 a (z) = 1 and 9 a (x) = a(x) for any x £ 
P-{z}. 

We take any mapping a : P — {z} — s- k such that 9 a ((f>) 7^ and we put 
c = Q a {4>) £ k - {0} and P = {z} U {x - a(o;)z|i G P - {z}}. Obviously P is 
a parameter system of R containing z. k[P] = k[P], 9 a {z) = 1 and 9 a (x) = for 
any x £ P- {z}. 4> - cz h £ (P - {z})k[P). 

Let 5i = E se p-{ 2 } /f V G map(P,IRo) v nmap(P,Z)*. ord(P,5i,x) = 1 for any 
x G P— {z} and ord(P, 5i, z) = 0. We have in(P, 61, (f>) = cz h and in(P, 8\,<f>) — uz h 
for some u £ R cx with u — c £ M(R C ). We know that T + (P, 0) is of z- Weierstrass 
type, the unique z-top vertex is {hf^} and inv(P, z, </>) < h. 
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We conclude that Lemma T4.5I holds. 
We give the proof of Corollary 14.61 

Consider a mathematical game with two players A and B. At the start of the 
game a pair (R, <fi) of any regular local ring R with dim R > 1 such that R contains 
A; as a subring, the residue field R/M(R) is isomorphic to k as fc- algebras and R 
is a localization of a finitely generated fc-algebra, and any non-zero element <j) £ R 
is given. We play our game repeating the following step. Before the first step we 
put (S,ijj) = (R,<fi): At the start of each step, player A chooses a composition 
er : X — > Spec(S') of finite blowing-ups with center in a closed irreducible smooth 
subscheme. Then, player B chooses a closed point a € X with <j(a) = M(S). We 
have a morphism a* : S — > Ox,a of local fc-algebras induced by a. If the clement 
<x*(f/0 £ Ox, a has normal crossings, then the palyer A wins. Otherwise we proceed 
to the next step after replacing the pair (S,ip) by the pair (Ox,a, &* (tp)). 

We call the above game the main game. We would like to show that player A 
can always win the main game after finite steps. To help consideration, we consider 
three of similar games. The first is called the invariant game, the second is called 
the simplifying game, and the third is called the removing game. Three have two 
players A and B. 

At the start of the three games a quadruplet (R, P, z,<f>) of any regular local ring 
R with dimP > 1 such that R contains k as a subring, the residue field R/M(R) 
is isomorphic to k as fc-algebras and R is a localization of a finitely generated fc- 
algebra, a parameter system P of R, an clement z € P and any non-zero element 
4> G R such that T + (P,cf>) is of z-Weierstrass type is given. We play our game 
repeating the following step. Before the first step we put (S, Q, w, ip) = (P, P, z, <j>): 
At the start of each step, player A chooses a composition a : X — > Spec(S') of finite 
blowing-ups with center in a closed irreducible smooth subscheme. Then, player B 
chooses a closed point a € X with a{a) = M(S), and successively player A chooses 
a parameter system P of the local ring Ox, a of X at a and an element zeP. We 
have a morphism a* : S —> Ox, a of local fc-algebras induced by a. 

If r + (P, <7*(V>)) is not of z-Weierstrass type, then player B wins in three games. 

In the invariant game, if either inv(P, z, a*(ip)) < inv(P, z, 4>), or inv(P, z, o~*(ijj 
)) = inv(P, z, 4>) = and inv2(P, z, cr* (?/>)) < inv2(P, z, cf>), then player A wins. 

In the simplifying game, if the following three conditions are simultaneously 
satisfied, then player A wins: 

(1) Either inv(P, z, cr*(ip)) < inv(P, z, cf>), or inv(P, z, a*(tp)) = inv(P, z, <j)) = 
and inv2(P, z, a* (?/>)) < inv2(P, z, <j>). 

(2) r + (P,cr*(») is z-simple. 

(3) The Newton polyhedron T + (P, ip) over P of a main factor ip of (P, z, a*(ip)) 
has no z-removable faces. 

In the removing game, if the following two conditions are simultaneously satisfied, 
then player A wins: 

(1) Either inv(P, z, a*(ip)) < inv(P, z, cj>), or inv(P, z, cr*(ip)) = inv(P, z, <j)) = 
and inv2(P,z,cr*0)) < inv2(_P,z». 

(2) The Newton polyhedron T + (P, ip) over P of a main factor ip of (P, z, a*(ip)) 
has no z-removable faces. 

If neither A nor B can win the game, we proceed to the next step after replacing 
the quadruplet (S,Q,w,ijj) by the quadruplet (Ox.a, P, z, cr *(V ; ))- 
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Consider the following claim (to) corresponding to a positive integer to: If a pair 
(R,(f>) at the start of the main game satisfies dimP < to, then player A can win 
the main game starting from the pair (P, (f>) after finite steps. 

Consider any pair (P, 4>) at the start of the main game. 

Assume dim R < 1 . Then, dim R = 1 and 4> has normal crossings and player A 
win the game at the first step. We know that claim (1) holds. 

Below, we assume m > 2 and claim (to — 1) holds. We will show that claim (m) 
holds. 

Assume dimP < to. If dimP < to — 1, then by claim (to — 1) we can conclude 
that player A can win the main game starting from the pair (P, (f>) after finite steps. 
We consider the case dim R — m. 

By Lemma 14. 5[ we know that there exist a parameter system P of R and an 
element z € P such that the quadruplet (R, P, z, <fi) satisfies conditions at the start 
of the invariant game, the simplifying game and the removing game. We take P 
and z such that the quadruplet (P, P,z,cj>) satisfies conditions at the start of the 
invariant game, the simplifying game and the removing game. 

Let R' be the localization of k[P— {z}] by the maximal ideal k[P— {z}]DM(R) = 
(P - {z})k[P - {z}}. dimi?' = dimi? - 1 < dimi? = to. 

By the proof of Theorem 14.41 we know that there exists a non-zero <p' £ R' such 
that if player A can win the main game starting from (P',0'), then either player 
A can win the removing game starting from (i?, P, z, 0), or player A can win the 
invariant game starting from (i?, P, z, (f>). By (to — 1), we know that player A can 
win the main game starting from (R',<p'). We conclude that either player A can 
win the removing game starting from (i?, P, z, <p), or player A can win the invariant 
game starting from (i?, P, z, </)). 

We consider the case where player A cannot win the invariant game starting 
from (i?, P, z, <p) so far. Since player A can win the removing game starting from 
(i?, P, z, (f>), we can assume that the Newton polyhedron T+(P, ip) over P of a main 
factor ip of (P, z, <p) has no z-removable faces. We assume this condition. By the 
proof of Theorem 14.41 we know that there exists a non-zero <p" 6 i?' such that if 
player A can win the main game starting from (i?', </>"), then either player A can win 
the simplifying game starting from (R, P, z,<p), or player A can win the invariant 
game starting from (R, P, z, (p). By (to — 1), we know that player A can win the 
main game starting from (R',cf)"). We conclude that either player A can win the 
simplifying game starting from (i?, P, z, <p), or player A can win the invariant game 
starting from (i?, P,z,<p). 

We consider the case where player A cannot win the invariant game starting 
from (i?, P, z,cj>) so far. Since player A can win the simplifying game starting from 
(R, P, z, 4>), we can assume that the Newton polyhedron r + (P, ip) over P of a main 
factor ip of (P, z, (p) has no z-removable faces and T+(P, 4>) is z-simple. We assume 
these conditions. By Theorem 14. 1[ we conclude that player A can win the invariant 
game starting from (i?, P, z, 4>) at the first step. 

We know that player A can win the invariant game starting from (P, P, z, </>) in 
all cases. 

Note that (f> has normal crossings, if inv(P, z, <f>) = and inv2(P, z, 4>) < 1. Thus, 
we know that if player A can win the invariant game starting from (P, P, z, 4>), then 
player A can win the main game starting from (P, ip). 
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We conclude that player A can win the main game starting from (R, (f>) after 
finite steps and claim (m) holds. 

By induction, we know that claim (m) holds for any positive integer m. We 
conclude that Corollary 14.61 holds. 

From Corollary 14.61 and the valuation theory, it follows the following claim. We 
do not explain the valuation theory in this article. (Zariski et al. |27j): Given any 
field £ such that £ contains k as a subfield and £ is finitely generated over k, 
given any projective model Xo of £ and given any valuation B of dimension zero 
of £ containing k with center ao on Xq, there exists a projective model X of £ on 
which the center of B is at a smooth point a of X such that the inclusion relation 
Ox, a D Ox ,a Q of local rings holds. 

We conclude that Corollary 14.71 holds. 
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